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Associative algebra

Definition: We denote an associative K-algebra by the triple (A, m,n)
where A is a K-vector space with a product m: AR A — A, supposed
to be associative:

mo(m®id) = mo (id ® m)
and n: K — A is the unit map.

LTJ associativity .

a-b=c (a-b)-c = a-(b-c)
ARAT-A® A A®3-""E9 A @ A

mj % id®ml lm

A AR A—"" A




Coassociative coalgebra
A K-coalgebra is obtained by reversing the arrows in the diagrams.

Definition: A K-coalgebra is a triple (C, A,¢e), where the coproduct
map A : C — C® C is coassociative:

(A®id) oA =(d®A)oA
e: C — K is the counit map: (e®id)o A(x) =z = (id®e¢€) o A(x)

For x € C, we use the notation A(z) = Y(,)7(1) @ z(0) =o' @ z".

A A
A A y
(l) coassociativity X _

A(C) C/(l) 029 CI(Q) X = R C/(/l) 0% c/(/2)
c—2cgC C—*2—-C®C
N A A®id jide A

Cl C®C2 o3




Bialgebra
(B, m,n) algebra: m: B® B— B and unitn: K — B

(B, A, ¢€) coalgebra: A : B — B® B and counit e: B — K

A(ab) = A(a)A (D)

A A

- T(a®b)  =b®a

Ama®b) = mmidRTRIid)ARA(aRDb)

. the coproduct of the product is the product of the coproducts.



Graded connected bialgebra

A bialgebra B is called a graded bialgebra if there are K-vector sub-
spaces B(”), n > 0 of B such that

1. B=@®,>0B™
2. m(B(n) R B(’m)) C B(n—l—m)’
3. ABM) C @1 g—n BP @ B,

Elements = € B(™ are given a degree deg(x) = |x| = n.
B is called connected if B(O) =K.

A graded bialgebra B = @,,>0 B(™) is said to be of finite type if each
of its homogeneous components B() is a K-vector space of finite

dimension.



Let B be a connected graded K-bialgebra. For any element x € B

Alx) =21+ 1®:E—|—ZCE’®CB”,
where Y &' @ 2" € ker(e) @ ker(e), where ker(e) = @,,~9 B™

Convolution product

For a K-algebra A and a K-coalgebra C, we define the convolution
product of two linear maps f,g in Hom(C, A) to be the linear map
f+*g e Hom(C, A) given by the composition

cl oc00!% A0a™ A

In other words, for a € C, we define

(fxg)(a) =) f(d’) g(a").



Antipode and Hopf algebra

Let (H,m,n,A,e) be a K-bialgebra. A K-linear endomorphism S of

H is called an antipode for H if it is the inverse of id under the
convolution product

idxS=mo(ild®S)ocA=noe=mo(S®id)o A = S xid.

id A
+<@>+a= noe(a) = A—<@>é<—a
id

S a’S(a) = noe(a) = S S(a’)a”

A Hopf algebra is a K-bialgebra (H,m,n, A,¢e,S) with an antipode S,
which is unique.



For a connected graded bialgebra the antipode S is defined by the

~1
geometric series id*(-1) = (77 oe—(noe— id)>*( )

S(x) = 3 (noe—id)*(x).

k>0

The antipode preserves the grading, S(H(”)) C H®).
The projector P :=id—noe maps H to its augmentation ideal, ker(e).

The antipode S for connected graded Hopf algebras may also be
defined recursively in terms of either of the following two formulae

—x — Z Sz,
—z— ) z'S ("),

S(z) = —SoPxid(x)
S(x) = —id %S o P(x)

for = € ker(e), following readily from
Sxid=idx S
by recalling that ker(e) = @,,~¢ H™ and S(1) :=1.



Graded connected Hopf algebra:

H= @ 7",

n>0

gO0) — K, g g(m) c gntm)

(n)
e(T) := {O I D=1 H

1 , else.

A(H(n)) C P H(=k) o (k)
k=0

AT)=T1l4+10T+> T'eT”

S(T)=-T-> s(TH1", S(T)=-T-> 1T'S(T"),



Examples:

Shuffle algebra

Let V be a K-vector space: T(V) =K@ ®,,~0V>"

ag, bg € K, a;, bj cV

a0b1®b2®---®bn7
boa1 ®ans @ ... & am,

agu(b] ®b> R ... R by)
(al X a> X ... ®am)mb0

and

(a1 ®...0 am)u(b; ® ... R by)
— a1®((a2®®am)m(b1®®bn))

+ b1®((al®...®am)m(b2®...®bn)).

ajm(b; ®b2) = a1 ®b1 ®bo+b1 ®a; @by +b1 @by ®ay

a1 ® (apm(by ® bp)) + b1 ® (a1 ® apmby)

(a1 ® ap)m(by ® b2)



Quasi-shuffle Hopf algebra

Consider an assoc. algebra (A, ) over C: T(A) = K& ®,,~07™(A)

