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Abstract

Discretization methods for ordinary differential equations based on the use of matrix expo-
nentials have been known for decades. This set of ideas has come off age and acquired greater
urgency recently, within the context of geometric integration and discretization methods on
manifolds based on the use of Lie-group actions.

In the present paper we study the approximation of the matrix exponential in a particular
context: given a Lie group G and its Lie algebra g, we seek approximants F(tB) of exp(¢B) such
that F(tB) € Gif B € g. Having fixed a basis Vi,..., Vg of g, we write F(¢B) as a composition
of exponentials of the type exp(a;(t)V;), where a; for ¢+ = 1,2,...,d are scalar functions. In
this manner it becomes possible to increase the order of the approximation without increasing
the number of exponentials to evaluate and multiply together. We study order conditions and
implementation details and conclude the paper with some numerical experiments.

1 Introduction

Although numerical methods for the integration of ordinary differential equations (ODEs) based on
the use of the matrix exponential have long history, the subject has acquired new relevance recently
with two developments. The first, which is irrelevant to the theme of this paper, is the introduction
of Krylov subspace techniques and their application to large stiff systems of differential equations
(Hochbruck, Lubich & Selhofer 1998). The other development is motivated by the philosophy
of geometric integration and its purpose is to recover under discretization important qualitative
and geometric features of the underlying dynamical system. Examples of such methods can be
found inter alia in (Casas 1996, Crouch & Grossman 1993). An important technique in geometric
integration is the use of Lie-group actions, which lend themselves to the design of very effective
time-stepping methods for ODEs evolving on homogeneous manifolds. Such methods have been
recently studied in (Munthe-Kaas 1997) and (Engg 1998). Methods based on the use of the classical
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Magnus and Fer expansions for integrating ODEs on Lie-groups can be brought into this formalism
(Tserles & Ngrsett 1997, Tserles & Norsett 1999, Zanna 1997). All such methods require a repeated
evaluation of a matrix exponential, often of large matrices. Inasmuch as typically one can expect the
replacement of the exact exponential by a suitable approximant (a rational function, say, a Krylov
subspace approximant or a Schur factorization), the context of Lie-group methods imposes a crucial
extra requirement. The approximant in question, applied to an arbitrary element of the Lie algebra
g, must produce an outcome in the Lie group (7, otherwise the whole purpose of the calculation,
dicretizing within ¢, will be null and void. This can be done is some, but by no means, all Lie
algebras of interest and we refer the reader to (Celledoni & Tserles 1998) for a more substantive
discussion of this issue.

Let GG be a finite-dimensional Lie group. For all practical purposes, we may assume that G is a
subgroup of the general linear group GL(n), the set of all nonsingular n x n matrices. We denote by
@ the Lie algebra corresponding to ¢, observing that it is a subalgebra of gl(n), the Lie algebra of
all n x n matrices. Our concern in this paper is with differential equations that evolve on a manifold
M subject to the action of G. For simplicity we can assume that M coincides with G and the action
is of G on itself. The numerical solution of such differential equations can be obtained considering
the pull-back on g, by means of the exponential map, of the vectorfield defining the equation.
We can compute the corresponding flow by a Lie-algebra discretization method and recover the
approximation of the original problem via exponentiation. Given an integration method of order
p, we consider order-p approximants F(tB) for exp(tB), where B € g and ¢ > 0. We require that
F(tB) € G, whence it is easy to prove that important qualitative features of the original equation
and the order of the discretization are retained. In (Celledoni & Tserles 1998) we have introduced
low-rank splitting methods for the construction of the approximant F', as the first attempt to provide
a comprehensive treatment of this issue.

Although the constraint F(tB) € G represents remarkable advantage in many applications, such
as problems in which the conservation of invariants is at issue in numerical modelling (volume
conservation in meteorology, invariance under rotations in the theory of mechanical systems and in
robotics), it should not be interpreted as the sole purpose of our analysis. Our methods are relevant
also for the approximation of exp(¢B) in the more general setting B € gl(n). Suppose in fact that
B € gl(n) and we want to approximate exp(tB). Tt is always possible to write B as a sum of a
matrix B; € sl(n) (the special linear algebra of n x n matrices with zero trace) and a diagonal
matrix By whose nonzero entries are equal to 6 = tr (B)/n. Then B; = B — By and [B;,Bg] =0
so that exp(tB) = exp(tB;) exp(td). This fact is a particular case of what is known in Lie theory
as the Levi decomposition (Humphreys 1972, Varadarajan 1984). Using this decomposition of the
matrix B, if necessary in tandem with some scaling and squaring technique, the approximation of
exp(tB) can be always reduced to the approximation of exp(tB;) with B; € sl(n). As long as we
can assure that our approximation of exp(tB;) resides in SL(n), the outcome is an approximant
F(tB) of exp(tB) that shares with the exact exponential the feature that det F/(tB) = exp(tr B).

It 1s possible to prove that, given a splitting B = Zle B;, the function

e3tB1o5tB2 || o5tBr_1,tBk 5tBr_1
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5tBo , 5tB1
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known as the generalized Strang splitting, approximates exp(¢B) to order 2. Aslong as By, Ba, ..., By
g, it follows at once from the definition of a Lie group that the approximant resides in G. Moreover,
2k — 1 1s the least number of exponentials that render such a splitting into a second-order approx-
imant (Celledoni & Tserles 1998). The Strang splitting is time reversible, hence it follows readily
from classical theory that the order can be raised from 2 to 4 by composing three Strang splittings
with different time steps (Yoshida 1990). In that case we need to evaluate 3k exponentials and
multiply 6k matrices. In the case of low-rank splittings which have been considered by Celledoni &
Iserles (1998) this results in the following count of flops: 4n® for order 2, 12n3 for order 4.

