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Associative algebra

Definition: We denote an associative K-algebra by the triple (A, m, η)

where A is a K-vector space with a product m : A⊗A → A, supposed

to be associative:

m ◦ (m ⊗ id) = m ◦ (id ⊗ m)

and η : K → A is the unit map.

associativity
−−−−−−−−→ =

a · b = c (a · b) · c = a · (b · c)

A ⊗ A
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τ
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m
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A

A⊗3 m⊗id
//

id⊗m
��

A ⊗ A
m

��

A ⊗ A m
// A



Coassociative coalgebra

A K-coalgebra is obtained by reversing the arrows in the diagrams.

Definition: A K-coalgebra is a triple (C,∆, ǫ), where the coproduct

map ∆ : C → C ⊗ C is coassociative:

(∆ ⊗ id) ◦ ∆ = (id ⊗ ∆) ◦ ∆

ǫ : C → K is the counit map: (ǫ ⊗ id) ◦ ∆(x) = x = (id ⊗ ǫ) ◦ ∆(x)

For x ∈ C, we use the notation ∆(x) =
∑

(x) x(1) ⊗ x(2) = x′ ⊗ x′′.

coassociativity
−−−−−−−−−−→ =

∆(c) c′
(1)

⊗ c′
(2)

⊗ c′′ = c′ ⊗ c′′
(1)

⊗ c′′
(2)

C
∆

��

∆
// C ⊗ C

τwwoo
o
o
o
o
o
o
o
o
o

C ⊗ C

C ∆
//

∆
��

C ⊗ C
id⊗∆

��

C ⊗ C
∆⊗id

// C⊗3



Bialgebra

(B, m, η) algebra: m : B ⊗ B → B and unit η : K → B

(B,∆, ǫ) coalgebra: ∆ : B → B ⊗ B and counit ǫ : B → K

∆(ab) = ∆(a)∆(b)

= τ(a ⊗ b) := b ⊗ a

∆m(a ⊗ b) = m ⊗ m(id ⊗ τ ⊗ id)∆ ⊗ ∆(a ⊗ b)

... the coproduct of the product is the product of the coproducts.



Graded connected bialgebra

A bialgebra B is called a graded bialgebra if there are K-vector sub-

spaces B(n), n ≥ 0 of B such that

1. B =
⊕

n≥0 B(n) ,

2. m(B(n) ⊗ B(m)) ⊆ B(n+m),

3. ∆(B(n)) ⊆
⊕

p+q=n B(p) ⊗ B(q).

Elements x ∈ B(n) are given a degree deg(x) = |x| = n.

B is called connected if B(0) = K.

A graded bialgebra B =
⊕

n≥0 B(n) is said to be of finite type if each

of its homogeneous components B(n) is a K-vector space of finite

dimension.



Let B be a connected graded K-bialgebra. For any element x ∈ B

∆(x) = x ⊗ 1 + 1 ⊗ x +
∑

x′ ⊗ x′′,

where
∑

x′ ⊗ x′′ ∈ ker(ǫ) ⊗ ker(ǫ), where ker(ǫ) =
⊕

n>0 B(n)

Convolution product

For a K-algebra A and a K-coalgebra C, we define the convolution

product of two linear maps f, g in Hom(C, A) to be the linear map

f ⋆ g ∈ Hom(C, A) given by the composition

C
∆
−→ C ⊗ C

f⊗g
−−−→ A ⊗ A

m
−→ A.

In other words, for a ∈ C, we define

(f ⋆ g)(a) =
∑

f(a′) g(a′′).



Antipode and Hopf algebra

Let (H, m, η,∆, ǫ) be a K-bialgebra. A K-linear endomorphism S of

H is called an antipode for H if it is the inverse of id under the

convolution product

id ⋆ S = m ◦ (id ⊗ S) ◦ ∆ = η ◦ ǫ = m ◦ (S ⊗ id) ◦ ∆ = S ⋆ id.

a = η ◦ ǫ(a) = a

∑

a′S(a′′) = η ◦ ǫ(a) =
∑

S(a′)a′′

A Hopf algebra is a K-bialgebra (H, m, η,∆, ǫ, S) with an antipode S,

which is unique.



For a connected graded bialgebra the antipode S is defined by the

geometric series id⋆(−1) =
(

η ◦ ǫ − (η ◦ ǫ − id)
)⋆(−1)

S(x) =
∑

k≥0

(η ◦ ǫ − id)⋆k(x).

The antipode preserves the grading, S(H(n)) ⊆ H(n).

The projector P := id−η◦ǫ maps H to its augmentation ideal, ker(ǫ).

