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Abstract

This is a survey of recent results involving comparisons of order statistics in the sense of
various stochastic orders.

1 Motivation

Let 21, za, ... be a set of constants. Denote by z(;.,) the ith smallest value among the first m z;’s. Then
we have the following inequalities (Mi and Shaked, 2001):

Lemma 1. For any sequence of constants x1, x4, ..., the following inequalities hold:
I(zm)<l(l+1m)a I<i<m-—1 (1)
L(i:m+1) S L(i:m); 1 S 2 S m (2)
T(i:m) < T(i+1:m+1), 1< S m (3)

Proof. The proof of (1) is obvious from the definition of the x(;.)’s. The proof of (2) is also quite simple:
Just note that if z,11 < Z(i.m) then Z(my1) < Z(im), whereas if Tpi1 > 2y then zmi1) = Zim)-
Finally, in order to prove (3), note that if 2,41 < T(i:m) then Z(iy1.my1) = T(iim), whereas if 11 > 2(im)
then T(im) < T(it1mt1)- O

Note that (1), (2), and (3) together can be written equivalently at follows:
Lemma 2. For any sequence of constants x1, x4, ..., the following inequalities hold:
T(im) < T(jm) whenever i < j and m —i>n— j. 4)

Proof. The inequalities (1), (2), and (3) easily follow from (4) by a proper choice of ¢, j, m and n. To
show the converse assume that (1), (2), and (3) hold. Tf m > n then

where the first inequality follows from (2) and m > n, and the second inequality follows from (1) and
t < j. And if m < n then

L(i:m) < L(i+n—m:n) < T(j:n)

where here the first inequality follows from (3) and m < n, and the second inequality follows from (1)
and j >i4+n—m. O

Now let y1, y2, ... be another set of constants, and denote by y(;.n) the jth smallest value among the
first n y;’s. Then (4) can be generalized as follows:



Lemma 3. For any sequences of constants x1,xs,..., and y1,Ys, ..., if x; < y; for all i, then
T(im) < Y(jm) whenever i < j and m —i>n —j. (5)
Proof. Notice that the assumption yields #(;.n) < ¥(j:n). The stated result now follows from (4). [l

In my talk T will describe some recent extensions of (4) and of (5) where the constants are replaced
by random variables. Below, “increasing” stands for “non-decreasing.”

2 The Usual Stochastic Order

A random vector (X1, Xs,...,Xx) is said to be smaller than the random vector (Y1,Ys,...,Y%) in
the usual stochastic order (denoted by (X1, Xa,..., Xi) <& (Y1,Y2,...,Y%)) if E[o(X1, X2,..., Xi)] <
E[¢(Y1,Y2,...,Ys)] for all componentwise nondecreasing functions ¢ for which the above expectations
exist. The following extension of (5), for random variables, is taken from Mi and Shaked (2001).

Theorem 1. Let {X;,Xs,...} and {Y1,Ys,...} be two sequences of random variables such that
(X1, Xy .o, Xe) <ot (V1, Yy, Vi), k> 1. (6)
Then
X(i:m) <st Y(jn) whenever i < j and m —i>n — j. (7)
Proof. The proof is an extension of the proofs of Lemmas 1-3. First note that from (6) it follows that
Xi:m) <st Yiim), 1<i<m. (8)

Now, if m > n then

And if m < n then

X(zm) st }/(zm) (by (8))
Sa.s. }/(i+n—m:n) (by (3) and m < 77,)
<as. }/(]n) (by (1) and ] > t+n— m)

Since the almost sure relation <, s implies the relation <g;, we obtain (7) from the above inequalities. O

Note that if {X1, X5,...} and {Y7,Y5,...} are each a sequence of independent random variables, such
that X; <s Yj, for each ¢, then (6) holds. Therefore (7) holds. This significantly generalizes recent results
of Nanda and Shaked (2001) and of Belzunce, Franco, Ruiz, and Ruiz (2001). In fact, in addition to the
independence assumption, Nanda and Shaked (2001) had the additional assumption that all the above
random variables are absolutely continuous, whereas Belzunce, Franco, Ruiz, and Ruiz (2001) proved it
only for nonnegative random variables.

If in Theorem 1 we take Y; = X;, i =1,2,..., then obviously (6) holds. Thus we obtain the following
corollary, which is an extension of (4) for random variables:

Corollary 1. Let {X1, X3,...} be a sequence of (not necessarily independent) random variables. Then

Xim) <st X(jin) whenever i < jand m—i>n—j.



3 The Likelihood Ratio Order

Let X and Y be two absolutely continuous random variables with density functions f and g, respectively.
Then X is said to be smaller than Y in the likelihood ratio order (denoted by X <. Y) if g(t)/f(?)
is increasing in t over the union of the supports of X and Y (here and below the convention a/co = 0
when a > 0 is used). Let F and G denote the survival functions of X and Y, respectively. Then X
is said to be smaller than Y in the hazard rate order (denoted by X <y, Y) if G(¢)/F(t) is increasing
in t over (—oo, max(ux,uy)) where ux and uy are the right endpoints of the corresponding supports.
Finally, let F' and G denote the distribution functions of X and Y, respectively. Then X is said to be
smaller than Y in the reversed hazard rate order (denoted by X <., Y) if G(¢)/F(¢) is increasing in ¢
over (min(l/x,ly),00) where Ix and ly are the left endpoints of the corresponding supports. Tt is well
known that X <, Y = X <, Y and that X <, Y = X <, Y. Lillo, Nanda, and Shaked (2001)
proved the following result:

