Solution to exam, TMA4220

December 10, 2015

Max number of points: 135
Problem 1

a) (10p)
V = H(Q),

a(u,v)=/uVu-Vv+b-Vuv+0'uvdx, F(v):/fvdx+u/ vh dx.
Q Q oQ

b) (10 p)
The BVP is

b-Vu=2 forxeQ
u(x)=0 forxel_

where I'_ = {(x1,x2) € 0Q : x; =0or xp, =0}.

Characteristics solve X(s) = b, X(0) = X, so X(s) = X + sb. Given x € Q, we have X(s) = x when
s = min(x1, x3) and X = x — min(xy, x»)b. Along this characteristic, we have

%M(X(S)) =2 = wX(s)) =25 +uX) = 2s.

Thus, u(x) = 2min(x1, x2).

¢) 5p) 1
M
We need 1 < 51 = V100"
Problem 2
a) (10p)

The weak formulation is
0
find u(t) € V such that (a—”t‘(t), v) +av)=0 forallveV

where V := H;(Q) and a is the bilinear form a(u, v) = ¢(Vu, Vv) — b(u, v).

b) (10 p)
a is clearly bilinear, and is continuous since

la(u, v)| < |cllulgr[vig + [blllull 2|Vl
< max(|c|, |d]) (ulg: + llull;2) (Vg + 1vI2)
<

2max(|cl, [dDlullg 1V ]|z

For coercivity, we have
2 2
a(u,u) = clulp, — bllully,.



Let Cq be the Poincaré constant for Q (so that [|ul|, 2 < Calulgyi(q) forall u € H(; (Q)). If b > 0 then

2 21,12 2 2
a(u’ u) > C|M|H1 - bCQ|u|H] = (C - bCQ)l"t'H]’

so we need ¢ > bCé. If b < 0 then

2 2 2
aGuyu) = cluly, + Bl > clul?,

so we need ¢ > 0. Thus, a is coercive provided

¢ > max (0, bCé).

¢) (10p)
We end up with:
§n+1 - §n n+1 n+l _
M>——— —DME"™ + cAE" =0
At
or

((1 = BAOM + cAtA) ™! = Men
where M;; = (¢, ;) and A;; = (V;, Vi),

Problem 3
a) (10p)
Find £ € R* such that A¢ = b, where
2 -1
-1 2 -1 - . 1
A=5 , b =Db+ 5ey, b; = F(x)pi(x) dx
-1 2 -1 0

-1 2
and e4 = (0,0,0, 1)
b) (5+5=10p)

(i) We have the basic error estimate

1/2 1/2
2 2 2 2
it = w1y < C(Z Ik, |u|H2(K,_)) = C(Z h,(,.nfan(K[)) :
i i

where hg, = 1/5.

(i) |f| has a maximum at x = 1, so the error will be largest in the interval K5 = [0.8, 1], so we should put
a node in this interval.

Problem 4 (10 p)

Cea’s lemma.

Problem 5 (10 p)

Impose function values v(x;) and derivatives v’ (x;) at the nodes x;. Since each element domain K; has two nodes,

this constitutes 4 degrees of freedom, so we need at least r = 3.
Problem 6

a) (10p)
It’s easiest to find W~! first:
Y'(y) = (ay1 + byz, cy2)
which gives
Wix) = (x1 - bxz/c, 2) .
a ¢
We have

_ -1 _ a b _ _l_i C —b
J =DV¥Y —(0 c)’ det(J) = ac, J _ac(O a)'



b) (10 p)
Change of variables gives

/Vsoa(X)-Vsoﬁ(X) dx=/Vysﬁa(y)-J‘ll‘TVysﬁﬁ(y)Idet(J)ldy
K K
1 . P2+ —ab .
= E/kvy‘pa(y)'( —ab &2 )Vysoﬁ(y) dy.

Problem 7

a) (10p)
The Delaunay triangulation of x1, ..., xn is a conforming triangulation 7j, of conv(xy, ..., xn) (the convex
hull of xy,...,xy) such that the internal of the circumcircle of each triangle contains none of the points
Xly.--» XN.

a) (10p)
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