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Problem 1 Consider a lifetime variable T for which the cumulative hazard
function is given by Z(t) = In(t + 1), t > 0.

a) Find the survival function R(t) = P(T > t), the probability density function
f(t) of T, the hazard function z(t) and the median survival time.

b) If possible, find ET and EIn(T + 1).
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Table 1: Lifetime data in problem 2. Observations for which the censoring indicator
0; = 0 are right censored.

Problem 2 Consider the lifetime data listed in Table 1.

a) Compute the Kaplan-Meier estimate of the survival function R(t). Also, if
possible, compute an estimate of the median and mean survival time.

The cumulative distribution function of the standard logistic distribution is given
by
1

T 1tet

F(t) (1)
b) Derive the density function and the survival function of the standard logistic
distribution.

Suppose we want to fit a parametric survival model belonging to the log location-
scale family to the data in Table 1, constructing the model from the standard
logistic distribution.

c) Write down the likelihood function for this parametric model for the right
censored data listed in Table 1.
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Using the survreg function in R, we maximise the likelihood and obtain the
following results.

> model <- survreg(Surv(y, delta) ~ 1, dist = "loglogistic")
> summary (model)

Call:

survreg(formula = Surv(y, delta) ~ 1, dist = "loglogistic")
Value Std. Error z P

(Intercept) 2.5967 0.665 3.9037 9.47e-05

Log(scale) 0.0143 0.369 0.0387 9.69e-01

Scale= 1.01

Log logistic distribution
Loglik(model)= -20.3 Loglik(intercept only)= -20.3
Number of Newton-Raphson Iterations: 4
n= 8
> vcov(model)
(Intercept) Log(scale)
(Intercept) 0.44247667 0.03916445
Log(scale) 0.03916445 0.13610794

d) Compute an estimate of the upper 5%-quantile of the survival distribution
based on the above parametric model. Also compute an approximate es-
timate of its standard error and a 95% confidence interval for the same
quantile. Explain the reasoning behind any additional approximations you
make in deriving the confidence interval.

e) Compute a total time on test (TTT) plot of the data and carry out the
Barlow-Prochan test of the null hypothesis that the hazard function z(t) is
constant.

Problem 3 We are studying the lifetimes 7' (in days) of 1000 units of an
electric component operating at different temperatures in the interval between 10
and 90°Celcius. The data is shown in Fig. 1. Note that the temperatures are
centered around their mean of 50 °C in the plot and in further analysis.

We fit a Cox proportional hazard model in R as follows.
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> model <- coxph(Surv(y, delta) ~ x)
> model

Call:

coxph(formula = Surv(y, delta) ~ x)

coef exp(coef) se(coef) z P
x 0.10321 1.10872 0.00322 32.1 <2e-16

Likelihood ratio test=1460 on 1 df, p=0
n= 1000, number of events= 679
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a) Write down the model in mathematical notation and state its assumptions.
Briefly explain how the regression coefficients of the model are estimated.

b) An estimate of the baseline survival function Ry(¢) is shown in Fig. 2. This
is survival function for units operating at the a mean-centered temperature
of zero, that is, at 50°C. Based on the plot, compute an estimate of the
probability that a unit operating at 70°C is functioning after 100 days of
operation. Verify if your estimate roughly agrees with the observed data in

Fig. 1.

c) Fig. 3 shows the Schoenfeld residuals for the temperature covariate plotted
against the log of the observed failure times. How do these residuals behave
if the assumptions of the Cox proportional model hold? Do the plot support

the assumptions of the fitted model?
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Figure 1: Data in problem 3. Circles represent failures and crosses right censoring events.
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Figure 2: The estimated baseline survival function }?O(t).
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Figure 3: Schoenfeld residuals plotted against the log of observed failure times. Also
shown is the mean of the residuals estimated using local polynomial regression (solid
curve) and associated 95% confidence bands (dashed curves).



