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Oppgave 1
We know from the exercise that
Ty ~ N(60,5%), Tgy ~ N(65,5%)

where T)4; denote the result for Asbjgrn if he uses skis 1 and Tz, Bernt’s result if he uses skis
2.

a)

T4 —60 55 —60
<
5 5

P(Tyy < 55) = P( ) = P(Z < —1) = 0.1587,

where Z is a standard normal random variable, Z ~ N(0, 1).

< <
) ) )
=P(-1<Z<0)=P(Z<0)—-P(Z<-1)
= 0.5 — 0.1587 = 0.3413.
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P(55<TA1<60):P( Al )



b)
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P(Ta1 < Tpa) = P(Ta1 —Tpe < 0).
We know that the random variable Y; = T)4; — T’zo is normally distributed with mean
E(Y1) = E(Ta1) — E(Tp2) = 60 — 65 = =5
and variance (T4 and Tpy are independent)

V(Yi) - V(TAl) + V(TBQ) = 52 —+ 52 =2 X 52.

Then,

P(Ta1 —Tp2 <0) = P(Y1 <0) = P(Yl\/_ﬁ E<_55> = ()\/_§(><_§’>>

= P(Z <1/V2) =0.7611.

Let Tg; denote Bernt’s result if he uses skis 1 and 745 the result for Asbjgrn if he uses
skis 2.

Tpy ~ N(62,4%), Tay ~ N(63,7%).
Define Y5 = T4y — Tpy. If we proceed the same way as before, we get
Yy ~ N(63 —62,7% +4%) = N(1,65)

Lets denote (A — S1) as the event Asbjorn get skis 1 and (A — S2) if he gets skis 2.
(B — S1) and (B — S2) have the same meaning for Bernt.

Using Bayes theorem, we have that

P(A—SllTA—TB <0) :P<B—52|TA—TB <0)
P(Ty—Tp < 0]JA — S1)P(A — S1)
P(Ty—Tp < 0|A — S1)P(A — S1) + P(T4 — T < 0|A — S2)P(A — S2)
P(Tay — Tpa < 0) x 0.5
P(Tay —Tpa < 0) x 0.5+ P(Tay — Tp1 < 0) x 0.5
P(Ta, — Tpy < 0)

"~ P(Tay — T2 < 0) + P(Tay — Ty < 0)
~0.3806

=——=0.62
0.6067 06273
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Oppgave 2

T ~ e(t; B)

a) /=40

b)

P(T > 8) = /Soo %e—t/ﬁdt = [(=De 7 = (-0 —e ¥ =e2=0.135

P((Ty and/or Ty) > 8) = 1 — P((17 and Ty) < 8) (1)
=1-P(T <8)P(Ty<8) =1—-[1—-e?=0.252. (2)

In (1) we used the fact that the probability of at least one out of two subsequent calls
lasting longer than 8 minutes is equal to the complement of the probability of both call
lasting less than 8 minutes.

In (2) we used the fact that 7} and 75 are independent.

3 = 4.0.

Lets define I; to be a Bernoulli random variable that takes 1 if the call ¢ last more than
8 minutes.

1 P(T;>8)=¢?
]%:{o P(T,<8)=1—¢"? ®)

Then, N = Zgl I; is the number of calls lasting longer than 8 minutes. Since N is the
sum of 10 Bernoulli trials we have that /N is binomial distributed.

N ~ Bin(10,e7?)

2

10 ‘ .

P(N < 2) = Z ( ‘ )(Q—Q)z(l _ 6—2)10—7,

1
=0

=(1—e )04 10e7%(1 — e 2)? 4 45e (1 — e 2)®

= 0.234 + 0.366 + 0.257 = 0.857
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c) The likelihood function is given by

To find the maximum of the likelihood function, it is easier to maximize the log-likelihood,
given by

5

mu&):—mn5—<%)§}i

i=1

We then set the first derivative of the log-likelihood equals to zero:

dinl 11 .1 )
SNt =0= =23 t=t

The maximum likelihood estimator is:

5 5

f= % > L

and a maximum likelihood estimate is given by:

B=1t=43

d) Since wy,, Wy,, ..., w,, are independent, the likelihood function is given by

z_]- n;
L(B5 Why s Wiy <evy W) H ﬁ"zn w whi—1g—wni /8

To find the maximum of the likelihood function, it is easier to maximize the log-likelihood,
given by

In (S anln Z — D)in(wy,) 5 Zwm
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We then set the first derivative of the log-likelihood equals to zero:

dni() 1 1 -1
i PULES DUELEE RS D D

The maximum likelihood estimator is:

and a maximum likelihood estimate is given by:

B = Zln S w,, = 4.34

Since 3. n; > 5, we have that Var(8) < Var(f).

Oppgave 3

Lets denote the weight loss after cycling for ¢ minutes as AV

AV ~ N(: 8t,0%)
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a) [ can be interpreted as average weight loss per minute training.

The likelihood function is given by

o - 1 Av; — Bt;
l(ﬁ,(Av,t)i,z—l,...,U)—Hmaexp{ S S— )}

To find the maximum of the likelihood function, it is easier to maximize the log-likelihood,
given by

In 1(5:) = —nln(v2Ra) — 5 37 (Av, - 51,

7

We then set the first derivative of the log-likelihood equals to zero:

e Y
The maximum likelihood estimator is:
B - Zz Av;t;
Xt

and a maximum likelihood estimate is given by:

N

__ _12x60.9 __
B o 12><>;426.9 = 0.025

b)
Hy: B =0.027
H,: B < 0.027

Test statistic is 3 = Z’Ztlfgv’ ~ N(B,0%/>,t7) and we reject Hy if B—0.027 < k.

Prob(reject Ho|Hy is true) < 0.05
Prob(3 —0.027 < k|8 = 0.027) < 0.05

B = 0.027) < 0.05

I5; k
Prob
(o—/\fzi TN
Prob(Z < U/Lm) < 0.05

_ TR0.050 —1.65 x 0.1 B

/2 10T

—0.001
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Since B —0.027 = —0.002 < k = —0.001, we reject Hy at the 5% level of confidence.

c) Predictor: AV = B x 50

Prediction considering the prediction error:

[AV —AV] =3 x50 +¢— 3 x 50

=50x (B—FB)+en~ N(-;O, {1#—50221752]02)

)

AV — AV

PTOb( — 20025 < 2 < Z0.0Q5> =0.95

o

1
A

1/2 .
Prob (AV — {1 + 50° ] 0 X Zooas < AV < AV + [1 + 502

1/2
:| o X 20,025> =0.95

1 1
2t 2t

0.95 prediction interval:

1
2t

Using numerical values we get

. 1/2 A 1/2
[505 — {1 + 502 } o X Zo.005, 505 + {1 + 502 ] o X 20_025]

1
2t

1/2
50%0.025— [14+50? ———
[ 8 {JF (2426.9><12)}

1 1/2
0.1%1.96, 50%0.025+ | 14502 ——— | 0.1x1.96
Stahede J{ i (2426.9><12)1 8 ]

= [1.045761, 1.454239]