Theorem 2. Let X1, Xs,...,X,, be m independent random variables, and let Y1,Ys,...,Y, be other
n independent random wvariables, all having absolutely continuous distributions. If for all
1<i<mand 1< j<n, then

X(i:m) <ir Y(jm) whenever i < j and m —i > n — j. (9)

Proof. Let f;, F; and F; denote the density, distribution, and survival functions of X;. Similarly, let
g;, G; and éj denote the density, distribution, and survival functions of Y;. The ratio of the density
functions of Y{;.,) and X(;.,) is given by

gy(j:n) (t) _ Ea gal(t) (t

) Go,
() Fry (t)F iy (8)

Gy _(t)60j+1 () Go, (t)

Goy
o (10)

IX (iomy O T fy (B) Fr,(t)’
where )" signifies the sum over all permutations @ = (7, 7a,...,my) of (1,2,...,m), and 3 _ similarly
denotes the sum over all permutations & = (01,09,...,0,) of (1,2,...,n). Now, for any choice of a
permutation & of (1,2,...,m) and a permutation & of (1,2,...,n) we have
901 (1)Goy (1) Go; ()Go,4y (1) Gon(t) _ goy(t) Gop(t)Goy(t)  Gojpy () Gon(t)  Goyyy (H):Go(t)
Fay () F g (8) - Py () F ey () Fe (8) — i8] Fag()Fay(6)  Fop o (8) Frp () Fay (6)Fp_ (8)

Since X, <ir Y,, we see that the first fraction above is increasing in ¢. From X, < Y, it follows
that X, <m Ys,, but that means that G, (t)/Fr, (t) is increasing in ¢, k = 2,...,1, and therefore the
second fraction above 1s increasing in ¢. From X <ir Yo, it follows that X <ur Y5, but that
means that Gy, (¢)/Fr,,,._, (t) is increasing in t, k = j+ 1,...,n, and therefore the third fraction above

Tktm—n Tk4+m—n

is increasing in t. The fourth fraction above obviously increases in ¢ too, and thus the whole product
increases in .

Note that if ay,as,...,a, and by, by, ... b, are all nonnegative univariate functions, such that
ai(t)/b;(t) is increasing in ¢t for all 1 < i < m and 1 < j < n, then Y./*, ai(t)/zglzl b;(t) is also
increasing in ¢. It follows from this fact, and from (10), that 9Y(jm) (t)/fx(“m) (¢) is increasing in ¢, and
this gives the stated result. |

As a corollary of Theorem 2 we obtain that if { X, X5, ...} is a sequence of independent and identically
distributed random variables, then

Xim) <ir X(jin) Whenever i <jand m—i>n—j.
4 The Hazard Rate and the Reversed Hazard Rate Orders

Boland and Proschan (1994) proved the following result:



Proposition 1. Let X1, Xa,..., X [respectively, Y1,Ya,..., Y] be m independent (not necessarily
i.i.d.) absolutely continuous random wvariables, all with support (a,b) for some a < b. If X; <p Y
for alli and j, then Xy <hr Ykim), K =1,2,...,m.

Using Proposition 1, Boland, Hu, Shaked, and Shanthikumar (2002) proved the following “hazard
rate” analog of (9):

Theorem 3. Let X1, X5, ..., Xy be m independent (not necessarily identically distributed) random vari-
ables, and let Y1,Ys, ..., Y, be other n independent (not necessarily identically distributed) random vari-
ables, all having absolutely continuous distributions with support (a,b) for some a < b. If for
all 1 <i<mand 1 <j<mn, then

X(im) <nr Y(jin) whenever i < jand m—i>n—j.

Proof. Let f; and F; denote the density and the survival functions of X;. Similarly, let g; and Gj denote
the density and the survival functions of Y;. Assume that X; <. Y; for all ¢, 5. First it will be shown
that there exists a random variable Z with support (a,b) such that X; <n. Z <u Y; for all ¢,j. Let
rx;, = fl/FZ and ry; = gi/éi denote the hazard rate functions of the indicated random variables. From
the assumption that X; <y, Y; for all 7, j it follows that

min{rx, (t),rx,(t),...,rx,, ()} > max{ry, (¢),rv,({),...,7y, ()} forallt € (a,b).
Let ¢ be a function which satisfies
min{rx, (t),rx,(t),...,rx,. (t)} > q(t) > max{ry, (t),rv,(t),..., 7y, (1)} forallt € (a,b);

for example, let ¢(t) = min{rx, (t),7x,(t),...,rx, (t)}. Tt can be shown that ¢ is indeed a hazard rate
function. Let Z be a random variable with the hazard rate function ¢. Then indeed X; <y, 7 <. Y; for
all 7, 5.

Now, let 71, Za, ..., Zmax{m,n} be independent random variables, all distributed as 7. Then

X(i:m) <hr Z(im) (by Proposition 1)

Sie Z(jm) (by (9))
<hr Y(jn) (by Proposition 1),

and the stated result follows from the fact that the likelihood ratio order implies the hazard rate order. [

A result like Theorem 3, but with the order <y, replacing <y, is also valid.
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