In this paper we present composition methods in which the number of exponentials k equals the
dimension d of the Lie algebra. Our construction allows us to increase the order of the approxi-
mation without increasing the number of exponentials to evaluate and multiply together. Letting



{V1,...,Va} be abasis of g, we write F'(tB) as a composition of exponentials of the type exp(a; (¢) V),
where each a;(t) for i = 1,...,d is a scalar function. In general d = (’)(nz), however, with an appro-
priate choice of the basis elements, the computation of each exponential exp(e; (£)V;) requires O(n)
flops, while the formation of their product adds just 2n® 4+ (’)(nz) flops. The challenging part of the
computation is the construction of the functions ay(t),..., a4(t), and the cost of their calculation
depends on the desired order of the approximation. Naive complexity analysis might have indicated
that the total cost is growing exponentially in d as the order increases. Yet, the cost remains rela-
tively modest for small orders and the method lends itself very well to the exploitation of sparsity
in the matrix B. In the sequel we show how this approach can be turned into an efficient numerical
method and we obtain algorithms of order up to 4 with a cost of (’)(n?’) for dense matrices.

Our approach can be interpreted as representing the solution using canonical coordinates of the
second kind, an approach that has been pioneered by Owren & Marthinsen (1998) in the context
of general Lie-group methods. Having said this, the more restrictive framework of exponential
approximants possesses a very great deal of special structure. This can be exploited so as to
produce efficient and competitive algorithms that approximate exp(¢B), B € g, in the Lie group G.

2 The technique of coordinates of second kind for the ap-
proximation of the exponential matrix

Let G be a Lie group and g its corresponding d-dimensional Lie algebra. We choose a basis
{V1,...,Va} of g, whence every element Y € G sufficiently close to the identity can be represented
in a unique fashion as
Y = exp(m V1) exp(y2Va) - - -exp(vaVa),
where exp : g — G is the exponential map. This representation is known as representation in
canonical coordinates of the second kind (Varadarajan 1984). This representation is global in the
case of solvable Lie algebras. We restrict ourselves to the case g C gl(n), G C GL(n), when exp is
the usual matrix exponential.
Given B € g, we can represent it in a unique fashion as

d
B=Y Vi
i=1
Tt is possible then to write exp(¢B) in the form

U(t) = exp(tB) = exp(g1(t)V1) exp(g2(¢)Va) - - -exp(g4(t) Va).

Letting g = [g1,...,94]7, B = [B1,...,84]", it can be proved that the vector function g obeys a
differential equation of the form

dg
E_ (Bag)a g(O)—O,

where f is a suitable function of 8 and g, for sufficiently small ¢ (Wei & Norman 1963). Given

a solvable Lie algebra g Wei & Norman (1963) prove results on the global representation of U.

However, an explicit form of f i1s known only for very simple examples of low-dimensional Lie

algebras.
In this paper we seek polynomials a1 & g1, ..., aq & gq of a suitable degree so that

exp(tB) ~ exp(ay (1)V1) exp(as(t)Va) - - -exp(aa(t) Va).

Differentiation yields

d d i-1 1
Zﬁivi — Zg;(t) H 9iViy; H e~ 9iVi, (2.1)
i=1 i=1 j=1 j=i—1



Evaluating this expression at the origin gives the first-order condition

9:(0) = 3, 1=1,2,...,d. (2.2)
Further differentiations of (2.1) lead to higher-order conditions. Let us define the functions
Pi(g) = exp(adg,v,) o - --oexp(ady,_,v,_,)(Vi), i=1,2,...,d, (2.3)

where the adjoint operator ad, : g — g is defined as ad,(y) = [z, y] for any z,y € g, [¢,y] = vy —yx
being the matrix commutator. Note that P;(g(0)) = Vi, i = 1,2,...,d. Moreover, the right-hand
side of (2.1) can be written in the simplified form The function

d

T(g)=>_ d:(t)Pi(g).

i=1
Since the derivatives of the left hand side of (2.1) vanish, the conditions for order p > 1, can be
obtained by solving the equations

dT
T(g) =0, r=12....p—1, p>1, (2.4)
der t=0 -
where
dr r dr— k+1g dk
- Z ( ) der—k+1 dek (2.5)
i=1 k=1
In particular,
d d
/
J— — P .
779 Z_; ( +9i )
d2 a /// d2
= P+ 297 =P
a3 N d a2 | d3
— = P =D —F; )
w9 Z (gz +30" P+ 30 Pt i )

Solving (2.4) for » = 1 results in the values of ¢//(0) for ¢ = 1,2,...,d that allow us to construct
an order-2 approximant. Substituting such values in (2.4) for r = 2 ylelds g/'(0) fori =1,2,...,d
and consequently an approximant of order 3. Similar procedure can be used to construct recursively
approximants of arbitrarily high order.

The main part of the computation is the evaluation of the k-th derivative of P;(g) at ¢ = 0.
Expanding the exponentials in (2.3) we obtain

i—1
Pl(g) H(I + a’dgkvk + adgkvk + adngk : )(Vl)
k=1

and, after further algebra,

i—1 k-1
{I + Z adgkvk + Z Z adngz a’dgkvk

k=21=1
i—1k—-11-1

+ % Z adszk + Z Z Z angV adngz adgkvk

k=31=2 j=1

i—1 k-1
+ %ZZ <adglvlad£27kvk + adsznvzadgkvk> + %Zadgkvk +.. } (Vl) :
k=21=1 -1



Similarly to (Owren & Marthinsen 1997), we write P;(g) in the form

oo =1 -1

—I—I-ZZ Z Z ,931~~~gjradvj1O"'Oadvjr(vi)~

r=1j1=1j2=j1 Jr=jr-1

Here j = (j1,...Jr) is a multi-index of integer elements with 1 < j, <i—1 and 5! := ¢1lga!. . . q;_1!
where ¢, is the number of occurrences of &k in (jy, j2 .. .jr).

A general expression for the k-th derivative of P; is given as follows: since ¢;(0) = 0, we may let
i) =g:()/t,i=1,2,...,d. We can then rewrite P; in the form

i—1 -1

_I—i—Zt’"ZZ Z < fyady,, o oady, (V).

Ji=1j2=7j1 Jr=jr—1

By following the construction in(Owren & Marthinsen 1997) we obtain

d* p; k!
T Sy eI

= r=164+..+6,.=k 1< <. . <jp<i—

| —

H.

