. Show that a sublinear function satisfies p(0) = 0 and p(—z) > —p(x).

. Let X be a real vector space and let p : X — R be a sublinear function.
Show that for any x¢ € X there exists a linear functional [ on X such that
l(zo) = p(xo) and I(z) < p(x) for all x € X.

. Show that in the Hahn-Banach theorem for real vector spaces, the condi-
tions on p can be slightly relaxed as follows: p(az + By) < ap(x) + Bp(y)
forall z,y € X, and «, 8 € [0,1] with a + 3 = 1.

. Let X be a real normed space and let Xy be a linear subspace of X.
Suppose that Ty : Xo — R”™ is a bounded linear operator. Prove that
there exists a bounded linear extension of Ty on the whole space X.



