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Abstract

Classification of second order ordinary differential equations admitting groups of
point transformations is known from S.Lie [11]. In the present paper we consider the
whole set of invariant discrete models, i.e. invariant difference equations and meshes,
which correspond to Lie’s classification of ODEs. Applications of the discrete version
of the Noether theorem are illustrated by examples.

Introduction

In the paper [11] S.Lie considered the group classification of second—order ODEs admitting
point transformations. This classification is based upon the enumeration of all possible Lie alge-
bras of operators acting on the plane (z,y). The classification was done up to similarity of the
subgroups, 1.e. up to suitable changes of variables. The dimension of the admitted group can
be 0, 1, 2, 3 or 8. If the equation admits a 8-dimensional group, then it can be linearized by
an appropriate change of variables. Furthermore, in this case the equation is equivalent to the
simplest second-order equation ¥ = 0. Group classification of second—order ODEs is presented
in Table 1 of the Appendix.

In this letter we consider the whole set of invariant discrete models (i.e. invariant difference
equations and meshes) that correspond to Lie’s classification of ODEs.

Let # be an independent variable and y a dependent variable. To consider second-order differ-
ence equations and lattices in the z-direction we need at least 3-point stencils corresponding to
the subspace (z,2_, 24, Y, y—,y4+):

y ($+,y+)

h™ ht
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The discrete model under consideration can be presented in terms of two difference equations:

{ F($a$—ax+ayay—ay+):0a (1)
Q($a$—a$+aya y—ay-l-) = Oa

The first equation presents a second—order difference equation. In the continuous limit it should
become a second—order ordinary differential equation at some point of the finite—-dimensional space
of continuous variables (z,y, ¥, y"'). The second equation gives a lattice (spacing) on which the first
equation is considered. It is not necessary for the second equation to be a second—order difference
equation in the continuous limit. For example, we can consider the uniform lattice equation
h4 = h_ which ”disappears” in the continuous limit. The difference stencil is a nonlocal object
with its own geometrical structure, since we have to include a lattice equation into the formulation
of the discrete model. It is the main difference between continuous and finite-difference models in
our approach.

In some cases we will prefer the following form of the difference model

{ x+:f(x,x_,y,y_), (2)
y+ = 9@, 2, y,y-),
or
{ yx:f(xah—ayayf)a (3)
hy :g(l‘,h_,y, yf)a
where hy = a4 —2, h =2—2_, yy = y—‘*h';—y and yz = % We denote the continuous derivatives

by ¥ and 3 to distinguish them from the discrete derivatives. We will consider models in more
complicated forms than (3) only when these forms are prescribed by complicated structure of the
admitted Lie groups.

It has been known for a long time that conservation laws are connected with symmetry prop-
erties. E.Noether [13] was the first to combine the methods of variational calculus with the theory
of Lie groups for the Euler-Lagrange equations. This connection is exhibited by the well known
Noether’s theorem. Some new details were added in [4], [10] and some other papers. We recall
here the continuous and difference versions of Noether’s theorem of the forms in which they are
applied to second-order ordinary equations (see for the general case [1], [9], [14], [15]).

It is well known that the functional

L= / L(z,y, ¢ )de, QC R
Q
achieves its extremal values on the Euler-Lagrange equation
0L 0L L
—=—-D oL =0.
dy Oy ay
Let us consider a Lie point symmetry generated by the operator

0 0
X =&z, y)— +nle,y)—+ ...
&, y) 5+ y)ﬁy
Then the first Noether’s theorem establishes the invariance of a variational functional. The func-
tional L is invariant under the action of a group G of point transformations with infinitesimal
operator X if and only if

_ _ 9 9 0
X(L)+ LD() =0, where D_3x+y3y+y ay/—i—.... (4)



The invariance of a functional is connected with the Euler-Lagrange equations and the Noether
operator

0
N = — &y ) —
E+(n—&Y) oy
by means of the Noether identity.
The Noether identity:
)
X+ DE)=(n- 5@/)@ + DN.

This operators identity (actually stated by N.Ibragimov [9]) makes transparent the content
and proof of the Noether theorem.
Noether’s Theorem . For a given functional L the value N(L) is a first integral for the Euler—
Lagrange equation g—j = 0 1f and only if the functional is invariant on any solution of the Euler—
Lagrange equation.

