Some results on residual entropy function
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Abstract

Ebrahimi and Pellerey (1995) and Ebrahimi (1996) proposed the Shannon residual entropy
function as a useful dynamic measure of uncertainty. They studied the characterization prob-
lem from the residual entropy. They also used this function to define a stochastic order and
two classes of distributions (DURL and IURL). In this paper, we obtain some new results on
this function and we correct some mistakes in the preceding literature.

1 Introduction

The most used measures in Reliability associated to a positive random variable (r.v.) X with density f
and reliability R, are the failure (hazard) rate r(t) = f(t)/R(t) and the mean residual life e(t) = E(X —t |
X >t). It is well known that both r and e uniquely determine R (see Cox (1972) and Kotz and Shanbhag
(1980)). Recently, Ebrahimi (1996) proposed another dynamic measured based on Shannon entropy. The
Shannon entropy of X is defined by

H(X) = ~B(og (X)) =~ [ 1(0)1og f()a

It is a measure of the uncertainty and Ebrahimi considered the entropy of the residual variable, that is,

H(t)—H(X—tth):_/f,oog_glog<%>dx,

as a dynamic measure of uncertainty. A similar definition can be given in the discrete case. Ebrahimi
and Pellerey (1995) and Ebrahimi (1996) defined the uncertainty residual life order between two r.v. X
and Y by

X< Y & Hx(t) < Hy(t), forallt >0

They also defined the decreasing uncertainty residual life (increasing) class by
X is DURL (IURL) < Hx(t) is decreasing (increasing)

Ebrahimi (1996) showed that, in the absolutely continuous case, H(t) uniquely determines R(t).
Rajesh and Nair (1998) gave an analogous result in the discrete case. Unfortunately, the proofs are not
correct. In this paper, we show this mistake with some examples, giving conditions to obtain Ebrahimi’s
result. We also extend some recent characterization results given by Nair and Rajesh (1998) and Asadi
and Ebrahimi (2000) based on relationships between H and e, and H and r, respectively. Moreover, we
study ordering and classification properties based on residual entropy between a random variable X and
the associated weighted r.v. Y with density

—w(t)f(?)
fy(t) = Bw(X)’

where w is a positive function such that F(w(X)) < oo, extending the results given by Oluyede (1999)
in the case w(t) =t.
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2 Direct characterization results

Theorem 2.1 If X is IURL, then H(t) uniquely determines R(t).
Proof. From the definition, we have

H'(t) = r(t) (H(t) — 1+ logr(t)) (1)
Hence, for a fixed t > 0 and g(z) =« (H(t) — 1 +1logx) — H'(t), r(t)is a positive solution of

g9(z) =0, (2)

where ¢g(0) = —H'(t) < 0, g(+00) = 400 and ¢'(z) = H(t) + logz. Thus, g first decreases and then
increases with a minimum at zg = exp(—H(t)) > 0, which implies that (2) has a unique positive solution
r(t). So, H(t) uniquely determines r(t) and hence, R(t).

Remark 2.1. Ebrahimi used the following reasoning. If 7 and ro are two different failure rates with
the same residual entropy H, and r1(t) < ro(t) for a fixed ¢ then, from (1),

H(t) —1+logri(t) > H(t) — 1 + logra(t) (3)

holds, and hence r(t) = ro(t). However, H'(t) can be negative and hence (3) does not hold.

Remark 2.2. Note that (2) has also a unique solution when g(xg) = 0, which gives H(t) = log(b—1),
i.e. the residual entropy for the Uniform distribution in (0,b). Thus, the Uniform distribution can be
characterized from a decreasing residual entropy H(t) = log(b — t).

Remark 2.3. If H(t) is decreasing and g(z¢) < 0, then (2) has two positive solutions. However,
one of the two solutions may be not a failure rate. Next, we see an example where both solutions are
failure rates. If X has a Beta ((c,1) (Power) distribution F(t) = t¢ for 0 < ¢t < 1 and ¢ > 1, then
r(t) = ct*71/(1 — t°) and

H(t) = CTHog(lctc) 1!

Thus, g has a minimum at
c

1—t¢

c c c—1
To = t—(c—l)t /(1—¢ >eXp{_T}7

which verifies
Zo

0 = ¢~ (e=1)/01=tY) exp{—%} >1
for 0 <t < 1. So, (2) has two positive solutions r; < g < 72 and the Beta failure rate is r(t) = r1(t) for
all ¢. Hence, the other solution 72(t), is also a failure rate function (i.e. 79 > 0 and f01 r9 = 00).
Remark 2.4. In the discrete case, H(t) we have an analogous result. In this case, we have a simple
counterexample. If X is Bernoulli B(p), then H(0) = —plogp — (1 — p)log(1l — p) and H(1) = 0. Hence,
B(p) and B(1 — p) have the same residual entropy.
Remark 2.5. Analogous results can be obtained for the residual gamma entropy and/or the expected

inactivity time entropy H*(t) = H(t — X | X <t).
3 Characterizations from relationships

Asadi and Ebrahimi (2000) characterized the generalized Pareto distribution (GPD) defined by R(t) =
(140t /a)~/?, from the equality H(t) = c—logr(t), where ¢ is a real-valued constant. This characterization
includes the Exponential distribution (¢ = 1), the Pareto (¢ > 1) and the Finite Range (¢ < 1). In this
section, we extend this result to the more general case where c is a function of ¢.