The antipode S for connected graded Hopf algebras may also be

defined recursively in terms of either of the following two formulae

S(x) = −S ◦ P ⋆ id(x) = −x −
∑

S(x′)x′′,

S(x) = −id ⋆ S ◦ P(x) = −x −
∑

x′S(x′′),

for x ∈ ker(ǫ), following readily from

S ⋆ id = id ⋆ S

by recalling that ker(ǫ) =
⊕

n>0 H(n), and S(1) := 1.



Graded connected Hopf algebra:

H =
⊕

n≥0

H(n),

H(0) = K, H(n)H(m) ⊆ H(n+m)

ǫ(T) :=







0 , T ∈
⊕

n≥1 H(n)

1 , else.

∆(H(n)) ⊆
n
⊕

k=0

H(n−k) ⊗ H(k)

∆(T) = T ⊗ 1 + 1 ⊗ T +
∑

T ′ ⊗ T ′′

S(T) = −T −
∑

S(T ′)T ′′, S(T) = −T −
∑

T ′S(T ′′),



Examples:

Shuffle algebra

Let V be a K-vector space: T(V ) = K ⊕
⊕

n>0 V ⊗n.

a0, b0 ∈ K, ai, bj ∈ V

a0X(b1 ⊗ b2 ⊗ . . . ⊗ bn) = a0b1 ⊗ b2 ⊗ . . . ⊗ bn,

(a1 ⊗ a2 ⊗ . . . ⊗ am)Xb0 = b0a1 ⊗ a2 ⊗ . . . ⊗ am,

and

(a1 ⊗ . . . ⊗ am)X(b1 ⊗ . . . ⊗ bn)

= a1 ⊗
(

(a2 ⊗ . . . ⊗ am)X(b1 ⊗ . . . ⊗ bn)
)

+ b1 ⊗
(

(a1 ⊗ . . . ⊗ am)X(b2 ⊗ . . . ⊗ bn)
)

.

a1X(b1 ⊗ b2) = a1 ⊗ b1 ⊗ b2 + b1 ⊗ a1 ⊗ b2 + b1 ⊗ b2 ⊗ a1

(a1 ⊗ a2)X(b1 ⊗ b2) = a1 ⊗ (a2X(b1 ⊗ b2)) + b1 ⊗ (a1 ⊗ a2Xb2)



Quasi-shuffle Hopf algebra

Consider an assoc. algebra (A, ·) over C: T(A) = K ⊕
⊕

n>0 Tn(A)

u = u1 · · ·un, w = w1 · · ·wm ∈ T(A), a, b ∈ A

au ∗ bw := a(u ∗ bw) + b(au ∗ w) + (a · b)(u ∗ w)

u1 ∗ (v1 ⊗ w2) = u1 ⊗ v1 ⊗ w2 + v1 ⊗ u1 ⊗ w2 + v1 ⊗ w2 ⊗ u1

+ (u1 · v1) ⊗ w2 + v1 ⊗ (u1 · w2)

u = u1 · · ·un ∈ T(A)

∆(u1 · · ·un) = u ⊗ 1 + 1 ⊗ u +
n−1
∑

p=1

u1 · · ·up ⊗ up+1 · · ·un

ǫ(1) = 1, ǫ(u) = 0, u ∈ Tn>0(A)

S(u) = −
n−1
∑

p=0

S(u1 · · ·up) ∗ up+1 · · ·un, u ∈ Tn(A)



Convolution product: H
Hom(H,K)
−−−−−−−→ K

φ1 ⋆ φ2 := mK(φ1 ⊗ φ2)∆ : H
∆
−→ H ⊗ H

φ1⊗φ2−−−−→ K ⊗ K
mK−−→ K

φ1 ⋆ φ2(x) = φ1(x)φ2(1) + φ1(1)φ2(x) +
∑

φ1(x
′)φ2(x

′′)

We denote its unit by e := η ◦ ǫ

Group of regularized characters G(K) ∋ φ : H → K

φ(x1x2) = φ(x1)φ(x2), φ(1) = 1K

Lie algebra of infinitesimal characters g(K) ∋ α : H → K

α(x1x2) = α(x1)e(x2) + e(x1)α(x2)

Remark: G ⊂ G1 = e + g1, where α ∈ g1 α(1) = 0.



Butcher series (B-series)

ẏ(s) = f(y(s)), y(0) = y0, f : Rn → Rn

d2

ds2
yi =

d

ds
f i(y) = f i

jf
j ∼

d3

ds3
yi = f i

jkfkfj + f i
jf

j
kfk ∼ +

d4

ds4
yi = f i

jklf
kfjf l + 3f i

jkfk
l fjf l + f i

kfk
jlf

jf l + f i
jf

j
kfk

l f l

∼ + 3 + +

Taylor expansion:

y(s + h) = y0 +
∑

t∈T

h|t|

|t|!
a(t)Ff(t)

Ff( ) = f, Ff( ) = f ′f, Ff( ) = f ′′ff...



