
TMA4250 Spatial Statisti
sAssignment 1: Continuous Random FieldsH. Omre IMF/NTNUFebruary 2006Introdu
tionThis assignment 
ontains problems related to 
ontinuous Random Fields.The R-pa
kage should be used in solving the problems and relevant fun
tions
an be found in the R library geoR whi
h 
an be loaded by the instru
tionlibrary(geoR)Problem 1: Gaussian Random Fields (GRF)Consider a stationary GRF {R(x);x ∈ [0, 50] ⊂ R1}, ie a 1D GRF with
E{R(x)} = 10

V ar{R(x)} = 9

Corr{R(x′), R(x′′)} = ρ(x′ − x′′)Let D = [0, 50] be dis
retised in LD ∈ {1, 2, . . . , 50} and de�ne the dis
retisedGRF {R(x);x ∈ LD}.a) Display the exponential and gaussian 
orrelation fun
tion with varyingrange between 5 and 20. Use the fun
tion 
ov.spatial in the geoR library.Dis
uss the relation between features of the 
orrelation fun
tions and the
hara
teristi
s of the random fun
tion. Develop the relation between the
orrelation fun
tion and the variogram fun
tion. In whi
h situations is thelatter preferable?b) Simulate one realisation of the dis
retised GRF for some of the 
orrela-tion fun
tions displayed in a). Dis
uss the relation between features of the
orrelation fun
tion and the 
hara
teristi
s of the realisations.Sele
t one of the realisations simulated in b), and use the values in x ∈
{10, 25, 30} as a set of observation o = {r(10), r(25), r(30)}.1




) Use the relation between the dis
retised GRF and the multivariate Gaus-sian pdf to spe
ify the pdf for the 
onditional dis
retised GRF given theobservations o.Compute the expe
ted values {E{R(x)|o};x ∈ LD} and the varian
e values
{V ar{R(x)|o};x ∈ LD}. Display the results as an expe
tation fun
tion withasso
iated 2σ intervals on either side.Dis
uss the results.d) Simulate 50 realisations of the 
onditional dis
retised GRF {[R(x)|o];x ∈
LD}. Display the realisations in one �gure.For ea
h x ∈ LD 
ompute the average and the empiri
al varian
e. Displaythe results as an average fun
tion with asso
iated estimated 2σ intervals oneither side.Compare the results with the results in 
) and 
omment.De�ne a 
ut-o� random fun
tion as follows:

i12 (R(x)) =

{

R(x) − 12 if R(x) > 12
0 elseand de�ne the 
ut-o� area

A12 =

∫

50

0

i12 (R(u)) duwhi
h realisation 
an be displayed as
���������������������������
���������������������������
���������������������������
���������������������������
���������������������������
���������������������������
���������������������������
���������������������������
���������������������������
���������������������������
���������������������������
���������������������������

���������������������������
���������������������������
���������������������������
���������������������������
���������������������������
���������������������������
���������������������������
���������������������������
���������������������������
���������������������������
���������������������������
���������������������������Figure 1: S
hemati
 representation of the situation aboveNote: This may 
orrespond to the hydro
arbon volume in a petroleumreservoir with top-horizon {R(x);x ∈ D} and hydro
arbon-water 
onta
t at

r = 12.e) Estimate the expe
ted 
ut-o� area given the observations o, E{A12|o} intwo ways
• by applying the 
ut-o� rule on the 
onditional expe
ted fun
tion in 
)
• by the average of the areas obtained by applying the 
ut-o� rule onthe 
onditional realisations in d)Compare the estimates and 
omment. Use the notation above and theJensen's inequality to explain what is observed. How 
an V ar{A12|o} beassessed? 2



Assume now that the observations o = {r(10), r(25), r(30)} are made withobservation error, ie: o∗ = {r∗(10), r∗(25), r∗(30)} where
R∗(i) = r(i) + Ui ; i ∈ {10, 25, 30}and Ui are iid Gauss(0, 1). Use o and simulated realisations of the errors uito generate a simulated observation set o∗.f) Repeat item 
) and d) based on the observation set o∗.Note that the observation errors 
auses the 
onditional Gaussian pdf in 
)to be di�erent.Dis
uss the results.Problem 2: Spatial Predi
tion by KrigingThis problem is based on observations of terrain elevation whi
h are availablein the R library MASS and on the web site of the 
ourse in the �le topo.dat.The 52 observations are in unit meter in a domain D ⊂ R2 of size (350×350)square-meters.a) Display the observations in various ways. The fun
tion interp in the Rlibrary akima may be useful.Comment the results.Let the terrain elevation over D be modelled by the GRF {R(x);x ∈ D ⊂

R2} with
E{R(x)} =

∑

L

l=1
βlgl(x)

Cov{R(x′), R(x′′)} = c(|x′ − x′′|)with g : {[g1(x), . . . , gL(x)];x ∈ D} a set of known fun
tions over D and
β = (β1, . . . , βL) a ve
tor of unknown weights.Let the ve
tor of observations be denoted r

o = (r(x1), . . . , r(x50)).b) Develop the expression for the universal kriging predi
tor and predi
tionvarian
e in an arbitrary lo
ation x0 ∈ D.Let the referen
e variable x ∈ D ⊂ R2 be denoted x = (xv , xh), set L =
6 and de�ne the set of known fun
tions g to be all polynomials xk

vx
l

h
for

(k, l) ∈ {(0, 0), (1, 0), (0, 1), (1, 1), (2, 0), (0, 2)}. Further, let the 
ovarian
efun
tion c(τ) be of exponential form with varian
e 700 and range parameter100.
)Compute the universal kriging surfa
e with asso
iated kriging varian
e ina (100 × 100) grid 
overing D. The fun
tion krige.
onv may be useful.Display the results and 
omment on them.3



In grid node x0 = (10, 10), 
ompute the value for whi
h it is 0.90 probabilitythat [R(x0|θ] is below it.d) Set L = 1 and de�ne the set of known fun
tions g to only 
ontain the
onstant 1. Note that the asso
iated 
ovarian
e fun
tion is di�erent fromthe one in b), and determine a suitable 
ovarian
e fun
tion.Repeat the pro
edure in 
) and 
omment on the results.Problem 3: Parameter estimationConsider a stationary GRF {R(x);x ∈ D ⊂ R2} with ∈[(1, 30), (1, 30)] and
E{R(x)} = 10

V ar{R(x)} = 4

Corr{R(x′), R(x′′)} = exp

{

−
|x′ − x′′|

10

}Dis
retise D into the latti
e LD of size 30 × 30.a) Simulate one realisation of the GRF represented on LD, ie {rs(x);x ∈
LD}. This may take up to 5 minutes on the 
omputer. Store the results.Display the realisation and an estimate of the marginal distribution of R(x0)in arbitrary x0 ∈ D. Compute the empiri
al variogram based on the fullrealisation.Comment on the results.b) Use the realisation {rs(x);x ∈ LD}. Sample the surfa
e values in 36lo
ations uniformly randomly drawn in LD.Compute the empiri
al variogram estimate based on these 36 observations.Use the fun
tion variog.Assume an exponential variogram fun
tion with varian
e σ2 and range pa-rameter δ. Estimate σ2 and δ by maximum likelihood based on these 36observations. Use the fun
tion lik�t.Display the variogram estimates above together with the true one.Comment on the results.
) Repeat the pro
edure in b) with 9, 64 and 100 observations.Comment on the results.d) Dis
uss the following questions:

• Does it make a di�eren
e if you know the variogram model type?
• Whi
h problems o

ur if the GRF is not stationary, ie it has varyingexpe
tation over D? 4