Theorem 3.1. If X has an absolutely continuous distribution F(t) and H(t) = ¢(t) — logr(t), then

1 c(t
) = T e



Remark 3.1. In particular, if ¢(t) is constant, then we obtain the characterization given by Asadi
and Ebrahimi (2000) for the GPD which includes Exponential, Pareto and Finite Range distributions.
Moreover, we can characterize new distribution models. For example, if ¢(t) = at+0b for t > 0 and a > 0,
then we obtain the model with failure rate

r(t)

a
- Ke 9=t 4 at + (b—2)

We have to check if r(t) is a failure rate (i.e. 7 > O and [;* 7 = 0o) which in this case gives K+(b—2)e® > 0.
In a similar way, Nair and Rajesh (1998) characterized the Exponential distribution from the equality
H(t) 4+ e(t) = H(0) + e(0). They also characterized the type I Extreme Value distribution (defined by
F(t) =1—exp(—exp(t))) from H(t) + e(t) = 1 — ¢t. In the following theorem, we extend these results.
Theorem 3.2. If X has an absolutely continuous distribution F'(t), H(t)+e(t) = c(t) and ¢/(t) > —1,
then ¢(t) uniquely determines F'(t).
Remark 3.2. In particular, we obtain the characterizations given by Nair and Rajesh (1998) for the
Exponential and Extreme Value distributions when c¢(t) is constant or ¢(t) =1 —t.

4 Uncertainty in weighted distributions

Let Y be the weighted r.v. associated to X and a positive function w(t). First, we study some necessary
conditions to have the ordering X <,,.; Y (>).

Theorem 4.1. With the preceding notation,

i) If E(w(X) | X > t) is increasing (decreasing), FE(w(X) | X > t)/w(t) is increasing (decreasing)
and X is DFR (Y is DFR), then X <.,,; Y (>).

ii) If w(t) is increasing (decreasing) and either X or Y is DFR, then X <, Y (>).

The proof is based on Theorem 2.2 and 2.3 in Ebrahimi and Pellerey (1995) and the relationships
between reliability measures of X and Y (see Jain et al. (1989)).

Remark 4.1. When Y is the length biased r.v. associated to X (i.e. w(t) = t), Oluyede (1999) proved
that X <, Y. Unfortunately, this result is not true (for example when X has a uniform distribution
in (0,1)). From preceding results, we have that a necessary condition to have Oluyede’s result is that
either X or Y is DFR.

Remark 4.2. When Y has the equilibrium distribution of a renewal process associated to X (i.e.
w(t) = 1/r(t)), Ebrahimi and Pellerey (1995) gave a technical condition to have X <,,; Y. We can
extend this result from the preceding general results. Concretely, we have that the following conditions
are equivalent

i) X <y Y (>)

ii) [ fx(z)logrx(z)dz > #mftoofx(a:) log(1/ex(z))dz (<).

i) =y Ji - Fx(2)log Fx(z)dx — [ fx(z)log fx (z)dz < Fx(t)logex(t) ().

In particular, we have that X is IMRL, implies X <,,; Y.

Next, we study the necessary conditions to obtain the preservation of DURL and IURL classes.

Theorem 4.2. If E(w(X) | X > t) is increasing (decreasing), E(w(X) | X >1t)/w(t) is decreasing
(increasing) and lim;—.o w(t) < co (> 0), then X is DURL =Y is DURL (<)

The proof is based on lemma 2.1 in Asadi and Ebrahimi (2000).

Theorem 4.3. If F(w(X) | X >t) is increasing (decreasing), E(w(X) | X >t)/w(t) is increasing
(decreasing) and lim; oo w(t) < oo (> 0), then X is IURL =Y is IURL (<)

Moreover, we have obtained another preservation result.

Theorem 4.4. If X <;. Y and X >, Y, then

i) X is DURL =Y is DURL

i) Yis IURL= X is IURL

The proof is based on equality (1).



Remark 4.3. When Y is the length biased r.v. associated to X (i.e. w(t) = t), from preceding
results we have that if X >,,; Y holds, then (i) and (ii) in theorem 4.4 hold.

Remark 4.4. When Y has the equilibrium distribution of a renewal process associated to X
(i.e. w(t) = 1/r(t)), the conditions obtained from the preceding results to obtain the preservation of
DURL and IURL classes are obvious because ry(t) = 1/ex(t) and IFR(DFR) C DMRL(IMRL) C
DURL(IURL).
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