Rooted trees:

edges ||, root-vertex and leaf-vertices .

1 · · · · · ·

Elementary differential:

For every tree t = [t1t2 . . . tn] ∈ T the elementary differential Ff(t) is

a mapping from Rn to Rn, defined by:

Ff(t)(y) = Ff([t1t2 . . . tn])(y) := f(n)(y)(Ff(t1)(y), . . . , Ff(tn)(y))



t = [t1t2 . . . tn]:

1. The number of vertices |t| =
∑n

j=1 |tj|.

2. The number of edges e(t) =
∑n

j=1 e(tj).

3. The tree factorial ! = 1 and :

[t1 · · · tn]! = |[t1 · · · tn]|
n
∏

j=1

tj! =

(

1 +
n
∑

j=1

|tj|
) n
∏

j=1

tj!.

4. The internal symmetry factor σ(t) =
∏n

j=1 |Aut tj|.

5. The Connes–Moscovici coefficient of a tree t: CM(t) =
|t|!

t!σ(t)
.

B-series: α : T → R

B(α, hf, y) := α(1)y +
∑

t∈T

h|t|

σ(t)
α(t)Ff(t)(y)



Taylor expansion: γ(t) = 1
t!

y(s + h) = B(γ, hf, y) = y0 +
∑

t∈T

h|t|

t!σ(t)
Ff(t)

Natural growth: d
ds ∼ N on rooted trees and ∼ f

N(1) := , N( ) = , N( ) = +

N2( ) = N( ) + N( ) = + 3 + +

Product of trees: L⊲[ ](t) := ⊲t := N(t)

N( ) := ⊲ , N2( ) = ⊲( ⊲ ), N3( ) = ⊲( ⊲( ⊲ ))

y = y0 +
∫ h

0
du exp(uL⊲[ ])( ) = y0 +

exp(hL⊲[ ]) − 1

L⊲[ ]
( )



Pre-Lie Algebra

Recall: A left pre-Lie algebra P is a vector space, together with

a bilinear pre-Lie product ⊲ : P ⊗ P → P , satisfying the left pre-Lie

relation

(a ⊲ b) ⊲ c − a ⊲ (b ⊲ c) = (b ⊲ a) ⊲ c − b ⊲ (a ⊲ c), a, b, c ∈ P,

The commutator [a, b] := a ⊲ b − b ⊲ a for a, b ∈ P satisfies the Jacobi

identity. Hence LP is a Lie algebra.

The pre-Lie structure on rooted trees is naturally linked to a particular

connected graded commutative Hopf algebra structure on rooted non-

planar trees: Connes-Kreimer-Butcher Hopf algebra

⊲ = , ( ⊲ ) ⊲ = ⊲ = , ⊲ ( ⊲ ) = + , . . .



Connes-Kreimer-Butcher Hopf algebra

Let T be the K-vector space generated by rooted

tree, which is graded by the number of vertices,

denoted by |t| := |E(t)| with the convention that

deg(1) = 0.

HT is the connected graded commutative poly-

nomial algebra of finite type over K generated

by T . Monomials of trees are called forests.

Coproduct: Cutting rooted trees



The coproduct is then defined as follows. Let Ct be the set of all

admissible cuts of the rooted tree t ∈ T . We exclude the empty cut

c(0)(t), P
c(0)(t) = ∅, R

c(0)(t) = t and the full cut c(1)(t), P
c(1)(t) = t,

R
c(1)(T) = ∅.

∆(T) = T ⊗ 1 + 1⊗ T +
∑

cT∈CT
PcT ⊗ RcT

This map is extended by definition to an algebra morphism on HT

∆
(

n
∏

i=1

Ti

)

:=
n
∏

i=1

∆(Ti).

Antipode S

m(S ⊗ id)∆(T) = 0 → S(T) = −T −
∑

cT∈CT

S(PcT )RcT .



Examples:

∆( ) = ⊗ 1 + 1⊗

∆
( )

= ⊗ 1 + 1⊗ + ⊗

∆( ) = ∆( )∆( ) =
(

⊗ 1 + 1⊗
)(

⊗ 1 + 1⊗
)

= ⊗ 1 + 1⊗ + 2 ⊗

∆

( )

= ⊗ 1 + 1⊗ + ⊗ + ⊗

∆
( )

= ⊗ 1 + 1⊗ + 2 ⊗ + ⊗

∆
( )

= ∆
( )

= ∆( )∆
( )

=
(

⊗ 1 + 1⊗
)

(

⊗ 1 + 1⊗ + ⊗
)

= ⊗ 1 + 1⊗ + ⊗ + ⊗ + ⊗ + ⊗

∆

( )

= ⊗ 1 + 1⊗ + ⊗ + ⊗ + ⊗



S(T) = −T −
∑

cT∈CT

S(PcT )RcT .