Remark.
It directly follows from the Noether identity that if instead of the invariance condition (4) the
divergence condition [4]

X(L) + LD(€) = D(B),

where B = B(z,y,y') is some function, holds, then there is a first integral (N(L) — B) on the
Euler-Lagrange equation.

The variational formulation of discrete equations and a discrete analog of the Noether theorem
were developed in [6] and [7]. Here we overview briefly the main results.
Let a finite difference functional

Lh:Z£($ax+aya y+)h+ (5)
Q

be defined on some one dimensional mesh Q with the step hy explicitly dependent on the solution:

A
hy = ¢(x, y). (6)
We will use discrete Lagrangians in the form £(x, 24, y, y+ ), which is equivalent the form £(z, y, y5).
Let us have in (z,y,...,hy, h_) a one-parameter Lie group of point transformations G; with
the generator
0 0 0 0
X =(— —+...+h — +h_ — 7
S —1 1- 9
where D = +h and D = ~" are right and left difference operators, defined by means of
+h + —h -

right and left shift operators § and §: fT = S(flz,y) = fleg,y1), = = S(f(z,y) =
—h +h —h

+h
fle—,y-).
Then the invariance condition of (5) on the mesh (6) is given by two equations

oL oL L oL
= 4= =4 =0
3$++n8y+n ay++ 3(6) :

S (&) —&(14+¢z) —ney =0.
+h

oL n
gﬁ_x +¢

In contrast to the continuous case a stationary value of the difference functional is not reached on
difference Euler’s equation, but on new difference equations, called quasi extremal equations, which



are different for different subgroups. Let us consider the variations of the functional along the orbit
of a one—parameter subgroup with the operator coordinates &, and 7,, then the stationary value
of the functional is given by the quasi extremal equation

oL oL~ oL oL
hy—+h_— T — ol hye— +h_ =0, - = ,
€<+6 + Oz +L [,)—1-77(4-6 + 33/) 0 L _5;1([,)
which can be rewritten as ir ir
goc Sz + N 6y = 0, (8)

where o« = 1,2, 3, ... 1s the number of a subgroup of the admitted Lie groups G, . There are the
following notations used in (8):

oL oL aL-

oL oL oL~
E —h+%+h_% .

The quasi extremal equations (8) have the following intersection:

oL

YL - L, 9)

ox =0 1)
11

oL 0

Jgy

It was shown [8] that every quasi extremal equation is invariant with respect to its ”own subgroup”.
Next proposition shows that the intersection of quasi extremals admits every subgroup G, and
thus the whole symmetry group G,.

Proposition
Let difference functional (5) be invariant with respect to a group GG; with the operator
0 0 0 0
X =¢6— + T 12
o Tyt e T (12)

Then system (11) admits the same symmetry group G (see [2], [8]).

The discrete formulation of Noether’s theorem is based on the following operators identity
(see [5], [7], [8] for many—dimensional cases as well):

oL _|_ oL oL L 0C oL  h_oL~ _
£5, T¢ g, T @"’E h(g) €<6_x+ﬂﬁ_x —g(ﬁ ))‘i‘
(13)
oL  h_dL™ oL~ oL~
—+ —— h_ h_&— L~
+”(ay+h+ay ) +h< "oy th-tay T )
This identity yields the following conservative property of quasi extremal equations.
Theorem
Let the difference equation
F(z) =0, (14)
be given on a mesh
Q(z,h) = 0. (15)
A

Let the solution of (14) on mesh (15) be a quasi extremal of functional (5) that yield the stationary
value while the functional is being transformed by a group G1. Let & and 7 be coordinate of the



operator corresponding to the group GG1. Then the invariance of (5) on equations (14)—(15) is the
necessary and sufficient condition for existence of the conservation law

oL~ oL~
h_n— h_&— T )= 1
ﬂ( 7763/ + g@x +€£) 0 (16)
on equations (14)—(15).

The theorem has the following corollary, which can be viewed as a difference analog of Noether’s
theorem.

