
Classification

? Situation:

– observations x1, . . . , xn with class labels y1, . . . , yn, where
yi ∈ {0, 1, . . . , J − 1}

– new observation: x0
– want to classify x0 to one of the J possible classes

? Model:
f (x |y = j) = fj(x) and pj = P(Y = j)

? Distribution of interest

πj(x0) = P(Y0 = j |X = x0) =
pj fj(x0)∑J−1
i=0 pi fi (x0)

? Cost function

c(i |j) : cost of classifying to i when true class is j

– c(i |i) = 0 and c(i |j) > 0 for i 6= j
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Classification

? Expected cost of classify to class i :

ECM(i) = E[c(i |Y )|x0] =
J−1∑
j=0

c(i |j)P(Y0 = j |X = x0)

=
J−1∑
j=0

c(i |j)πj(x0) =

∑J−1
j=0 c(i |j)pj fj(x0)∑J−1

k=0 pk fk(x0)

? Classification rule:
ŷ0 = argmin

i
ECM(i)

? Zero-one loss:

c(i |j) =

{
1 for i 6= j
0 otherwise

? Bayes classifier
ŷ0 = argmin

i
{pi fi (x0)}
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Linear discriminant analysis (LDA)

? Assume zero-one loss and x |y = j ∼ N(µj ,Σ)

? Classification rule becomes

ŷ0 = argmax
i
{δ̂i (x0)}

where
δ̂i (x0) = xT0 Σ̂−1µ̂i −

1
2
µ̂T
i Σ̂−1µ̂i + ln(p̂i )

? δ̂i (x0) is linear in x0. Borders between classification regions becomes
lines/planes/hyer-planes
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LDA
Note: δ̂i (x0) is linear in x0. Thus the Bayes decision borders between the
classification regions become lines/hyper-planes.
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Quadratic discriminant analysis (QDA)

? Assume zero-one loss and x |y = j ∼ N(µj ,Σj)

? Classification rule becomes

ŷ0 = argmax
i
{δ̂i (x0)}

where

δ̂i (x0) = −1
2

(x0 − µ̂i )
T Σ̂−1

i (x0 − µ̂i )−
1
2
ln |Σ̂i |+ ln(p̂i )

? δ̂i (x0) is quadratic in x0. Borders between classification regions
becomes quadratic
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FIGURE 2.14. The KNN approach, using K = 3, is illustrated in a simple
situation with six blue observations and six orange observations. Left: a test ob-
servation at which a predicted class label is desired is shown as a black cross. The
three closest points to the test observation are identified, and it is predicted that
the test observation belongs to the most commonly-occurring class, in this case
blue. Right: The KNN decision boundary for this example is shown in black. The
blue grid indicates the region in which a test observation will be assigned to the
blue class, and the orange grid indicates the region in which it will be assigned to
the orange class.

The choice of K has a drastic effect on the KNN classifier obtained.
Figure 2.16 displays two KNN fits to the simulated data from Figure 2.13,
using K = 1 and K = 100. When K = 1, the decision boundary is overly
flexible and finds patterns in the data that don’t correspond to the Bayes
decision boundary. This corresponds to a classifier that has low bias but
very high variance. As K grows, the method becomes less flexible and
produces a decision boundary that is close to linear. This corresponds to
a low-variance but high-bias classifier. On this simulated data set, neither
K = 1 nor K = 100 give good predictions: they have test error rates of
0.1695 and 0.1925, respectively.

Just as in the regression setting, there is not a strong relationship be-
tween the training error rate and the test error rate. With K = 1, the
KNN training error rate is 0, but the test error rate may be quite high. In
general, as we use more flexible classification methods, the training error
rate will decline but the test error rate may not. In Figure 2.17, we have
plotted the KNN test and training errors as a function of 1/K. As 1/K in-
creases, the method becomes more flexible. As in the regression setting, the
training error rate consistently declines as the flexibility increases. However,
the test error exhibits a characteristic U-shape, declining at first (with a
minimum at approximately K = 10) before increasing again when the
method becomes excessively flexible and overfits.

(James, Witten, Tibshirani, Hastie (2014), An Introduction to Statistical Learning, Springer, p.40)
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KNN: K=10

FIGURE 2.15. The black curve indicates the KNN decision boundary on the
data from Figure 2.13, using K = 10. The Bayes decision boundary is shown as
a purple dashed line. The KNN and Bayes decision boundaries are very similar.
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KNN: K=1 KNN: K=100

FIGURE 2.16. A comparison of the KNN decision boundaries (solid black
curves) obtained using K = 1 and K = 100 on the data from Figure 2.13. With
K = 1, the decision boundary is overly flexible, while with K = 100 it is not
sufficiently flexible. The Bayes decision boundary is shown as a purple dashed
line.

(James, Witten, Tibshirani, Hastie (2014), An Introduction to Statistical Learning, Springer, p.41)
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Training Error: 0.145
Test Error:       0.225
Bayes Error:    0.210

FIGURE 13.4. k-nearest-neighbors on the two-class mixture data. The upper
panel shows the misclassification errors as a function of neighborhood size. Stan-
dard error bars are included for 10-fold cross validation. The lower panel shows
the decision boundary for 7-nearest-neighbors, which appears to be optimal for
minimizing test error. The broken purple curve in the background is the Bayes
decision boundary.

Hastie, Tibshirani, Friedman, “The elements of statistical learning”, 2nd ed., p. 467



Bootstrap
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Bootstrap
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. . . pull oneself up by one’s bootstraps

To begin an enterprise or recover from a
setback without any outside help; to
succeed only on one’s own effort or
abilities.

Wiktionary

The term is sometimes attributed to Rudolf Erich
Raspe’s story “The Surprising Adventures of Baron
Munchausen”, where the main character pulls
himself (and his horse) out of a swamp by his hair

http://redstateeclectic.typepad.com/redstate_commentary/2010/11/sustainability-isnt-sustainable.html



Bootstrap Bill Turner

“Bootstrap” Bill Turner from Pirates of the Caribbean.

. . . Barbossa tied Bill to a cannon by his bootstraps and sent
him to the bottom of the sea.

http://kidstvmovies.about.com/od/piratesofthecaribbean3/ig/Pirates–At-World-s-End/-Bootstrap–Bill.htm