S( ) = −

S( ) = − − S( ) = − +

S
( )

= − − 2S( ) − S( )

= − + 2 −

S

( )

= − − 3S( ) − 3S( ) − S( )

= − + 3 − 3 +

S

( )

= − − 2 S( ) − S( ) − S
( )

= − + 2 − 3 + +



Composition of B-series

B-series: α : T → R, α ∈ G

B(α, hf, y) := α(1)y +
∑

t∈T

h|t|

σ(t)
α(t)Ff(t)(y)

composing with another B(β, hf, y), β ∈ G:

B(α, hf, B(β, hf, y)) = B(β ⋆ α, hf, y)

= β ⋆ α(1)y +
∑

t∈T

h|t|

σ(t)
β ⋆ α(t)Ff(t)(y)

with

β ⋆ α(t) = mK(β ⊗ α)∆(t)

= β(t) + α(t) +
∑

β(t′)α(t′′)



Substitution of B-series

B-series: α : T → R, α ∈ G, α( ) = 1, B(α, hf, y) composing with

another B(β, hf, y), where b(1) = 0 and b( ) = 1, i.e.:

B(β, hf, y) := hf(y) +
∑

t∈(T ′)

h|t|

σ(t)
β(t)Ff(t)(y)

B(α, B(β, hf, ·), y) = B(β ∗ α, hf, y)

β ∗ α( ) = 1

β ∗ α( ) = α( ) + β( )

β ∗ α( ) = α( ) + 2α( )β( ) + β( )

β ∗ α( ) = α( ) + 2α( )β( ) + β( )



Motivation: Backward error analysis

Theorem: initial value problem

ẏ = f(y), y(0) = y0, f : Rn → Rn

numerical solution y1 = Φh
f(y0) = B(α, hf, y). Then there exists a

field hg(y) = B(β, hf, y) s.t. ŷ = Φh
f(y0) is the exact solution of the

initial value problem

˙̂y = g(ŷ), ŷ(0) = y0

and β ∗ γ = α, β(1) = 0, β( ) = 1.

Recall: Taylor expansion: ẏ = B(γ, hf, y)

ŷ = B(γ, hg, y) = B(β ∗ γ, hf, y0) = B(α, hf, y)



T = T ′ ⊕ k rooted trees excluding the empty tree

polynomial algebra H = S(T ′), grading in terms of the number of

edges

unit:

A subforest of a tree t is either the trivial forest , or a collection

(t1, . . . , tn) of pairwise disjoint subtrees of t, each of them containing

at least one edge. In particular two subtrees of a subforest cannot

have any common vertex.

∆(t) =
∑

s⊆t

s ⊗ t/s,

∆( ) = ⊗

∆
( )

= ⊗ + ⊗

∆
( )

= ⊗ + ⊗ + 2 ⊗



∆
( )

= ⊗ + ⊗ + 2 ⊗

∆
( )

= ⊗ + ⊗ + 3 ⊗ + 2 ⊗ + ⊗

∆
( )

= ⊗ + ⊗ + 2 ⊗ + ⊗ + ⊗ + ⊗ + ⊗

S(t) = −t −
∑

s, 6=s(t

S(s) t/s



H-bicomodule structure on the Connes–Kreimer Hopf algebra HCK:

Φ: HCK → H⊗HCK, t 6= 1

Φ(t) = ∆(t) ∈ H⊗HCK

for the unit tree 1: Φ(1) = ⊗ 1.

Let ϕ be a character of H, let α be any linear map from H into k,

and let b, c be linear maps form HCK into k. Let ε = δ∅ be the co-unit

of HCK and δ on HCK the infinitesimal character corresponding to ,

and Z the one on H. Then:

α ∗ ε = ε ∗ α = α( )ε

α ∗ Z = Z ∗ α = α

Z ∗ b = b ∗ Z = b

ϕ ∗ (b ⋆ c) = (ϕ ∗ b) ⋆ (ϕ ∗ c)

(ϕ ∗ b)∗−1 = ϕ ∗ b∗−1.



Recall: character HCK on δ(1) = δ( ) = 1 zero otherwise. Define the

character:

γ = exp⋆ δ

and its ∗-inverse: L = E ◦ S. Hence E ∗ δ = exp⋆ δ

We show that the infinitesimal character for the explicit Euler method:

ω := L ∗ δ = log⋆ δ.

E ∗ log⋆ δ = log⋆(E ∗ δ)

= log⋆ exp⋆ δ

= δ .

Hence E ∗ log⋆ δ = E ∗ L ∗ δ = δ

And ω(t1 ◦ t2 + t2 ◦ t1 + t1 × t2) = 0

and Magnus’ expansion is: Ω′ =
∑

∅6=t∈T
log⋆(δ)(t)

σ(t)
t
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