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Abstract

We compare multivariate aging notions of conditionally independent lifetimes with corre-
sponding univariate aging notions of their one-dimensional marginal distributions.

Let G(t/0) (t > 0) be a one-dimensional survival function indexed by 6; for simplicity’s sake, we
assume here that 6 is a non-negative scalar quantity; let, furthermore, II(!) be a probability distribution
over [0,00) and consider the (mizture-type) one-dimensional survival function defined by

FY ) = /wé(t\ﬂ)dﬂ(l)(a). (1)
0

In a Bayesian standpoint, G(-|f) can be seen as the conditional survival function of the lifetime 7" of
a component, conditional on the value 6, taken on by a quantity ©, which affects the life distribution of
that component. In this view, interpreting TI") as the a priori distribution of ©, 7 )() in (1) becomes
the “predictive” survival function of T'. In the same view, we focus attention on classes of (exchangeable)
joint distributions, whose one-dimensional marginal distribution has the survival function coinciding
with F (U(.). For the moment, we first consider lifetimes 71, ..., T}, of n different components, where the
distribution of each lifetime T; (i = 1, ...,n)is affected by © according to the position

P{T; > t|© = 0} = G(t|9). (2)

If © is distributed according to II™™), the (predictive) one-dimensional survival function of T; is F (1) (-).
Assuming that 77, ..., T,, are conditionally i.i.d. given O, their (exchangeable) joint survival function is

(n

F(ty, .t / HGt\G YdIT ™ (6). (3)

As it is well known, a wide literature has been devoted to analysing aging properties of univariate
mixture-type distributions of the form (1). Some basic, by now classic, references on this subject are,
e.g. Barlow and Proschan (1981) and Vaupel and Yashin (1985); several other references are reviewed in
Shaked and Spizzichino (2001).

Assuming that a property of aging holds for G(t|#) (¥ > 0), here we want to compare corresponding
aging properties of F(l)() and corresponding multivariate aging properties of F(n)(~, ..ey*), in the sense
that we are going to explain henceforth. Later on, we shall briefly consider also a wider class of exchange-
able distributions for 717, ..., T,,, which still admit 7 (1) in (1), as the one-dimensional marginal survival
function.

Let <, be a one-dimensional stochastic ordering, such as wusual stochastic (st), hazard rate (hr),
likelihood-ratio (Ir), or mean residual life (mrl) orderings (see Shaked and Shantikumar (1994) as a basic
reference for definitions, basic properties, relations with concepts of aging, etc.). We fix attention on



concepts of univariate aging (such as, IFR, DFR, NBU, DMRL, PF,,...) fora lifetime T, which can be
defined by conditions of the type

FT_t/(T|T > t/) >y FT—t” (7‘|T > t”),V(tl,tn) cA (4)

where >, is a suitable notion of univariate ordering, A is an appropriate subset of [0,00) x [0, 00), and

Fr_(r|T > t) = % is the conditional survival function of the residual lifetime T — ¢ given {T" > t}.

In correspondence of notions of the above type, concepts of multivariate aging for exchangeable
lifetimes T7, ..., T, can be defined in a natural way (Bassan and Spizzichino (1999)) as we briefly recall
here (see Spizzichino (2001) for more details and for an extended discussion on these notions of aging);
for brevity’s sake, we consider the simple case n = 2. Let then T7,T5 be two exchangeable lifetime and
set D = {Ty —t',T5 > t"}. For given >, and A as above, we can define a concept of bivariate aging by
setting the condition

FTlft’ (TlD) > FTQ*t” (T‘D),V(t/,t”) € A. (5)

It is immediate that, when 77,75 are in particular i.i.d., (5) holds if and only if their common one-
dimensional survival function satisfies (4), which it is convenient here to rewrite in the equivalent form

FTlft/ (T‘Tl > t/) >, FTgft” (7‘|T2 > t//),V(t/ﬂf//) € A. (6)

The conditions (5) and (6) are however not equivalent in the more general case of exchangeability; actually,
in the cases of stochastic dependence among T7 and T», (5) is often a more interesting inequality than
(6). We now concentrate attention on the case A = {(¥,¢")]|0 < ' < ¢} and list some existing results
for different possible choices for >,. In any case we consider the hypothesis

The condition (4) is satisfied by G(-|0),V6 € [0, 00) (7)

a) >,= >4 (i.e. (6) = IFR ). In this case (7) implies the validity of (5) (this is well-known, see e.g.
the discussion in Spizzichino(2001) and references therein). On the contrary, (6) is not implied by (7)
(this is very well-known, also); further conditions on {G(¢|6)}s>0 and on IV, under which (7) implies
(6) are given e.g. in Lynch (1999) and Finkelstein and Esaulova (2001).

b) >.= >, (i.e (6) = IFR, again). In this case (5) is not implied by (7) (see Bassan and Spizzichino
(1999)). Additional conditions which guarantee (5) are given in Bassan, Kochar and Spizzichino (2002);
such conditions are similar to those in Lynch (1999). Notice that the condition (6) under the ordering
>nr just coincides with the same condition under the ordering >;.

c) >,= >p (letting U > V if E(U) > E(V); under this position, (6) coincides with the notion of
marginal Decreasing Mean Residual Life). Now (7) implies the validity of (5) (see Bassan, Kochar and
Spizzichino (2002)), while (6) is not implied by (7) (easy examples can be found); further conditions on
{G(t|0)}o>0 and on TI™M) can be found, under which (7) implies (6).

d) >.= > (letting U >, VIEE(U — U > t) > E(V —¢|V > t),Vt > 0; also under this position,
(6) coincides with the notion of Decreasing Mean Residual Life). In this case (5) is not implied by (7).
Additional conditions which guarantee (5) are given in Bassan, Kochar and Spizzichino (2002); such
conditions also imply (6).