(2.6)
) P D)

Jn

ady; o---0 adeu (V2).

t=0

Substituting (2.6) in (2.4) and (2.5) we obtain the conditions for arbitrary order p. In particular
we obtain the following formulae for the derivatives of P;(g) at t = 0,

ap; i—1
1 = Zadvk (Vi) 9% (0),
t t=0 k=1
dZP' 1—1 k-1
dt2l = (Z 2ady,ady, (Vi) gk (0)g7(0) + ady, (V)[g7(0)]* + advk(Vi)gZ(O)) ;
t=0 k=1 \i=1
PBP i—1k—11-1
7D _GZZZadV ady,ady, (Vi)g}(0)g/(0)g%(0)
t= k=31=2 j=1
i—1k—-1
+3>°3 " (adv,ady, (Vi)g/ (0) g4 (0)]% + adi,adv, (Vi)[g7(0)]%4(0))
k=21=1

i—1
+ 3 add, (V) gk OF
k=1
i—1 k-1

+3 > advady, (Vi) (94(0)97(0) + 94(0)g7'(0)

k=21=1

3 i ad?, (V2)gf(0)44 (0)

+Za‘dvk /// )

Substitution readily produces order conditions. Specifically,

i—1

Zg Zgz ) > adv, (Vi)g;.(0), (2.7)

k=1



are conditions for order 2, while

Zg“’ =-y {2g;'<o> 3" ady, (V)64 0)

i=1 k=1

+gz Z_: lQZadVl ade(V) (O)gl/(o) (28)

1L =1
+ady, (Vi) (9% (0)* + adv, (Vi)gi (0)] },
are the order-3 conditions. Finally, conditions for order 4 are

S 0= -3 ) i i 0+

i=1 =1

13000 |3 (i 2ady,adv, (V)4 (0)91(0)

+ad}, (Vi) (g5(0))% + adv, (Vi) gy (0))]

+0(0) (6330 3 adv, v adv, (1) 0) 0)95 0

13305 (advad, (V)g! (0)(6h(0))° + ad?,adv, (Vi) (gl (0)°6(0) (2.9
©3 add, (V) (g (0))?

3 i i adyradyy (V) (62/(0)41(0) + g4(0)g/'(0))

+ 3Zad%/k g7 (0)g4(0)

+ Za‘dvk /// )] }

In Figure 1 we have plotted along the y axis the 2-norm of the error of the approximation of
exp(tB) with the second-kind coordinates (SKC) methods of order ranging from 1 to 4. The values
of the error are plotted against time, (along the z-axis), to logarithmic scale for matrices of sl(5).
The methods have been implemented using the standard basis defined in section 3.

The computation of ¢”(0), ¢"/(0) and ¢'V(0) is obtained directly implementing the formulas
(2.7), (2.8),(2.9) respectively. This implementation does not depend on the choice of the particular
basis of 5[(5), but the number of commutators that must be computed with this approach is O(d?)
for p = 2,3,4. Even if we assume that the Vs are very sparse matrices and that the cost of
computing each commutator is (1) operations, the total cost exceeds (’)(nzP) flops for p = 2,3,4
where n is the dimension of the matrix. Such expense is not acceptable for a competitive method
of approximation of exp(¢B). Fortunately, it can be decreased a very great deal by an appropriate
choice of the basis {V1, Vs, ..., V4}. This is the theme of the next section.



SKC for trace—free matrices n=5, order one to four
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Figure 1: Error in the approximation of the exponential with WN technique.

3 Choosing a basis

The choice of the right basis and sparse representation of commutators are critical to the implemen-
tation of the SKC methods. Recalling the order conditions (2.7)-(2.9), our aim is to choose a basis
so that terms of the form ady, ady,, ---ady, V; can be represented in the most economical man-
ner. We recall that, given the basis {17, Vs, ..., V4} of a d-dimensional Lie algebra g, the structure

constants are the numbers CZ n R Li=1,2,...,d, such that
d
Vi, Vi) =D Vi
i=1

(Humphreys 1972). Let

d
B = Zﬁkvlv
k=1
Then an order-1 condition is always
95:(0) = B, k=1,2,...,d (3.1)

To obtain the order-2 condition we substitute (3.1) in (2.7) and express commutators in terms of
structure constants,

d d -1

YHOWe== A [V, Vils = - Z@ZZ Vi

k=1 =1 j=1 = j=1k=1
d d

== ZZ@%@ Vi
k=1 =17
Since ¢ ";l :—cﬁj, we thus deduce that
d -1
grO)y=>"> "8, k=124 (3.2)

=1 j=1



Likewise, substituting in (2.8),

d d i—1 i—1 -1
SOV == 20/ (0) > Vi, VB + B Y [ 2D [V Vi, Vil
k=1 i=1 =1 =1 j=1
+ Vi, Vi, ViLIBE 4 Vi, Vilgl (0)) ) -
Note that
d d
[ ]a ‘/lav chz ‘/jav chf,ic‘?,svl@'
s=1 k=1s=1
Therefore
d d d d i-11-1 d
Zg;”(om :—QZg chlzﬁl k—QZﬁz Zzch,icﬁ,sﬁlﬁjvk
k=1 i=1 =1 k=1 i=1 j=1lk=1s=1

BZ Cizgl )Vk‘
k=1

- Zﬁz’ Zzch,icﬁsﬁlzvk - Z

=1
d i-1 d d i1

i=1 (=1 k=1s=1 i=1 =1
and we deduce that

i—1 i—1

d d
gi'(0) =D > chil2g! 003+ Bigl (0] +23 >
=1

i=1 (=1 i=1

-1 d
Yo ek Bibs;
j=1s=

1

i—1 d

d
SN e B k=1,2,....d.

14i=11=1 s=1

MQ“

i

Bearing in mind that for order p we require

1 )
t):Zﬁgzi)(O)t, k=1,2,....d,

r=1

we observe that the sheer volume of calculations required for the evaluation of the functions
a1, @, ..., aq 18 prohibitive for, say, order 3, unless most of the structure constants vanish. For-
tunately, bases of finite-dimensional Lie algebras which are ‘sparse’ (in the sense that a very high
proportion of structure constants vanish) are known. They are associated with root space decom-
positions of Lie algebras (Humphreys 1972) and, in the case of semisimple algebras, are known
as Cheuvalley bases (Carter, Segal & Macdonald 1995). Wishing to avoid too much Lie-algebraic
terminology in a numerical analysis paper, we reserve our exposition to just three examples which
are the most important in a range applications.

