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Abstract

This short survey of copulas presents their properties, tries to stress their relevance for statis-
tics and their connection with Markov processes and conditional expectations.

1 What is a copula?

Copul� were introduced by Sklar(1959). The reader is referred to Schweizer and Sklar (1983), Schweizer

(1991), Sklar (1973), Sklar (1996), Nelsen (1999).

A copula is a function C : [0; 1]� ]0; 1[! ]0; 1[ that satis�es the following properties:

{ for all t in [0; 1], C(t; 0) = C(0; t) = 0;

{ for all t in [0; 1], C(t; 1) = C(1; t) = t;

{ if x; x0; y; y0 are in [0; 1] with x � x0 and y � y0, then

C(x0; y0)� C(x; y0)� C(x0; y) + C(x; y) � 0:

As a consequence of these properties it follows that (a) C satis�es the Lipschitz condition

jC(x; y)� C(x0; y0)j � jx� x0j+ jy � y0j;

(b) that it is non{decreasing in each variable and (c) that it is absolutely continuous. In other words, a

copula is a two{dimensional distribution function that concentrates all the probability mass on the unit

square [0; 1]� [0; 1] and which has uniform marginals.

The importance of the concept of copula stems from the following

Theorem 1. (Sklar). Let X and Y two random variables on the probability space (
;F ; P ) having H

as their joint distribution function and let F and G be the marginals of H,

F (x) = H(x;+1); G(y) = H(+1; y):

Then there exists (at least) a copula C such that

H(x; y) = C (F (x); G(y)) : (1)

If both F and G are continuous, then the copula C is uniquely determined.

If either F or G, or both, is not continuous, then there may be more than one copula may satisfy (1);

all of these coincide on the set RanF�RanG. By a method of bilinear interpolation, which will always

be adopted in the sequel, it is possible to choose a single copula that satis�es (1). For this method see

Lemma 2.3.5 in Nelsen (1999).

The partial derivatives

D1 C(x; y) :=
@C(x; y)

@x
; D2 C(x; y) :=

@C(x; y)

@y

exist almost everywhere and are almost everywhere non{decreasing.



2 Statistical Proterties

Copul� are widely used in non{parametric statistics, especially in the study of dependence of random

variables and in order to express the known measures of association between random variables, Kendall's

tau, Spearman's rho, Gini's coeÆcient, see Nelsen (1999) and the bibliography quoted therein. A new

measure of dependence was introduced by Schweizer and Wol� (1981) in terms of the copula of the two

random variables involved.

Recently the work of some authors (Averous, Bassan, Dortet{Bernadet, and Spizzichino) has intro-

duced the use of copulas in the study of multivariate aging. In a few cases, the multivariate aging function

is not a copula but a quasi{copula (for which see Genet et al. (1999)).

3 Copul� and Markov Processes

The connection between Copulas and Markov processes is established through an operation on the set C

of all copulas, which was introduced by Darsow, Nguyen and Olsen (1992). Let A and B be copul�; if x

and y are in [0; 1] an operation on C is de�ned via

(A �B)(x; y) :=

1Z

0

D2A(x; t)D1B(t; y) dt: (2)

Then A �B is a copula and if fAng converges to A, then one has both

An �B �! A �B

and

B �An �! B �A;

moreover, the operation � is associative but not jointly continuous.

Theorem 2. (Darsow, Nguyen, Olsen). Let fXt : t 2 Tg be a real{valued stochastic process and let

Cst be the copula of the random variables Xs and Xt. If, for s and t in T with s < t and for a Borel set

A, one sets

P (s; x; t; A) := P (Xt 2 A j Xs = x) ;

then the following are equivalent:

(a) The Chapman{Kolmogorov equations

P (s; x; t; A) =

Z

R

P (u; �; t; A)P (s; x; u; d�) (u 2 ]s; t[ \ T )

hold for almost all x 2 R.

(b) Cst = Csu � Cut.

Of course fXtg may satisfy the Chapman{Kolmogorov equations without being a Markov process. A

necessary and suÆcient condition in terms of the copulas Cst is known.

The crucial step in the proof of Theorem 2 is the following equality

P (s; t; x; ]�1; a]) = D1Cst (Fs(x); Ft(a)) a:e::



4 Copul� and Conditional Expectations

While proving Theorem 2 Darsow, Nguyen and Olsen (1992) proved that if the random variables X and

Y have copula C, then one has almost surely

E
�
1fX<xg j Y

�
(!) = D2C (FX(x); FY (Y (!))) ;

E
�
1fY <yg j x

�
(!) = D1C (FX (X(!)); FY (y)) :

The last relationships point at a connection between Conditional Expectations and copulas. This con-

nection is best established through Markov operators. Given a probability space (
;F ; P ), a Markov

operator is a linear operator T : L1 ! L1 such that

(a) T is positive, f � 0 =) TF � 0;

(b) T1 = 1;

(c) (expectation invariance) for every function f in L1, one has E(Tf) = E(f).

Above, L1 may be replaced by L1. Notice that if G is a sub{�{�eld of F , then the conditional

expectation EG := E(� j G) is a Markov operator. An explicit one{to{one correspondence between

Markov operators and copulas can be established; to a copula C there corresponds a unique Markov

operator TC and, conversely, to a Markov operator T there corresponds a unique copula CT in such

a way that TA�B = TA Æ TB . A Markov operator T is a Conditional Expectation if, and only if, it is

idempotent: T 2 := T ÆT = T . The Markov operator TC corresponding to a copula C is idempotent if, and

only if, the copula C is idempotent with respect to the operation � introduced above, C = C �C. Thus,

there exists a one{to{one correspondence between idempotent copulas and Conditional Expectations; for

this see the forthcoming paper (Sempi, 2002).
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