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Abstract

Ordinary order statistics and record values, among others, are included in the model of gen-
eralized order statistics introduced in Kamps (1995). In this paper, we establish stochastic
comparisons among spacings of generalized order statistics, which extend and complete some
known results in the literature.

1 Introduction

Order statistics and record values are widely used in statistical modeling and inference, because both
models describe random variables (r.v.) arranged in order of magnitude. In Reliability, an order statistic
represents the life-length of some r-out-of-n system whereas record values are closely connected with the
occurrence times of some corresponding non-homogeneous Poisson process and used in shock models.

In addition to these well known models, several other models of ordered r.v. are included in the
model of generalized order statistics (gOS’s) introduced by Kamps (1995), such as order statistics with
non-integral sample size, sequential order statistics, k-th record values, Pfeifer’s record model, kn -record
from non-identical distributions and ordered r.v. which arise from truncation of distributions.

These models can be applied in reliability theory. For instance, sequential order statistics are an
extension of ordinary order statistics and serve as a model describing certain dependencies or interactions
among the system components caused by failures of components. Likewise, the di¤erent types of record
values mentioned above extend the model of ordinary record values and they are more applicable to
practical situations.

Several papers are devoted to the study of orderings among order statistics or record values, in order
to compare the reliability of di¤erent systems and certain aging processes; see for instance Gupta and
Kirmani (1988), Kochar (1990) and (1996), Shaked and Shanthikumar (1994), Raqab and Amin (1996)
and Belzunce, Franco, Ruiz and Ruiz (2001).

Particularly, some authors have obtained comparison results among spacings of order statistics and
record values. In this setting, Kochar and Kirmani (1995) compare, in the stochastic and failure rate
orders, normalized spacings of order statistics from a random sample with DF R distribution. In the case
of two samples, Kochar (1999) and Khaledi and Kochar (1999) establish comparisons among spacings
of order statistics when the populations are ordered and one of them belongs to a certain aging class.
Besides, Kochar (1990) gives su¢cient conditions to compare spacings of record values in the stochastic
order.

The purpose of this paper is to establish some comparison results between normalized spacings of
gOS’s formed from two distributions F and G, which allow us to extend the above results to several other
models (sequential order statistics, record values, k-th record values, ...). Furthermore, we can compare
spacings of di¤erent models, i.e., between ordinary order statistics and sequential order statistics, between
record values and Pfeifer’s record values, etc.



2 De…nitions

First, we give the de…nition of the r-th gOS based on a distribution function F using its marginal
density function, which was introduced by Kamps (1995).

Let the function gm (x), m 2 R be de…ned as follows

gm(x) =
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for all x 2 [0; 1) (1)

De…nition 1 Let n 2 N, 1 · r · n, k ¸ 1, m1; :::; mn¡1 2 R, Ms =
Pn¡1

j=s mj , 1 · s · n ¡ 1, be
parameters such that °s = k + n ¡ s + Ms ¸ 1 for all s 2 f1; :::; n ¡ 1g, m1 = m2 = :::mr¡1 = m, and let
em = (m1; :::; mn¡1) if n ¸ 2 (em 2 R arbitrary if n = 1). The marginal density function of the r-th gOS
X(r;n; em;k) based on F is given by:

fX(r;n;fm;k)(x) = 'r:n (F (x))f (x) (2)

where 'r:n(x) =
cr¡1

(r ¡ 1)!
(1 ¡ x)°r¡1gr¡1

m (x), x 2 (0; 1) and cr¡1 =
rQ

i=1

°i .

As we have already commented, several interesting models are included in the model of gOS’s (see
Kamps (1995). For example, if m1 = ::: = mn¡1 = 0 and k = 1 (i.e. °r = n ¡ r + 1, 1 · r · n ¡ 1),
Eq. (2) reduces to the density of the r-th ordinary order statistic of a random sample with distribution
function F . And choosing m1 = ::: = mn¡1 = ¡1 and k 2 N (i.e. °r = k, 1 · r · n ¡ 1), we obtain the
model of the k-th record values based on the sequence (Xi)i2N of independent and identically distributed
(i.i.d.) r.v. with distribution function F .

3 Orderings between gOS’s

In this section, we …rst study conditions on the parameters to compare gOS’s based on the same
distribution, and then based on two di¤erent distributions. As consequences, we obtain the preservation
of the stochastic, failure rate and likelihood ratio ordering under the formation of gOS’s, which extend
the preservation results of other authors.

For that, we will denote em = (m1; :::; mn1¡1), m1 = ::: = mr1¡1 = m, fm0 = (m0
1; :::; m

0
n2¡1),

m0
1 = ::: = m0

r2¡1 = m0, °r1
= k1 + n1 ¡ r1 + Mr1

and ° 0
r2

= k2 + n2 ¡ r2 + M 0
r2

.

Theorem 1 Let X(r1;n1; em;k1) and X
(r2;n2;fm0;k2)

be gOS’s based on an absolutely continuous distribution
function F . Then, X(r1;n1; em;k1) ·LR X(r2 ;n2; fm0;k2 ) for all r2 ¸ r1, °r1

¸ ° 0
r2

and m ¸ m0 ¸ ¡1.

Remark 1 Kamps (1995) proved the last theorem when em = fm0.
In particular, Theorem 1 extends some results of Bapat and Kochar (1994) and Raqab and Amin

(1996) on ordinary order statistics, Gupta and Kirmani (1988) and Kochar (1990) and (1996) on record
values, and Raqab and Amin (1996) on k-record values.