The orthogonal group Let g = so(n), the Lie algebra of n x n skew-symmetric matrices. Tt cor-
responds to two important Lie groups: the orthogonal group O(n) of n x n orthogonal matrices and
its subgroup, the special orthogonal group SO(n) of matrices with unit determinant. Tts dimension

Isd= %n(n —1). We let

T T . . . .
I, =ee;” —eje;, 1=1,2,...,n, j=t+1:142 ...,n

where e; is the i-th canonical vector of R". In other words, Fj ; is a matrix whose (¢, j)-th element
is 1, the (4, ¢)-th element equals —1 and zero otherwise. We can trivially expand each B € so(n) as
B=5", Zj:z’+1 iiFi ;. U(t) := exp(tF; ;) is simply an Euler rotation in the (7, j) plane: it is
identity matrix, except that

Ui Ui | _ cos(tF; ;) sin(tF; ;)
Usi Ui | | —sin(tF;;) cos(tF; ;)



Noting that

—Fik, i=1 j#k,
“Fu,  i#lLi=k
[Fij, Figl = Fik, itk j=1,
Fj,la Z:kajila
0, otherwise,
the order conditions are simplified as follows,
p>1: gi;(0) = bij,
n j—1
p>2: gl (0)= D bisbis— D brjbi,
s=j+1 r=i+1

i—1
+> b, 1<i<j<on,
r=1

and similarly for higher-order terms. Thus, the cost of computing the coefficients for the second-

order method is just %(n —2)(n—1)n~ %n?’ flops. In comparison, a naive computation of (3.2),

without exploiting sparsity of structure constants, requires %(n2 —n—2)(n—1)"n? » %n6 flops.
A more classical composition method for B € so(n) is the Strang splitting which we can write

in the form

etbl,2F1,2/2 . .etbn—2,nFn—2,n/2etbn—1,nFn_1ynetbn—2,nFn—2,n/2 . .etbl,2F1,2/2

(Celledoni & Tserles 1998). Tt gives a second-order approximant to exp(tB) whose calculation re-
quires & 4n> flops, in comparison with a~ 3n® for the second-order CSK method.

We note that, in the specific case of so(n), diagonal Padé approximants to the exponential
provide an alternative to our method, since they map the algebra to O(n). Having said this, for
dense matrices B the cost of evaluating the second-order approximant (I — %tB)_l(I + %tB) with,
say, LU factorization is (’)(n?’), comparative with our method.

The special linear group Let g = sl(n), the set of n x n matrices with zero trace, whence
d = n? — 1. We split the algebra in the first instance into diagonal and off-diagonal parts: in the
terminology of Lie algebras, the subspace spanned by the diagonal elements is a Cartan subalgebra
(Carter et al. 1995) or mazimal toral algebra (Humphreys 1972) of sl(n). Specifically, our basis is

{Ei; 1 4,j=12...,ni#jtu{D; :i=1,2,...,n—1}.
where

_ T .. . .
Ei,j—eie] ) Zaj_laQa"'an’ Z#]a

T T .
D; = eje;” —ejj1e,, 1=1,2,...,n—1.
The exponentials of F; ; and D; are trivial,
etFii = T —|—tEZ'7j, etPi = etDZ'.

We order the elements by taking first Ej ;, ¢ # j, in lexicographic order, followed by Dy, Do, ..., Dy_1.
The commutator table is

Ei,s, iisa j:ra
_ETj’ iZSa j;éra PR
1 . . 5 rs=1,2 ... n,
[Eij, Ers] = = D, i=s<j=m, T
s—1 . . i#j, TFs,
- =r Dl’ Z:8>_]:7°,
0, otherwise,



—B,;, i=r jEr+1,

— B g1, itr, j=r+1,

—2F, 41, t=r j=r+1, _— .,
[E,]’D]: Er+1,ja i:r—l—l,j;ﬁr, ::j__l’.”nii’ll;éj’

E;,, iZzr+1,j=mr ooy ’

28,44, t=r4+1, j=r,

0, otherwise,

[D;, D=0, ij=12 .. n—1

In general, for a d-dimensional Lie algebra there are (d — 1)d? structure constants. In the case of
sl(n) this means that up to ~ n° structure constants may be nonzero. Yet, using the above basis

results in just 2(n — 1)n? +4(n — 2)(n — 1) + 2 (n —n =~ %n?’ nonzero structure constants and
substantial saving in the implementation of the SKC technique.
Letting

_ (k1) (k)
[Ei g, Ersl = Ui,k Bt + ZC( K
k

(k:l)

[Eij, D] = Z C(i,4),r En
(k1)

(note that [D,, E; ;1 = —[E; j, D] and [D;, D;] = O) we thus have

+1, k=i l=s5r=4j s#£i,
-1, k=r,l=j, r#+j s=1i,
0, otherwise,
+1, t=s<j=r,k=ss+1,...,7r—1,
Cli i) (rs) = -1, i:s?j:r,k:r,r—l—l,...,s—l,
0, otherwise,
+1, k=i=r4+1,l=j j#trork=dl=j=r i#£r+1,
-1, k=i=rl=j j%tr+lork=il=j=r4+1t#£r,
(k1) _ — i
i = +2, k=i=r+1,1l=j=r,
-2, k=i=r,l=j=r+1,
0, otherwise,
cé“ ) ckl):cfyszo.
Letting
B = ZﬁklEkl-l-Z’Yka,
k#l
and ordering the pairs (k,!), k # [, in lexicographic order, we thus have
9.0(0) = Brt,

ko
g;c/,l(o) = Z 62',‘7‘352'7‘7';7(7«75)67“,5 + Z ﬁi,jcl(ciyj)yr')/r
(i,3)>(r,s) (@,3)r

k-1 n
= Brilbii— > Beibii+ Ber(ve-1+ % — v — N-1),
i=1

i=k+1

k n
95 (0) = Z 62',‘7'6’(@2'7‘7')7(7‘75)67‘,5 Z—Z Z Bi i 55 i

(4,)»(r,s) i=1 j=k+1

10



where vg = v, = 0.

