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Abstract

This paper proposes an empirical estimator of the failure rate of discrete lifetimes. The exact
distribution of the estimator is given. Asymptotic results are proved from which asymptotic
confidence intervals and confidence bands for the discrete failure rate are derived.

1 Discrete lifetimes and discrete failure rate

Discrete distributions are used in reliability when lifetime measurements are taken in discrete time. This
is the case for example when an equipment operates on demand and the observation consists in the
number of demands successfully completed before failure, or when continuous lifetimes are grouped.

Let the random variable K be a discrete system lifetime. K is defined over the set of positive integers
N*. Let p(k) = P(K = k) be the probability that the system fails at time k. The reliability function
is given by the probability that the system is still alive at time k : R(k) = P(K > k). The cumulative
distribution function of K is F'(k) = P(K < k).

The failure rate of a discrete distribution has been defined by Barlow-Marshall-Proschan (1963) as:

p(k)

VRN, A= P(K = kK > ) = 5= (1)

Several discrete reliability models have been proposed with parametric expressions of the failure rate.
For example, a constant failure rate leads to the geometric distribution. Nakagawa-Osaki (1975) defined
the discrete Weibull distribution. Other parametric models can be found in Salvia-Bollinger (1982),
Gupta-Gupta-Tripathi (1997), Roy-Gupta (1999) and Bracquemond (2001).

We are interested here in the nonparametric estimation of A. Although an extensive litterature is
available for the nonparametric estimation of continuous failure rates (see for example Klein-Moeschberger
1997), it seems that rather few work have been done in the discrete case.

2 The discrete empirical failure rate

Let K1, ..., K, be a sample of n 1id random variables on N*, which can be understood as discrete lifetimes
of identical and independent systems.
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The empirical frequencies are defined as : Vk € N* P,(k) = _ZH{Klzk}a and the empirical
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Then, it is natural to define the discrete empirical failure rate as :
P.(k

The aim of this paper is to present some results on this empirical failure rate. The proofs of these
results can be found in Bracquemond (2001).



Note that A, is not defined for & > K, since both P,(k) and R, (k — 1) are null for these values of
k. If k is not equal to an observation, A, (k) = 0. Moreover, A,(K}) = 1.

When the number of data is too small, A, (k) happens to be often equal to zero. Then, it is difficult to
assess the sense of variation of the failure rate. Since this assessment is very useful in terms of wear-out or
burn-in of the considered systems, the empirical failure rate will be of practical use only for reasonnably
large data sets.

3 Exact distribution

An (k) is of the form i/m, where 0 <7 < m < n and m > 0. By studying all possible cases for this ratio,
the exact distribution of A, (k) can be derived for fixed n and & :
Proposition 1 : Yk < K, the distribution of A, (k) is given by :
o P(Aa(k) =0) = (1 —p(k))"
o For 1 <i<m<n, wherei aLnndJm are relatively prime :
i e n! R(k)™~'p(k)' ]’
PO = 20 = 1= ) o Gt iGm — 7 o]

where | x| denotes the integer part of z.

Then, it is possible to compute the moments of this distribution. The first two are :

Proposition 2 :

EDa(W)] = ME)[1= F(k=1)"]
BINM] = Flh= 1) Y e [p0)0m = 1) (R + p(9] ™+ [R(E) + p(]

So A, (k) is a biased but asymptotically unbiased estimator of A(k). Since E[A, (k)] < A(k), the failure
rate is underestimated. This is probably due to the fact that P(\,(k) = 0) # 0. The bias grows as k
grows. In particular, A, (K) = 1 traduces a high bias. Then, for small sample sizes, the estimation will

be of interest only for small values of k.

4 Asymptotic confidence intervals

First of all, for fixed &, the almost sure convergence of A, (k) to A(k) is easily proved with the law of large
numbers.

Then, in order to study the asymptotic normality of A, (k), let us introduce the empirical process
associated to the failure rate, T,, defined by :

VEET, Ta(k) = Vala(k) = A(k)]. (3)

With the usual convergence results on the empirical reliability R, it is possible to derive the asymp-
totic distribution of T, (k) :

Proposition 3 : Vk € N*, T,(k) conv]e?rglfs ZZ distribution to the normal distribution with mean zero
and variance TI(k) = Alk (( g ) = R((k )—p(l))?’
Let I, (k) = = ((k) 1( 3) be the empirical estimator of TI(k). Then, an asymptotic 100(1 — )%
confidence interval for A(k) is
0, (k) 0, (k)

)\n(k) — Al—a/2 (4)




where z, is the a-quantile of the standard normal distribution.
However, the confidence bounds can be out of [0, 1]. To avoid this problem, it is interesting to use the

logit transformation: logit(p) = In 1 P With the logit transformation, the convergence result becomes:
—-Pp

Proposition 4 : Vk € N* /nA,(k)R,(k) (logit[A, (k)] — logit[A(k)]) converges in distribution to the

standard normal distribution.

So another asymptotic 100(1 — a)% confidence interval for A(k) is :

An () A (k)

A (k) 4+ (1= An(k))ezp l_ Azl‘a/z

)

(5)

l—a/2

An (k)R (k)

An (k) + (1 = An(k))exp l VA ()R (k)

Figure 1 shows intervals (4) and (5) with a = 10% for discrete data from Xie-Goh (1993). It is clear
that logit intervals should be used since their bounds are in [0, 1] and they are narrower than the first
intervals.
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Figure 1: Asymptotic confidence intervals for A(k), without and with the logit transformation

5 Asymptotic simultaneous confidence bands

Finally, the convergence of fini-dimensional vectors of the empirical process T, is studied. The following
result is proved using the convergence results on the empirical reliability :

Proposition 5 : For all integer m > 1 and all sequence (z1,...,zy) of m ordered integers, the random
vector (Tp(z;) :1<j < m)t converges in distribution to a random gaussian vector T® in R™, with mean
zero and covariance matriz I defined by :

T(j,k) =0 forj#k
T(k, k) =TI(k)
Since IT is a diagonal matrix, asymptotic simultaneous confidence bands for A can be built. If @ and

An (k) — A(k)

b are two integers such that a < b, let 73, = max /n ————=—. 7], converges in distribution to

{a<k<b} /ﬁn(k)

the distribution of the maximum of & — a 4+ 1 independent standard normal random variables.



Then, an asymptotic 100(1 — a)% confidence band for A when k € [a, b],

i N

where q, is such that ¢®=2+1(q, [1—¢(qa)]?7 2t =1 — o, and ¢ is the cdf of the standard normal
distribution.

Figure 2 presents this asymptotic confidence band with & = 10% for data in Xie-Goh (1993) and

k € [1,10]. This band is too large to be of practical use. This is not a surprise since the studied sample

has a too small size (n = 28).

Figure 2: Asymptotic simultaneous confidence band for A(k)
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