Now, we give three theorems on preservation of orderings under the formation of gOS’s with di¤erent
parameters and based on F and G, which extend the results of Singh and Vijayasree (1991) and Raqab
and Amin (1996) on ordinary order statistics.

Theorem 2 If F ·ST G, then X(r1;n1; em;k1) ·S T Y
(r2;n2;fm0;k2)

for all r2 ¸ r1, °r1
¸ °0

r2
and m ¸ m0 ¸

¡1.

Theorem 3 If F ·HR G, then X(r1;n1; em;k1) ·HR Y(r2;n2; fm0;k2)
for all r2 ¸ r1, °r1

¸ ° 0
r2 and m ¸ m0 ¸

¡1.

Theorem 4 If F ·LR G, then X(r1;n1; em;k1) ·LR Y(r2 ;n2; fm0;k2 ) for all r2 ¸ r1, °r1
¸ ° 0

r2 and m ¸ m0 ¸
0.



4 Orderings between spacings of gOS’s

In this section, we establish stochastic comparisons of spacings of gOS’s from restricted families of
distributions.

For that, we de…ne normalized spacings of gOS’s from two absolutely continuous distri-
bution functions F and G by Ur1:n1 = °r1

¡
X(r1;n1; em;k1) ¡ X(r1¡1;n1; em;k1)

¢
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³
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Now, we give su¢cient conditions to compare conditioned spacings of gOS’s in the failure rate order.

Theorem 5 Let F ·HR G and either F or G be DFR. Then, for °r1
¸ ° 0

r2
and y ¸ 0

Uy;r1:n1 =
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³
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The following theorem establish comparisons in the stochastic order between spacings of gOS’s, when
the distribution functions are ordered in the hazard rate order and one of them is supposed to have a
decreasing failure rate function.

Theorem 6 Let F ·HR G and either F or G be DF R. Then Ur1:n1 ·ST Vr2:n2 for all r2 ¸ r1, °r1
¸ °0

r2

and m ¸ m0 ¸ ¡1.

Note that if em = (0; :::; 0), fm0 = (0; :::; 0), k1 = k2 = 1, we obtain Theorem 1.2 of Kochar (1999) and
Theorem 2.1 of Khaledi and Kochar (1999) on ordering of spacings of ordinary order statistics, and if
em = (¡1; :::; ¡1), fm0 = (¡1; :::; ¡1), k1 = k2 = 1, we obtain Corollary 3.2 of Kochar (1990) on record
values.

Analogously, in the next theorem we establish comparisons in the stochastic order between spacings
of gOS’s, when the distribution functions are ordered in the reversed hazard rate order and one of them
has increasing reversed failure rate function.

Theorem 7 Let F ·RH G and either F or G be IRF . Then Wr1:n1 ·ST Zr2:n2 for all r2 ¸ r1, °r1
¸ °0

r2

and m ¸ m0 ¸ ¡1, where P (W · t) = G(¡t) and P (Z · t) = F (¡t).

In particular, we obtain a result for spacings of ordinary order statistics, which is a particular case of
Corollary 3.1 of Hu and Wei (2001) when j = i + 1, q = p + 1, p ¸ i and p ¡ i ¸ m ¡ n:

Let us see now comparisons between spacings of gOS’s when their population are ordered in the
likelihood ratio ordering.

Theorem 8 Let F ·LR G and either F or G be DFR. Then Ur1:n1 ·H R Vr2:n2 for all r2 ¸ r1, °r1
¸ °0

r2

and m ¸ m0 ¸ 0.

Note that Theorem 2.1 of Kochar (1999) and Theorem 2.2 of Khaledi and Kochar (1999) can be
obtained from Theorem 8 taking em = (0; :::; 0), fm0 = (0; :::; 0), k1 = k2 = 1.

Analogously, we get the next result.

Theorem 9 Let F ·LR G and either F or G be IRF . Then Wr1:n1 ·H R Zr2:n2 for all r2 ¸ r1, °r1
¸ °0

r2

and m ¸ m0 ¸ 0, where P (W · t) = G(¡t) and P (Z · t) = F (¡t).

In particular, we obtain a corollary for spacings of ordinary order statistics and the following result.

Corollary 10 Let F ·LR G and either F or G be DF R. Then Ur1:n1 ·DISP Vr2 :n2 for all r2 ¸ r1,
°r1

¸ °0
r2

and m ¸ m0 ¸ 0:

Hu and Wei (2001) establish some comparison results between normalized spacings of ordinary order
statistics, which we extend to the model of gOS’s in the following theorem.



Theorem 11 If there exists an exponential random variable Z with distribution function HZ such that
F ·H R HZ ·HR G, then Ur1:n1

·HR Vr2:n2
for all parameters (r1; n1; em; k1) and (r2; n2; fm0; k2) such

that (m + 1)r1¡1 ¢ (m0 + 1)r2¡1 ¸ 0.

Finally, we give su¢cient conditions to preserve the likelihood ratio ordering under the formation of
spacings of gOS’s.

Theorem 12 Let F ·LR G and either F or G be DLR. Then, Ur1:n1 ·LR Vr2:n2 for all r2 ¸ r1,
°r1

= °0
r2

and m ¸ m0 ¸ 0:

Once again, Theorem 2.3 of Khaledi and Kochar (1999) can be obtained from our Theorem 12 taking
em = (0; :::; 0), fm0 = (0; :::; 0), k1 = k2 = 1.

Remark 2 The results given in this section also hold for simple spacings of gOS’s eUr1:n1 = X(r1;n1; em;k1)¡
X(r1¡1;n1; em;k1) and eVr2:n2 = Y(r2;n2;fm0;k2)

¡ Y(r2¡1;n2;fm0;k2)
.
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