The Lorenz group This is the 6-dimensional group SO(3, 1) of 4 x 4 matrices A such that AJAT =
J, where J = diag(1, 1,1, —1) (Carter et al. 1995). Tt has important applications in special relativity
theory. he corresponding Lorenz algebra $0(3, 1) consists of all matrices B such that BJ+JBT = O.
Tt is easy to verify that each element of s0(3,1) can be written in the form

0 by by b3
—b 0 by bs

B = by —by 0 b , bl,bz,...,b6ER.
bs bs bs O
Choosing the basis
0100 0010 0 000 0001 0000 0000
—1000 0000 0 010 0000 0001 0000
0000 |-1000]" |O=100|" [O0O0OO0|" |O0O0OO|" {0001 ’
0000 0000 0 000 1000 0100 0010

we obtaln the commutator table

Vi, Vo] = =V5, [Vi, V5] =Vo, [V, Vil =—=V5, [V1,V5]=Vy,  [V1,Vs] =0,
[Va, V1] = V3, [Vao, V5] = —Vi, [Vo,Vu]=—-Vs, [Vo,V5]=0, [Va, V5] = Vi,
[Vs,Vi] = —Va, [Va, Vo] = VA4, [Vs,Vi] = O, Vs, V5] = Vs, [Va, V5] = V5,
[Va, V1] = V5, [Vi, Vo] = Vs, [Vi, V5] = O, Vi, V5] = W1, [Vi, V5] = Vo,
[Vs,Vi] = = V4, [Vs, Vo] = O, [Vs, V5] = Vs, Vs, Val = =V, [Vs, V5] = Vs,
[Vs, V1] = O, Vs, Vo] = —Va, [Vs, V3] = Vs, [Vs,Vul=—-Va, [V, Vs5]=—V3

Thus, out of 180 structure constants, just 24 are nonzero — and they all equal £1. After brief
claculation, we drive for example the polynomials ay that yield an order-2 CSK approximant,

) = Bt + £(B233 — Bafs)t?,
) = Bat — 3 (3183 + Bafs)t?,
) = Bat + $(B1 52 — B5B6)t°,
) ( )
) ( )
) ( )

Ozlt

2 (¢

2

t) = PBat — L(B185 + BoB6)t
= B5t + L(B181 — Pafe)t’,

= Bst + £ (B35 — B2 fa)t’,

a4

)
a5t

(
(
as(t
(
(
(

a6t

where B = 22:1 B V.

4 Time symmetry

An approximant I'(tB) & exp(tB) is said to be time symmetric if F(tB)F(—tB) =1I,t > 0. Time
symmetric approximants are important for a number of reasons, not least being that they lend
themselves to the Yosida technique, which allows their order to be increased (Yoshida 1990). The
techniques of the last section are not time symmetric. Here we describe their modification, which
results in a time-symmetric approximant.

Me mention in passing that it is possible to envisage two distinct techniques to obtain high-order
algorithms based on canonical coordinates of the second kind. The first, implicit in the work of the
previous section, consists of evaluating the numbers g,il)(O) for il =1,2,...,p, where p is the order
of the method. The alternative, the subject matter of the present section, consists in combining
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a second-order or a fourth-order approximant across a number of steps to obtain a higher-order
method.
Given the splitting

s
=1

it 1s well known that the Strang splitting The approximation

F(tB) — etcl/Z . .etCS_l/ZetCSetCS_l/Z . .etcl/Z (41)

is of order 2 and time symmetric. Note that, as a consequence of time symmetry, for sufficiently
small ¢ > 0 we can represent F/(tB) = ¢” () where the matrix function F(t) is odd. Tt is precisely
this feature that allows the application of the Yosida technique.

The clear reason for (4.1) being time symmetric is that it is palindromic in the alphabet
{C4,Cs,...,Cs}. This provides a clue how to modify techniques based on canonical coordinates
of the second kind so as to render them time symmetric. Given a basis {Vq, V5, ..., Vy} of the Lie
algebra g, we approximate ¢! by the product

explaq (1) V1] - - -explag—1 () Va—1] explag () Vy] exploa—1(t) Va—1] - - -explaq (1) V4], (4.2)

where a1, as,...,aq are odd polynomials.

Taking o; = %@t, l=1,2,...,d—1 and ay = B4t yeilds the second-order Strang splitting. In
the sequel we seek higher-order methods of this kind.

Using the Baker—-Campbell-Hausdorff (BCH) formula it is possible to express the product of
exponentials at the right hand side of (4.2) as a single exponential (Varadarajan 1984, p. 141).
Due to the symmetric arrangement of the exponentials in (4.2), the BCH formula is an expansion
in odd powers of ¢. If this expansion converges, which is always the case for sufficently small ¢, it
makes sense to write the equation

d—1 [e%S]

tB=2% ai(t)Vi+aat)Va+ Y Q%(a). (4.3)

i=1 k=1

Here we denote by Q% (a) the terms of order (’)(t%‘l'l) in the BCH formula applied to (4.3).
Moreover, we let a?*(t) be the polynomial obtained by truncating the expansion of a;(t) after the
first k terms, and we denote the remainder by r?#(¢). In other words,

ai(t) = o () + (1), PO =0, i=1,2,...,d
From (4.3) we deduce

d—1 k-1

23 !V 4 oSF OVe = 1B =3 Q¥ (@) + 017
r=1

i=1

Noting that
er(a) _ QZT(a2(k—1) + ,,,2(!@—1)) _ QZT(az(k‘—l)) + 0<t2k+7«) ’

we obtain . .
—1 -1
23 af M)+ ol Ve = 1B = 37 Q¥ (@) y o (131 (4.4)
i=1 r=1

Dropping the (’)(t%‘l'l) terms in (4.4), it is possible to compute a?* from 5= This gives a

procedure to derive a sequence of successively increaing-order approximants of exp(¢B). Tt is easy
to see that the approximants

F%(tB) = exp(a%k(t)vl) . ~exp(aflk t)Vg) - ~exp(a%k(t)V1),

12



of exp(tB) are such that F?*(¢tB)F?*(—tB) = I, hence time symmetry, the reason being the sym-
metric arrangements of the exponentials in F'?*(¢B) and the odd-power expansion of the functions
a2k,

The BCH and symmetric BCH formulae for k-terms have an exceedingly complicated expansion,
which can be obtained recursively. In what follows we will make use just of the term Q?%(«),
demonstrating how it is possible to compute it explicitely for particular choices of the basis.