U=1uy - -uUp,w=wi- - -wm€T(A), a,bec A

au * bw = a(u *x bw) + blau * w) + (a - b)(u *x w)

up * (V1 @w2) = Ul ®v1 QW +v1 @uy @wo + v1 @ wy @ uy
+ (u1-v1) @ wo + v1 ® (ug - wo)

u=uy---up € T(A)

n—1
A(ug--up) = u®l4+1Qu + Zul---up ® Upp1::Un
p=1
e(1) =1, e(u) =0, ueTr>0(A4)
n—1
S(u)=—ZS(ul---up)*up_l_l---un, ueT"(A)

p=0



Hom(H,K)

Convolution product: H K

b1 * P> I:mK(gbl@qSQ)AIHAH@H%K@K%K

p1xpo(z) = d1(@2)d2(1) + d1(L)do(z) + > ¢p1(z) (")
We denote its unit by e:=noe

Group of regularized characters G(K) > ¢: H —- K

¢(x122) = ¢(x1)P(x2), ¢(1) = 1

Lie algebra of infinitesimal characters g(K) > a: H —- K

a(z1z2) = a(xy)e(z2) + e(r1)a(x2)

Remark: G C Gy = e+ g1, where a € g1 a(1) = 0.



Butcher series (B-series)

y(s) = f(y(s)), w(0)=yo, [:R"—=R"

d2 . d . .

oyt = W =f ~ ]

> i phgj 1 pigd ok }
Syt = PR~ St
d4

oyt = R 3EL T LR+ FLE
~ Ao+ 3f\‘ — }& — %

Taylor expansion:

Bt
y(s+h) =yo+ >

: |,a<t>Ff<t>
teT

Fr(o) = f, Fy() = f'f, Fp(") = f"ff...



Rooted trees:

edges |, root-vertex ® and leaf-vertices

cortadteral oAl

Elementary differential:

For every tree t = [t1t>...tn] € T the elementary differential Fy(t) is
a mapping from R"™ to R", defined by:

Fr(t)(y) = Fp([tita. .. ta]) () i= F W) Fr ) @), -, Fr(tn) (®))



t = [t1to ... tn]:
1. The number of vertices |t| = =1 t;].
2. The number of edges e(t) = :’7?’:1 e(t;).

3. The tree factorial ¢ = 1 and :

b talt =it tl T 0= (14 3 1) 11 ¢
j=1 j=1 '

=1

4. The internal symmetry factor o(t) = H?:1 \Auttj|.

5. The Connes—Moscovici coefficient of a tree t: CM(t) = 5~ o (D)

B-series: a: 7 — R
Rt

B(a,hf,y) = a(Ly + 3

2 o )a(t)Ff(t)(y)



Taylor expansion: ~(t) = %

hltl

y(s+h) = BWWﬁw—wm+%;ﬂ(ﬂ

Fy(t)

Natural growth: % ~ N on rooted trees and o~ f

N = . N(9=1 N(D= it A

N2(d) =N(/\)+N({)= /I\+3IA+ /I&Jj

Product of trees: Li[o(t) := o>t := N(t)

N(o)i= oo, N2(&) = o>(e>0), N3(&) = oe>(e>(e>>4))

exp(hLys[d]) — 1

L[ ()

h
y=yo+/o duexp(uLy[«)(s) = yo +



Pre-Lie Algebra

Recall: A left pre-Lie algebra P is a vector space, together with
a bilinear pre-Lie product > : P P — P, satisfying the left pre-Lie
relation

(a>b)>c—al>(b>c)=(b>a)>c—b> (alc), a,b,c € P,

The commutator [a,b] :==a>b—b>a for a,b € P satisfies the Jacobi
identity. Hence Lp is a Lie algebra.

The pre-Lie structure on rooted trees is naturally linked to a particular
connected graded commutative Hopf algebra structure on rooted non-
planar trees: Connes-Kreimer-Butcher Hopf algebra

.[>O:I, (.DQ)D.ZIDOZE, 0[>(o>o)=£-|—./.\,...



Connes-Kreimer-Butcher Hopf algebra

F

Let 7 be the K-vector space generated by rooted
tree, which is graded by the number of vertices,
denoted by |t| := |E(t)| with the convention that
deg(1) = 0.

H+ is the connected graded commutative poly-
nomial algebra of finite type over K generated
by 7. Monomials of trees are called forests.

£

Rec

AL

Coproduct: Cutting rooted trees

N A /A
AT
SN Y



The coproduct is then defined as follows. Let C}; be the set of all
admissible cuts of the rooted tree t €¢ 7. We exclude the empty cut
O (t), Poy(t) =0, R (0y(t) =t and the full cut (D (¢), P q)(t) =t,
Rc(l)(T> = ().