Corollary
Let the functional (5) admit an r-parameter group G, and let the equations
oL oL
¢ — “—=0 =12,...,r 17
€ (51‘ n (Sy 3 o y &y , T ( )

be r quasi extremal equations. Then the intersection system

5L
or Y

18
e, (18)
sy

possesses 1 conservation laws of type (16) (see [2], [8]).

These results will be illustrated by forthcoming examples.

Invariant difference models

Here we begin the consideration of different groups, which can be admitted by second—order
ODEs. For this purpose we will have to compute invariants of groups in spaces (z,y,y,y"”) and
(z,2_,24,9,y—,y+). The procedure of computation of invariants can be found, for example,
n [14]. We demonstrate the computational method in the differential case. Given a group defined
by operators X,, o = 1,...,n:

0 0
Xoc :ga(x’y)ﬁ_l‘ +na($ay)%a

it 1s necessary to prolong all operators on the variables of the considered space. With the help of
formulas

o = D(na(z,9) =y D(éal(2,y)),
2 =D(C)) —y'D(Ealx,y)).

we obtain prolonged operators

, 0 0
Xo=Xa+—+
+ CO( 8y/ + CO{ 8y//
Now we can find invariants Ig(z,y,y',y"), 6 =1,..., k as all functionally independent solutions of

the system of equations

X, (I) =0, a=1,..n.

If the system 1s not singular, one can expect that n + k = 4 because 4 is the dimension of the
space. Thus, we expect to find 3 invariants for the 1-parameter group, 2 invariants for 2—parameter
groups, 1 invariant for 3—parameter groups and no invariants for the 8—parameter group.



In case of discrete space the procedure to find invariants is quite the same except for the
prolongation formula for the operators:

o= Xot § ol gt § (€l i) o+ S (e 0)) 5 + 8 (o, 0)) 5 =

Ja_ 4 Jy—  +n Jy+
0 0 0 0
=X, o\l—s Y- ) — a ) " o\ L —, Y- ) 5— 1o ) Y
+&alz-,y-) x_+5($+ y+)3x++77(l‘ y-) y_+77(l‘+ y+)3y+

It is easy to see that there should be 2 more discrete invariants than differential invariants for the
same group.
One—parameter group G

We start with the simplest case of the admitted group (see [11]) — the one—parameter group with
the translation operator

0
X =—. 19
T o (19)
In the continuous case an invariant equation can be presented in the form (see [9]):
v'=Flyy), (20)

where F' is an arbitrary function. For the discrete formulation of an invariant model we need
difference invariants of the operator (19):

h-l— ) h_ ) Y, Yz, Yz .
The general form of the invariant with respect to operator (19) discrete model is

Yo = f(h—ah-l-aya yf)a
21
{ h-l-:g(h—ayayxayf)a ( )

where f and g are arbitrary functions of their arguments.
As an invariant approximation of (20) we can choose the equation

2 1
m(@/x —yz)=1F (y, 5(:% + yx))

on the regular lattice h_ = hy = h = const.

Remark: a regular lattice is not necessary; one can choose any nonregular lattice of type (21).
Two—parameter groups G

There are two substantially different two—parameter groups [11].

a) The group with infinitesimal operators

X1= Xo = == (22)
corresponds to the invariant equation

y' = F(y), (23)

where F' is an arbitrary function.
The expressions
hy, hoy Yo, Yz

form the whole set of difference invariants of operators (22). The general form of the invariant
model can be written as



Yo = [ (h=,yz);

(24)
h+ =9 (h—ayf)'
As an invariant approximation of equation (23) we can choose
2 1
(Y —yz) = F | s (¥ z
h++h_(y Yr) (2(3/ +y))
on uniform grid i = hy = h.
b) The group with operators
0 0 0
X = —; Xo=o— — 25
1 By’ 2= T + y@y (25)
yields the following invariant equation
1 1 /
y'=r), (26)
for an arbitrary function F'.
Finite—difference invariants of the operators (25) are
h_|_ xr
K’ K’ Yz, Yz
and the invariant model can be presented as
z
(27)

xr
h+ = h—g (h_a yx) .

As an invariant approximation of (26) we can take

2
hy+h_
on the uniform grid h_ = hy = h.