In the remainder of this section we consider the implementation of time-symmetric CSK methods.
We split B as before and commence by considering the Strang splitting (4.1) except that, to simplify

notation, we arrange the terms in reverse ordering,

QCs/2 | GhC[2HC1 12 [2 | (XCL[2 (4.5)

Lemma 1 The term Q? of the BCH formula applied to (4.5) is

5

SCi+ -+ Coi+ 3G, [Cr+ -+ Gy, O] (4.6)
=2

t3

2 _ -
@ = 12
Proof See the appendix. a

Let us next consider the case g = s0(n), choosing the same sparse basis as in Section 2. Therefore,
according to (4.6), we have

n

3
Q= D Z Z 1 o104 .+ bijaFij,[bioFio+ . 4 bi 1 F -1,
i=1 j=i+1 (47)

n—1 n
1
bi i Fy 5]] + 2 ;j;l bi j[Fi g, [b1 28 2+ oo by By o1, by By ]

We compute separately each part of this sum. Exploiting the commutator table of our basis we
have

b1 oF1 o+ ...+ b j_1F; j_1,bi j Fi ;]

j—1 i—1 i-1
=b;; (— Z b; o Fs ; — Zbr,jFr,i + th,iFt,j) ;
r=1 t=1

s=i+1

and noting that b; ; = —b; ;, we deduce that

j—1 i—1

[br2Fre 4o bigoaFigoa bigFrgl = big | Y beaFrg = brjFri | - (4.8)
= r=1
2

Commuting the right-hand side with F; ; gives

j-1 i—1 j-1 i—1
Fijo ) beiFeg =) brojFri| =D beiFri+ ) brjFrj. (4.9)
t=1 r=1 t=1 r=1
t#i t#i
Let by, b, ..., b, be the columns of B and denote

s—1
b;:Zka@k, k:l,?,...,n.
k=1

13



Then (4.8) yields
j T i i
[51,2F1,2 + ...+ bi,j—lFi,j—la bi,jFi,j] = biyj(bge;r — ejb‘g ) — biyj(bje? — eibj ),
while (4.9) gives

[Fijo[b1oaF o+ oo+ bi g1 By jo1, bi 15 5]
j ;T i i T
=bij(ble] —eib] ) —bi;(bje] —e;b; ).

Multiplying the latter by b; ; and summing in 7 and j we can evaluate (4.7) in n® operations. Note
that we count separately multiplications and additions, for example, we assume that the cost of
Euclidean inner product of two vectors of length n is 2n operations.

We now assemble together our results to calculate (4.7). We proceed by splitting the sum
bioF1 24 - +0b; ;_1F; ;1 in three parts, whereby

T T

b1oFio+ - +bij1Fijy, blef —esbl — (biel —ebj )]
i =1
= ZZ[(b;eF — elbf ), b‘Ze;F — ejb‘g — (bje;'r - ez’bj )]
=1 k=1

7

j—1
i i+l Ty g ;T i i T
+ Z Z[(bl+1elT_elbl+1 )’bge'T_ejbg _(bjez’T_eib' )]

J J
l=i+4+1 k=1
m i—1
i LN T i it
—I-ZZ[(blelT—elbl ), blef —ejbl — (biel —eib) )]
1=j k=1

Finally,

j T i i T
[51,2F1,2+~~~+bi,j—1Fi,j—1,b§6;—6jb§ - (bje;r_eibj )]
;T ipi T igi T i T e ji T
==b; blF;; +bb, —bib; +b; biF;; —(b;b] —blb;)

i—1

T T. » T T .
> bii(bie] —esby ) — by blF;—bj(bje] — ey ) +by biF;
=1

j—1
i i+1T i+1T 5 i ;T i+1T g
E blyl'(bl-l_le}‘—ejbl-l_l )—bl+1 b‘ZFlyj—l—biyl(bje;T—elbj )—l—bl+1 bjFl,i
l=i+1

+ Z b; b‘ZjFM — b; b‘ZFl,]W
I=j+1

We analyse the computational costs of the previous formula, summing over ¢ and j and showing
that (4.7) can be computed in (’)(n?’) operations. Note that, since 2‘17:_214-1 bie; = by — b, we have

j—1
ipi T ipiT i ;T i1 ji T i T ji T
by =i+ Y babiel — e ) — min " — bib)T) = —2(ib] " — i),
l=i+1

It is more convenient to write the previous expression in the form

n—1 n
—237 3 byvin —bibi)

i=1 j=i+1

14



n n n

sl IR EAEtl DDA
= j=it1
n—-1 n
S3TS 2by (58— BT — 5] — e
i=1 j=i+1

The first part of this sum is computed in about %n?’ operations and the second part, exploiting the

equality i et
Z Z 2b; ;b5 (0] —b)T =2 > bk (Zb”bl)

i=1 j=i+1 i=1 k=n-1

can also be computed in %n?’ operations.
Adding terms of the type aF; ; and §F;; leads to

) j—1 n
TN B - > bl biF; = —Libje;" — e;(—Lib})",
= l=i+1 I=j+1

and
Zb’ e S TR Y TR = e - e,
=141 =541

where the matrix L; is the lower triangular part of by 2F 2 + ...+ bi_1 nf5-1,, and we denote by
L}, s =1,j, the matrix L; with zeros along its s-th row. Summing up with respect to ¢ and j, we
obtain

n—1
i T
S 3w = e [ 3 n )«
i=1 j=i+1 i=1 Jj=i+1
n j—1
DD SRACUELES of boro I
i=1 j=i+1 j=2 \i=1
where we have used the notation ¢; := Libi fort=1,...,n—1. The cost of computing the first sum
18 %n?’ while the cost of computing the second is 2n® operations.
Finally the terms
n—1 n B T n—1 n n T
| T l ! T l
DD D bigbuilbie] —eby )= b | > el | = | D cues | b
i=1 j=i4+1 =1 =1 j=i+2 j=i42

. -1
with ¢ =3 252 bijbis,

n—1 n i n—1 n—1 n—1
Z Z Zbi,jbl,j(ble? — ezb;F) = Z bé ( Z diyle;r) - ( Z di,lei) blT
=1

i=1 j=i+1 (=1 i={+1 i={+1

with di,l = Z b yjbl], and

j=i+1

M

g

Z b (B el — bt
+

b — b)) - (b~ bb ")

I |
+
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can be computed in about %n?’, %n?’ and %n?’ operations respectively. Collecting the contributions
of all the terms in the sum we obtain a total count of 7%713 operations.