More generally, in order to better understand both the differences and the analogies existing between
the two conditions (5) and (6) in the case described by (3), notice that, for one-dimensional survival
functions of the type (1), the function Fr_,(7|T > t) and the failure rate function can respectively be
rewritten in the form

Fro(rIT > 1) = /oo G0 moir > 1), (8)

0 G(t6)



r(t) = / " p(t]0)dII(6|T > 1) (9)

where, V6 € [0, +00), p(t|0) denotes the failure rate function of G(¢;|6) and II(9|T > t) is the conditional
distribution of ©, given the observation {T' > t}. These formulae are particularly useful to analyze some
aspects of the behavior of the function r(¢) in terms of monotonicity properties of the functions p(:|0) (this
is specially true when it is assumed that p(-|f) is an increasing function of 6, which is appropriate when
© is interpreted as a frailty for the components). Equations (8) and (9) were considered by the author
in a paper (Spizzichino (1992)) mainly concerned with the concepts of IFR and DFR (i.e. with the case
>.= >4) and with their multivariate extensions; for the same case the same equations also motivated
interesting developments presented in Lynn and Singpurwalla (1997) and Finkelstein and Esaulova (2001).
More in general we notice here that, using the representation (8), the condition (6) can be rewritten as

oo ! o0 1"
/ CEAT) o > v) . / G+ 710) irioir > o), (e, ¢7) < A. (10)
o G(t]0) o G(t"9)

Similarly (5) can be rewritten in the form

G +716) Gt +716)
/0 Tl dII(0|D) 2*/0 et dIi(0|D),v(¢',t") € A (1)

Beside allowing us to see what are, in principle, the differences and the relations between (5) and (6),
(10) and (11) can also be exploited to obtain some results for specific cases. By extending the analysis
worked out in Finkelstein and Esaulova (2001), for instance, results of interest might be obtained for
the two special cases of Additive Models and Multiplicative Models, respectively defined by the positions
p(t)0) = a(t) + 6 and p(t|) =6 - a(t).

We now conclude this note by mentioning that the same problems considered so far, for joint models of
the type in (3), can be posed for the more general models defined as follows. Consider lifetimes T7, ..., T,
of n different components, where the distribution of each lifetime T; (i = 1,...,n)is affected by ©;, the
frailty of the component i. We assess the conditional distribution of T; given ©; according to the position

P{T, > t|©; = 0} = G(1|0), (12)

so that, if ©; is distributed according to 1Y), the (predictive) one-dimensional survival function of Tj is
then again the mixture given in (1).

We are interested in modelling, at a time, situations of both heterogeneity and possible (symmetric)
dependence among T7, ..., T, and then consider the following further assumptions:

i) The distribution of T; conditional on O, ..., 0,, is given by

P{Tz > tl@l = 91, . @n = Hn} = P{Ti > t|@i = 91} = é(t|91)7 (13)

ii) T; and T1, ..., T;—1,Ti+1, ..., I, are conditionally independent given the vector ©1,...,0,,

iii) ©4,...,0,, are exchangeable, and we denote by (™) their joint distribution. They in particular
are identically distributed, and we assume their common marginal prior distribution is IV,

It can easily be shown that, under (12), i), ii), and iii), 17, ..., T,, are exchangeable; in particular the
unconditional joint survival function is

F" (b, o t) = / / [ G6)dnt @, ....0.); (14)
0 0 =1

The marginal survival functions clearly coincide with (1). Even if the position (14) describes very simple
and special models accounting both for frailties and dependence among lifetimes, they can be useful for



some clarification of ideas. In particular, two very special cases of the above models are obtained by
assuming

a) ©4,...,0, iid, in which case T1, ..., T, are also i.i.d

B) ©4,...,0,, are such that P{©; = ... = 6,} = 1, in which case T1,...,T;, are conditionally i.i.d,
giving rise to the usual case of Bayesian statistics.

Several other cases of interest for the (exchangeable) joint distribution of ©1, ..., 0,, are possible, by
modifying the joint distribution II®. The model in (), which in a sense eliminates heterogeneity, does
of course coincide with (3). One can generally expect heuristically that heterogeneity among components
force the model to present situations of infant mortality. In order to extend to such models some of the
analyses above notice that, in such a case, the formula (11) is to be replaced, for the case n = 2, by

(t" +7]0)

Mdﬂ(@ﬂD) 2*/ Gi
0 G(t”‘a)

i dll(6,|D), V(' t") € A
cD) (021D), (', 1")

This can be used to show that conditions which guarantee (5) for the case in 3) are not generally
sufficient to achieve a similar result for the case in (14). Multivariate negative aging properties for these
models have been studied in Spizzichino and Torrisi (2001).
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