(Yo = y) = éF (%(yx + yx))

Three—parameter groups G

There are five different three-dimensional groups which have invariant second—order differential
equations.

a) The group with operators

09 _ 09 _ 29 00
X1_3x+3y’ Xz—l‘ax-l-yay, Xz== 6x+y oy (28)
has
! ! ] 12
J 422 +CY'Vy +y _0 (29)

r—y
as the general form of invariant equation. This equation can be obtained by variation of the
Lagrangian function

CCY+ Ay +C

- 2(z — y)



It is easy to check that the operators (28) represent variational symmetries of the Lagrangian:

2

Note that X35 is divergently variational symmetry. Applying the Noether theorem (see [5,9]), we
get three first integrals from the Lagrangian :

XsL+ LD(&3) = %(1 —y)=D (g(x — y)) .

VYOV +1 ey +CHL S +y 2y + Cey Sy +v°
le—/:A’ 9 = ; :B’ JSZ ; =(C".
(z =Y (z—y)Vy (z =Y
According to the structure of the adjoint actions
Xi1(X3) =2Xs, X1(Xo) =X,y
integrals J; and Jz can be obtained from the basic integral Js (see [9]):
Xl(Jg) = 2J2, Xl(Jz) = Jl.
The following difference invariants for the set of operators (28) exist:
Il = ) 12 = ) I3 = T 7
(z —y4) (24 — ) (z —y-)(x- — ) r—y ho+hy

With help of these invariants we get the following form of a discrete model which is invariant
for the whole set of operators:

(x—y)f <(x - y]f(y;_ - y))

. : +h+f<(x—y]jz)(y;——y));

hy = " <1_g <($—y]i2;)(y;— —y)))

_xh%erg ((x—ylf(y;— —y))

As an invariant discrete model we can consider the equation

1 1 c 2
(ﬁl—fs_\/gg) —5(\/E+ Iz)
h3ys rt—y hy+h h? yz y—x h_ +hy _
(z—y)er -y o~y hy (z—y)e-—y)y—ay h-
2
_C ¢ hZ Yo +¢ h? ye
T2\ @—y)(er—y) V(- ) (e —y)

hiy h? yz
+ Yz —Yz 2

= =&, 0<6<< 1.
(z—ys)(er —y)  (z—y-)(e- —v)

T+
t+hy—y

or

on the invariant grid




To consider a variational model we choose the Lagrangian

o Cye +4/ys +C
2\/(x = y)(z+ —y4)
This Lagrangian is invariant with respect to the operators X; and X5, but is not invariant with
respect to the operator Xs:

X1L+LD(&)=0;
+h

XoL +LD(&2) =0;
+h

¢ D
/(e = y)(eg —yg) +h

By means of Norther’s theorem we get the following quasi extremal equations for the La-
grangian

Xal +LD(6a) = ((y—2)?).

i L CHw)? L Ot
Jy VE =y —ys)  V0e- —y-) (e —y)
1 Cyo +4/¥z +C Cyz +4/yz + C _ 0.
"oy (\/(:v—y)(x+ —y+)h++ Vi —y—)(x—y)h_) - (31)
i o CHnm L, CHAE
Sz Ve =yl —ys) V(@ —y-)(z—y)

1 Cy, +4/y: + C Cys +4/yz + C
— h.|_ + h_ = 0;
2@ = \Ve-9)lr—p) Vo -y )@ —y)

There are only too independent difference first integrals which hold on the quasi extremal equations

(31)
Yo + C\/Ys + 1

11: :Aha
Ve =) (zs —y4) V0
Ttz rytr+y+ +
e + O y y+\/y_x—|-y Y+
L= —2 4 2 _pgh

V=) (s —yi) Vo

Note that X;(J2) = . The complicated form of the first integrals I; and I does not allow us
to express the general from of the solution for the discrete model specified by the quasi extremal
equations (31). In the differential case the first integrals yield the continuous solution