At the present time it is not clear that this method of computation of @7 in the so(n) case is
optimal form the point of view of complexity theory. We did not try any other ordering of the basis
elements and it is not at all certain that different orderings could give better constants in front of
the term n?.

Given that the construction of the (second-order) Strang splitting carries a cost of 4n® oper-
ations, the total flop count for constructing a symmetric fourth order SKC approximation of an
exponential in 50(n) by our algorithm is ll%n?’. This is marginally better than obtaining an order-
4 approximation by the Yosida technique from three Strang splittings which, as pointed out in

(Celledoni & Iserles 1998), requires 12n® flops.

5 Sparse matrices

In a naive formulation, the method of canonical coordinates of the second kind is considerably too
expensive for practical computation. This, however, can be alleviated by the use of a sufficiently
‘sparse’ basis of the underlying Lie algebra g. As explained in Section 2, choosing a basis so that an
overwhelming majority of structure constants vanish renders the algorithm strikingly more effective.
It is important to emphasize that this has nothing to do with the structure of the matrix B € g,
which need not be sparse. Yet, in most practical computations (in particular when n is large)
one can expect B to be sparse and structured. Good algorithms should be able to exploit this
phenomenon.

In the case of SKC methods we identify two mechanisms that allow us to exploit sparsity.
Although this aspect of our methods is still a matter for active investigation, the interim results are
substantive enough to warrant publication. For simplicity, we describe the first mechanism just in
the case of a tridiagonal B € so(n), hence

0 B 0 0
-8 0 . : -
B = 0o - 0 :Zﬁka’kH,
k=1
: . . 0 Bn—l
L0 o 0 —=Bh_y 0 |
where the matrices F,; = ekelT — eleg have been introduced in Section 2. Since
b _ 6/6’ =k + 1a
BE00, otherwise,

it 1s easy to substitute in the general formulae for the order-2 method:

g;yj(o):{ﬁi’ J=1i+1, g// (0):{62'—162" J=i—2 1§i<j§n,

0, otherwise, bd 0, otherwise,

Arranging the elements of the basis in lexicographic order; we thus obtain the second-order approx-
imant

eﬁn—ltFn—l,neﬁn—2tFn—2,n—1e%ﬁn—lﬁn—1t2Fn—2,n L eﬁ2tF2,3e%ﬁ2ﬁat2F2,4eﬁltF1,2e%ﬁlﬁ2t2F1,3

In other words, the cost of the approximation is just OQ(n) flops.
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Similar situation pertains to

P}/l 771 0 0
H1 o 72 ;
B=| o - -~ o |esn).
. Yn—1 -1
L 0O - 0 pp Yn

Choosing the same basis and terminology as in Section 2 we can readily ascertain that

Ik k—2(0) = pir_apte 1 k=34...n

Ik 1(0) = =(yk—2 = 2961 + W )pk—1, k=34, n,
I8 5+1(0) = (W1 — 29% + Yet1) 8, k=2.3...,n—1,
(0) = _77k77k+1, k=1,2,...,n—2,

(0) k—1]>3

gkk+2 0
gkl 0

and g1/ (0) = —ngpe, k= 1,2,...,n—1. Thus, a second-order approximant to a tridiagonal B € sl(n)
is itself quindiagonal and its computation requires just O(n) flops.

Higher-order approximants and matrices with greater bandwidth lend themselves to similar
treatment, although the savings are less striking. In a sense, the situation is parallel to that of
approximating exp(¢B) by a rational approximant, when savings accrue from sparse matrix-inversion
methods, except that in our case the result 1s assured to belong to the right Lie group.

Another observation which is highly pertinent to the approximation of exponentials of sparse
matrices has been made in (Tserles 1999). Suppose that B is a banded matrix of bandwidth s > 3.
In general, F'(t) = exp(tB) is a dense matrix. Yet, as is easy to illustrate by computer experiments,
F(t) is very near to a banded matrix. Specifically, given € > 0, there exists r = r(t,&) > s such
that all the elements of F(¢) outside a band of width r are less than £ in magnitude. Moreover,
tight upper bounds on r can be derived with relative ease. The idea thus is to set to zero all the
elements outside bandwidth . The outcome is a banded approximant to the exponential. Moreover,
with an appropriate choice of basis elements, this means that the functions a; are set to zero for
elements that possess terms exclusively outside the band. Consequently corresponding exponentials
equal identity and need not be included in the product. Thus, the cost scales with the size r of the
bandwidth. Similar phenomenon has been already encountered in the context of so(n) and sl(n),
when our choice of basis and order has implied a banded structure of the exponential. The present
mechanism is different, even if the net outcome is similar.

6 Numerical experiments

Our numerical experiments are organized as follows. We fist consider a test on random matrices in
50(50), illustrating the performance of methods based on the use of second kind coordinates tech-
niques for full and sparse matrices. The third and last example is the solution of a third-order ODE
using Runge-Kutta/Munthe-Kaas (RK/MK) methods described in (Munthe-Kaas 1997). We use
the Matlab toolbox DiffMan for the integration of ODEs on manifolds, comparing the usual imple-
mentation of RK/MK methods, whereby the the exponential is approximated to machine accuracy,
with a version of the methods obtained using the time-symmetric fourth-order approximation from
Section 4.

All experiments have been performed in Matlab and we have computed the error while comparing
the results with the built-in function expm which calculates the exponential to nearly machine
accuracy.
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. SKC-symmetric order—4 and Strang splitting, skew—-symmetric matrix n=50
10 T

error
=
o
T
L

10° 10

Figure 2: Error versus time in the 50(50) (full case).

