
1

Abstract
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The multivariate survival distributions are used for description of dependent failure times (life spans)
(Clayton and Cuzik 1985; Hougaard 1995, Yashin et al. 1995). The convenient representation of such
distributions involves semi-parametric (copula) structure of multivariate survival function.  Such
structure is important in applications where the cause for dependence between life spans is the subject
of the study (Yashin and Iachine 1994, Yashin and Iachine 1995a). It turns out that the wide class of
frailty models allows for such a representation (Yashin et al. 1999). In genetic-epidemiological
applications these models can be used to evaluate the presence and the magnitude of genetic influence
on susceptibility to death as well as its variability in the population (Yashin and Iachine 1995b; 1997).
In particular the correlated gamma frailty model applied to survival data on monozygotic (MZ) and
dizygotic (DZ) twins can be used for this purpose. This model is characterized by the bivariate
survival function ( ) ( )221121 ,, xTxTPxxS >>=
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where �2 and � are the variances and correlation coefficient of bivariate frailty  distribution,
T ii , ,= 1 2   are two life spans of related individuals and S(x)=P( Ti >x) is the univariate survival
function. Statistically significant difference in correlation coefficients of frailty �MZ and �DZ, estimated
for MZ and DZ twins, may indicate the presence of genetic influence on susceptibility to death
(Yashin and Iachine 1995a,bc). The values of genetic parameter, such as heritability can be also
estimated from this data. It is unclear, however, how the results of such analyses depend on the type of
the frailty distribution used in the correlated frailty model. In this paper we derive a model of
correlated frailty which includes gamma- and inverse Gaussian frailty models as particular cases. This

model is based on a bivariate extension of “the three-parameter” distribution of frailty ( )P z; , ,α δ θ
(here α δ θ, ,  are parameters) which was introduced in univariate survival analysis by Hougaard
(1984).

Let  µi(t,Zi)=Ziµ0i(x), Ti i=1,2, be conditional hazards and respective life spans for two related
individuals where Zi, i =1,2  are frailty variables  and µ0i(t) are respective underlying hazards. Assume
that  T1 and  T2 are conditionally independent given  Z Z, 2 . Let Yi  i = 0,1,2  be three P(z;α,δi,θ)-
distributed independent random variables, i = 0,1,2. This distribution is characterized by the Laplace
transform
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Let  Z Y Y1 0 1= + , ( )Z Y Y2 0 2= +β .  Denote  Corr(Z1,Z2)=ρ and assume that Var(Z1)= Var(Z2)= σ2.
E(Z1)= E(Z2)=1. By construction

))()())()((exp(),,|,( 221121021021 xHYxHYxHxHYYYYxxS −−+−= (3)

where H x u du
x

( ) ( )= ∫ �0
0

. The averaging of  (3) with respect to Y0, Y1, Y2 after some transformations

yields the marginal bivariate survival function:
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where ρ≤min(σ1/σ2,σ2/σ1). The correlated gamma-frailty model (1) may be obtained from (4) as
limiting case when α↓0 . The correlated inverse Gaussian model corresponds to (4) with α=0.5. In this
case
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For twins of the same sex it is convenient to assumeσ σ σ1
2

2
2 2= = , and  ( ) ( ) ( )xxx 00201 µµµ == .

When 1=ρ  (1) transforms to
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This is the new version of the shared gamma frailty model. When 22
2

2
1 σσσ == , (6) becomes
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This is a traditional version of the shared gamma frailty model (Oakes 1989). When

∞→== 22
2

2
1 σσσ  and 1=ρ , (4) reduces to the positive stable shared frailty model discussed by

Hougaard (1984; 1995).

S( x ,x ) = exp S x S x1 2 − − + −



















( ln ( )) ( ln ( ))1 1

1

2 2

1

α α

α

(8)

Similar representations may be derived in the multivariate case. For example, the general model (4) can be
extended to
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Here  β= 
ij

i j

ρ
σ σ

. In case of gamma-frailty the multivariate survival function S(x1,x2,…,xn) is:

ji

ij

ij

i

nxSxSxxxS
n

i
i

n

i
in

σσ
ρ

σσ
σ

ρ −

=

−

=

−





 −+∑∏= 1)()(),...,(

11

1

21

2

                       (9)

Here ij
ρ  are the correlation coefficients between iZ  and jZ , and i

2σ  are the variances of iZ ,

i, j = 1,2,...n;  i j≠  and 
ij

i j

ρ
σ σ

 is, in fact, a constant not depending on i, j .

Bivariate survival functions can always be represented in the form

S x x S x S x eA x x( , ) ( ) ( ) ( , )
1 2 1 1 2 2
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xxA =  . If a bivariate density distribution function for T1, T2 exists, then

there is a function �(u,v) such that
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Representation (11) is called the exponential representation of a bivariate survival function. It turns
out that in the case of random hazards, the function �(u,v) in (11) can be calculated using the bivariate

conditional distribution of these hazards. Let Z ii , ,= 1 2  be two random variables. We assume that

the survival chances of the thi individual depend on iZ , i.e., the conditional survival function

S x Z P T x Zi i i i i i( ) ( )= >  is
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with individual hazard i i( Z ,x),  i = 1,2.�  We assume that given 1 2Z ,Z  the random variables

1 2T ,T  are conditionally independent. Yashin and Iachine (1995c) show that in this case
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Here  ( )µi u v,  can be represented as (14).

Remark 1. Representation (13) holds when random variables Z Z1 2,  in the individual hazards are

replaced by stochastic processes, Z Z tt t1 2 0, , ≥ , such that conditional mathematical expectations in
(13) and (15) exist.

Remark 2. The hazards ( )µ νi u i, , ,= 1 2  in (13), which are associated with the bivariate survival

function ( )S x x1 2,  as
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are different from the hazards ( )µi u i, ,= 1 2

( ) ( ) ( )( ) ( ) 2,1,0,,ln ==>=−= iuuTuZEuS
du

d
u iiiiii µµµ  (15)

which are associated with univariate survival function ( )S ui . Both hazards (14) and (15) are

conditional means of the same random hazard, but the respective mathematical expectations are calculated
under different conditions. These survival functions have been successfully used in the statistical analysis
of data on related life spans (Pickles and Crouchley 1995; Yashin and Iachine 1997; Iachine et al. 1999;
Begun et al. 2000; Wienke et al. 2000). The methods of quadratic hazards are promising alternative to the
multivariate frailty modeling (Aalen 1987; Yashin and Iachine 1996).
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