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Problem 1

During a season of Norwegian premier league football each team plays 30 matches out of
which 15 are home matches and 15 are away matches. At the beginning of the season, one of
the teams calculates their probabilities of a win (A), a draw (B) and defeat (C) for home
matches to P(A) = 0.6, P(B) = 0.2 og P(C) = 0.2. For away matches, the probabilities are
P(A) =0.4, P(B) =0.20g P(C)=0.4. Further assume that the outcomes of all matches are
independent.

a) A team is given 3 points for a win, 1 point for a draw and 0 points for defeat. Let X be
the number of points the team is given in a home match and let Y be the points the
team is given in an away match. Show that the mean (expected value) and variance of
X is given by 2 and 1.6 and that the mean and variance of Y is given by 1.4 and 1.84.

Let X, i=1,2,--,15 be the number of points the team achieves in each of the 15 home

matches and let v , i=1,2,-- 15 be the points the team achieves in each of the 15 away

matches. Also let x , =3 x, and v, =3 v, . The team assumes that they will get a medal

i=1 i=1

(first, second or third position) if they achieve at least 60 points in total.

b) Find the mean and variance of x, and vy,. Assume that x, and vy, can be

approximated by normal distributions and use this to find an approximate probability
that they get enough points for a medal (at least 60 points).

After a mediocre first part of the season, when 8 matches remain (4 home matches and 4 away
matches), the team concludes that they must win at least 7 out of the 8 remaining matches to
avoid being relegated (transferred) to the division below. They decide to evaluate the
probability that they will avoid relegation using the same probabilities given previously and to
fire their coach if this probability is smaller than 0.05.

c) Let n, and n_ be the number of home and away wins during the last 8 remaining
matches. Which probability distribution will ~n, andn_, follow? Will the coach be
fired?

Problem 2

Les McBurney has always been fascinated by volcanos and volcanic eruptions. After high
school he decides to go to Iceland to pursue a 5-year master's degree. Let x  be the number of

volcanic eruptions on Iceland during a time interval of length t. Based on historical data, it is
know that x is Poisson distributed with parameter 2t, where 2 = 0.3 and t is the length of

o _ o (0.3t) e
the time interval in years. This implies that P (X =x)= ————, x=0,1,2,-- .
x!
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a) Find the probability that Les will experience at least one eruption during his 5-year
stay on Iceland.
Suppose that an eruption occured exactly one year after Les' arrival on Iceland. Given
this, find the probability that he will experience at least one additional eruption during
his 5-year stay.

b) Let T be the time that passes from Les' arrival until the occurence of the second
eruption. Which distribution will T follow? Explain why p(T <t)=1-P (X, <2).

Use this to find the time t required to make the probability of experiencing at least two
eruptions greater than 0.80.

Problem 3

Two manufacturers of electric cars compete within the same market with their respective
models A and B. For customers deciding which model to buy, the driving range before the
battery must be recharged is an important criteria. The manufacturer of model B accuses the
manufacturer of model A of reporting a too long driving range not achieveable under normal
driving conditions.To investigate this the manufacturer of model A decides to conduct an
experiment. A number of n=10 drivers are given the task to drive a given course representing
standard conditions at an average speed of 60 km/h until the battery runs empty. Let x . be

the driving range obtained by each driver i, i = 1,2,...,10. The observed driving ranges in
km are given below:

x,:123.0,119.3, 119.4, 118.2, 119.5, 118.5, 117.7, 118.1, 119.6, 119.4

Let E(X,)=u, and Var(X,)=¢", i =12,...,10.

a) Write down unbiased estimators of », and o * given the sample. Compute the

estimates when ¥ x, =1192.70 and 3" (x, - x)  =19.68.

i=1 i=1

The manufacturer of model A claims that the expected driving range under standard
conditions is 125 km. Assume that X;~N (uy4, 02) and independent, i = 1,2,...,10.

b) Can you, based on these data, conclude that the manufacturer has reported a too
long driving range? Formulate this as a hypothesis testing problem and carry out
the test. Use « = 0.01 as your level of significance.

In an advertisement, it is claimed that model A has a longer driving range than model B. The

manufacturer of model B decides to carry out the same experiment as above for model B. Let
v, be the obtained driving ranges for each driver i, i = 1,2,...,10.

The observed driving ranges in km are given below:
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y,:109.9, 110.4, 109.7, 1115, 112.3, 111.8, 112.1, 108.2, 109.9, 116.1

Sy, =11119 and ¥ (y,-y) = 41.75

i=1 i=1

Assume that Y;~N (ug, 02) . The variances are thus equal in both samples but the expected
values may be different. Assume that X,..., X0, Y4,..., Y10 are all independent.

¢) Write down an unbiased estimator of o * based on the two samples. Construct a
95%-confidence interval for », - », based on the observed data. Does the interval

suggest that the claim made in the advertisment can be correct? Give an argument
for you conclusion based on the interpretation of the confidence interval.

Several consumer associations complain that manufacturers of electric vehicles provide too
little information about how dependent the driving range is on temperature. The manufacturer
of model A therefore conduct an additional experiment in which the driving range is
measured for 7 different temperatures between -10°C and 20° C. The temperatures and the
driving ranges obtained are given in the Table below.

Temperature(°C) | -10 -9 0 5 10 15 20

Driving range (km) | 73.4 | 87.2 95.9 103.1 110.1 118.1 127.1

A plot of driving range versus temperature is given below.
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Let t;,i = 1,2,...,7 be the 7 temperatures used in the experimentand let R, i=1,2,... ,7 be

the corresponding driving ranges. Based on the plot, the relationship appears to be
approximately linear and it is decided to fit a model of the form R; = By + B1t; + &, 1 =
12,...,7.
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where the error terms are independent and satisfy £;~N(0,52). The least squares estimator of

7

Z (ti - ?)R i
p, is then given by g, = -
Z (ti - t)
d) Show that the variance of 4, is given by 70— The estimates of

(-1

B,, B, og o’ equals 93.7, 1.7 and 4.5 respectively. Use this to construct a 95 %
confidence interval for s, .

The deviations between the observed driving ranges R; and the corresponding values
predicted by the regression model 93.7 +1.7t, are called the residuals. The distribution of the

observed residuals can be used to assess the assumption that £;~N (0, 62).

A QQ-plot and a box-plot of the residuals are given below.

QQ Plot of Sample Data versus Standard Normal
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e) Comment on the plots. In what follows, assume that ¢* = ¢” = 4 and that all

R,, i=1,2,..,7 areindependent of X;,...,X10,Y;,..., Y1o. It turns out that the 10
observations given previously for model A were made under temperatures equal to
15" C and the 10 observations for model B under temperatures equal to 10°c . Itis
thus more reasonable to compare x, - 55, withx_. Use X - 54, as an estimator of
u, —5p, and assess if there is any evidence to conclude that the expected driving
ranges for the two models A and B differ at temperatures equal to 10°c . Answer
the question by carrying out a hypothesis test. Choose your own level of
significance.