We evaluated the the error computing ||e™*® F(¢t B) — I||p where F(¢B) is the SKC approximation
of exp(tB) and || - ||p denotes the Frobenius norm. The matrices have been generated randomly
using the Matlab function rand and scaling the Frobenius norm so that || B||r = 1.

We approximate exp(tB) with a single step of the methods for different values of ¢, (¢ = 1/2*
and k =1,...,5).

In both the first two figures the norm of the error is plotted (along the y-axis) to a logarithmic
scale with respect to t. Figure 2 reports the results of our first test, where we have considered a
full matrix in $0(50). In the plots the error norm is indicated with the symbols ‘4’ (SKC, time
symmetric, order 4) and ‘o’ (Strang splitting, order 2).

In the next example, illustrated in Figure 3, the same methods have been applied to a sparse
matrix in $0(50), with four non-zero diagonals (i.e., bandwidth 5). In both the examples the
methods give the correct order. In the second case, however, the count of flops is drastically
reduced. We counted the number of flops using the Matlab function flops. In the first case the
cost for constructing % amounts to 9.62n> while in the second we counted 0.95n3 flops. As it is easy
to understand, the described implementation of the methods allows to take advantage immediately
of the sparsity structure of the matrix B, working directly on the nonzeros entries of B a la Section 4.

The last example is concerned with the use of the techniques described in this paper in substi-
tuting the exponentials computed to machine accuracy in the integration methods of (Munthe-Kaas
1997). The experiments have been performed using the Matlab toolbox DiffMan. We use a RK/MK
method of order four.

The example is a problem whose solution is the soliton originating in the Korteweg-de Vries
(KdV) equation. Tt is a third-order ODE obtained performing a symmetry reduction on the KdV
equation. The resulting ODE can be written as a three-dimensional system,

0 10
y = 0 01|y
—9y(2) 3 0
with y(0) = [1,0,—1.5]" and ¢ € [0,5]. The solution of the ODE f = y;(¢) can be easily derived
explicitely and it is f(t) = asech (t3), a =1, 8 = 1/2\/(3).
In Figure 4 we plot the analytic solution (solid line) on a grid of 161 points. The dotted line is

the numerical solution obtained with the Matlab routine ode45 with absolute and relative tolerance
1.0e — 4. The method produced this solution in 69 steps, and it was implemented with step-size
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. SKC-symmetric order—4 and Strang splitting, skew—-symmetric matrix n=50
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Figure 3: Error versus time in the s0(50) sparse case.

control procedure. The dashed-dotted line is the numerical solution obtained with the RK/MK
method using SKC symmetric tecnhniques for the approximation of the exponential, with fixed
step-size h.

In Figure 5 we plot the error (along the y-axis) with respect to the numerical solution obtained
with the Matlab routine ode45 to a logarithmic scale, versus the stepsize h = 1/2% and k=1,...,5
for the cases of the implementation of RK/MK with the expm function of Matlab (marked with +)
and approximating exp to order four with a SKC technique (o). The line marked with * representes
the error of the numerical solution given by the RK/MK method implemented with SKC technique
for the approximation of the exponential, measured with respect to the numerical solution obtained
by the same method with the use of the exact exponential (expm routine of Matlab).

It is interesting to note in this case that substituting the exact exponential with suitable fourth-
order approximant does not lead to a significant deterioration in the quality of the RK/MK method
and the overall error does not change much. Note that in the present case the primary variable is
a vector, rather than a matrix. In general, if the underlying ODE can be written in a vector form,
i.e. as an action of a Lie group on R", we need to approximate exp(¢B)v, where v € R"| rather
than the matrix exp(¢B). This leads to obvious savings in the SKC techniques, similarly, say, to the
approach of rational functions. In particular, the cost of composing exponentials is (’)(nz), rather
than (’)(n?’), operations.
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Figure 4: The soliton originating in the KdV equation.
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A Appendix

For completeness, we present a proof of Lemma 1. Note that a comprehensive treatment of this
subject matter, inclusive of the non-symmetric case, has been presented in a different context by
Chacon & Fomenko (1991). For our purposes, however, it is sufficient to derive the first term of the

expansion.

Lemma 1 The leading error term in the Strang splitting is

11—22[01 4+ Cro1 + 5CL[CL+ -+ Cioy, G

Proof Letting

Fl(t) = etcl,
Fi(t) = e!“/2 F_yeti/?, 1=2,3,...,s,

we can verify at once that Fj is precisely the Strang splitting. We assume that
Fl(t) = eXP[t(Cl + -+ Cl) + %QltS + 0<t4)]a l= 1a 2a cey 8
We use the BCH formula:

Fit) = exp(%tC’l) exp[t(Cr+ -+ Ci—1) + f—le_ltS + (’)(t4)] exp(%tC’l)
= exp{t(C1+ -+ Cioy + 3C) + 2°[CLCL+ -+ 4 Cid]
+ HPEC = (Cr+ -+ Ci1), [CrL G+ -+ Cia]]
+ 5°Qi1 + O(t*) Y exp(51Cy)
= exp{t(C1+ -+ C) + +°[C1,C1 + -+ 1]
+ ﬁt?’[%cl —(C14+ -+ G ), [Cr,CL+ -+ Ci1]]
P[0+ 4+ Cioy + L6, O+ 22°([CL CL+ -+ Cioa], O]

1 H[C1+ 4+ Co1, [Cr+ -+ Cron + 20, Ol + S Qs + O(th) 1

However,

[C,Ci+ -+ Ca]+[Ci+ -+ G+ 501, = 0,
thereby annihilating the ¢? term, and

L[EC = (Ci+ 4+ Ci21), [CLCr+ -+ Cioa]l + H[[CL Cr+ -+ Gz, O
+ 5[C1+ -+ Gy, [Cr+ -+ Coy + 561, G
S0+ + G+ 5L [Cr4 -+ Cioa, Gl

Therefore
Q=[Ci+ -+ C1+1C,[Ci4+ -+ Coy, O] + Q.

Since @1 = O, the expression (4.6) follows by summing the above formula for [ = 2,3, ..., s.
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