AT)=TR14+1T+ > ccp ® Rer I
AO\): }\@1 -+ 1@}\ + Ao + el —|-2°®{

This map is extended by definition to an algebra morphism on Hy

1=1 =1

Antipode S

m(SRid)A(T) =0 — S(T) = T — Z S(Per)Rer.
creCr



Examples:

> b
I

e®14+1R® .
1©01+10®] + +®

A()A()= (01410 .)(+014+11 )
e X1+ 1® eet+2eR o

lo1+10i+ .91 + [®.

>

VR

*—0—0

~_ N—
|

ANOTFLIOAT2:0] 4 ee®
A(.I) - A(I.):A(.)A(I)
= (.®1+1®.)(1®1—|—1®1+.®.>
= Q14 1R ettt ce@ et o@D 0ot 1Q ot o®@ ¢

A(D = %®1+1®%+n®{4—1®1+ 1.



S(T)y=-T- > S(P;)Re;.
creCr

= —l-9()e=-14+..

= — N—25() 1= 5(ee)e
= —NF+2.0-e

= — e —35() N =35(ee)l— S(ees)e
= —h+3. N -3 lt e

= —/K—QS(.)I—S(..)I—S(./\).

— _}.+2.{—3..I+.A+...



Composition of B-series

B-series: a«: 7 — R, a € G
Bt

B(o, hf,y) = a(Dy+ > e )oz(t)Ff(t)(y)
teT 9
composing with another B(8,hf,y), 8 € G:
B(a,hf, B(B,hf,y)) = B(B*a,hf,y)
Bt
= Bra()y+ > —B*a(t)Fr(t)(y)
teT 9 o(t)

with
Bra(t) = mg(8a)A(l)

= BE) +a)+ > BE)a")



Substitution of B-series

B-series: o : 7 — R, a € G, a(e) = 1, B(a,hf,y) composing with
another B(3,hf,y), where b(1) =0 and b(s) = 1, i.e.:
Bt

B(B,hf,y) :==hf(y) + >

B Fr(t)(y)
te(T") U(t) 4 7

B(Q,B(ﬁ,hf,'),y) — B(B*Q{,hf,y)

B * o) 1

Brald) = al)+60)

ﬁ*ad) = a<f>+2a<1>ﬁ<1>+ﬁ<f>
Bxa(P) = al) +2a)s@) + (N)



Motivation: Backward error analysis

Theorem: initial value problem

y=f(y), y(0)=yo f:R"—>R"
numerical solution y; = q>ffl(yo) = B(a,hf,y). Then there exists a

field hg(y) = B(B,hf,y) s.t. § = CD?(yO) is the exact solution of the
initial value problem

y=g9®), 9(0)=uyo
and Bx~v=«, (1) =0,8(.) = 1.

Recall: Taylor expansion: y = B(~v, hf,vy)

y = B(v,hg,y) = B(B*~v,hf,y0) = B(a,hf,y)



T =T &k e rooted trees excluding the empty tree

polynomial algebra ‘H = S(T7), grading in terms of the number of
edges

unit: e

A subforest of a tree t is either the trivial forest o, Or a collection
(t1,...,tn) Of pairwise disjoint subtrees of t, each of them containing
at least one edge. In particular two subtrees of a subforest cannot
have any common vertex.

A(t) =) s®t/s,

sCt
A(.) = e e
A(I) — I® o1 O®I

} { Ad) = £®.+ .®£+21®I



VWV AL = Voot v V+2lal

ﬁﬁﬁ A(%) = i®.+.®i+3l®£+2£®l+ll®l
VY vy

A) = Vot oV aatovatebalo e vetatlo

Sit) = —t— > S(s) t/s
s, @#~=sCt



H-bicomodule structure on the Connes—Kreimer Hopf algebra Hck:

P Hek w HR® Hek, t =1

P(t) = A(t) € H® Hek
for the unit tree 1: ®(1) = oe® 1.

Let © be a character of 'H, let a be any linear map from 'H into k,
and let b,c be linear maps form Hck into k. Let e = 5@ be the co-unit
of Hek and 6 ¢ ON Hcek the infinitesimal character corresponding to e,
and Z ¢ the one on H. Then:

axe = exa=a(e)e

O*%Leg == Leg¥xO =

Zexb — bx/Zeg=2>b
px(bxc) = (p*xb)*x(px*c)
(pxb)* "1 = pxb1



Recall: character Hck on 6(1) = 6( o) = 1 zero otherwise. Define the
character:

v = exp* e

and its x-inverse: L = E o S. Hence E x§ = exp* Jq

We show that the infinitesimal character for the explicit Euler method:

w:=Lxd¢q=10g% .

l0g™(E * §)
l0g™ exp™ 4§ o
0 o

E xlog*§

Hence Ex 1000 = E*xL+x0 =20 ¢

And w(tyoto +trot;1 +1t1 Xtr) =0

and Magnus' expansion is: €' =Yg, 'Og;%(t) t
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