(BO—AOy— %) (A%—BO— %) =1,

B 1 28" —C
Y= ABY Oz A%y T 240

Remark This function is a solution of (29) if a square root of the first derivative is chosen as

or

V=g
BY + C/2— A%

b) For the operators



d d d d d
Xi=2  Xo=2o—+y-— Xg=a"— —; 32
= M=ulirls xe=olawl (52
there is an invariant equation
y' =y3 (33)
This equation can be obtained from the Lagrangian function (see [3]):
1
L=y?— —, 34
" (34)

which admits all operators as variational symmetries:
XlL —|— LD(gl) = 0,
XZL + LD(&Q) == 0,

XsL+ LD(&3) = 2y'y = D(y?).
There are the following first integrals

l,Z

1 x
ley/2—|—y—2:A0’ Jz:Qy—z—?(y—y’x)y’:?Bo, ngy—2+(y—xy’)2:(10.
The structure of action of the adjoint Lie algebra

X1(X3) = Xo; Xi1(X) =2X,

allows us to find all integrals from the basic integral Js:

Xl(Jg) :Jz; Xl(Jz):le.

The finite—difference invariants of (32) are

h h_ 1 1
—+a ) y2 <_ + _) .
Yy+ yy- hy = h_

With the help of these invariants we get the following form of discrete model which is invariant

for the whole set of operators:
h h_
yp = —f (—)
) Yy-

h_y?

h_|_ =
h_
yy-

Below we construct discrete analogs of the Lagrangian and all integrals. Let us consider the

discrete Lagrangian function
1
e=(--1) (36)

(35)

which admits all operators (32):



The Noether theorem gives us the following Euler equations for this Lagrangian

oL I h_
S 2 Yo —Yz) = )
dy ( ) Vs Yy-
(37)
oL 9 1 9 1
— 1 W)t —=(yz)"—— =0
5o ) Y+y 2 Yy-
On these equations we have conservation of first integrals
1
L = yxz — = A"
Yy+
rtay 2 h
I = — Y+ yp)ye + (2 +24)y” =287,
Yy+
2
Iy = 2T <y+y+ _ l“i'l‘+yx) —ch
yy+ 2 2
As in the continuous case the discrete first integrals obey relations
Xl(Ig) :Iz; Xl(Iz) :2[1
If we denote
h_
= =g,
yy-
then it is easy to find the general solution of (37) by means of integrals:
h h hy2 €?
Ayzz(Ax—B)+1—§. (38)
This solution differs from the exact solution of the original equation (33)
AOyZ — (on _ BO)Z 4 1’
by %2. Notice that the estimation is homogeneous.
The second equations of system (37) can be solved for hy:
hy
yry
that gives us as a discrete model for (33) equation
I h_
2 —yz) = 39
( ) v+ VY- 39)
on the invariant nonregular lattice
h_ h
— =t —s  O<exl (40)
yy- Yy+

In this case the first equation of system (37) can be considered independently in the form:

yry-(2 =€) = ylys +y-),

which is a one-dimensional mapping.

It is interesting to note, that the nonregular lattice (40) can be straightened, i.e. there exists
a change of variables, ' which transforms this lattice into uniform one. This transformation is
nonlocal:

1 This exchange was found by M.Bakirova

11



b
P e ¥ =slo), “

where h =14 —t =1 —1_ is a regular step along the new independent variable . The transform
(41) change the equation (39) into the following difference equation

(2 o 1
vy ) v
on a regular mesh for ¢.

In the continuous limit the transform (41) has the following non-point counterpart

de = y*dt, w(t) = y(z),

which transforms (33) into

¢) For the operators
n=2 =2 x—elt@en (42)
1= 5 2= 3=, y@y’

there is an invariant equation

y' = Cexp(—y). (43)

One can find a Lagrangian

L =exp(y') + Cy, (44)

which admits X; and X5 as variational symmetries:

XsL+ LD(&s) = 2exp(y') + C(2y + ) # 0.
It is possible to show that there is no Lagrangian which admits all operators as variational symme-

tries. Two different variational symmetries will give two functionally independent first integrals,
that is enough to integrate a second-order ODE.

Lemma There is no Lagrangian function L(z,y,y’) which gives (43) as the extremal equation
and is divergently invariant with respect to the whole set of symmetries (42) .

Proof If it is not so, then there must exist a Lagrangian L(x,y,y’) which is divergently invariant
for set (42):

X(L) + LD (§) = Do(B(w,y)) = B (2, y) + By(2,y)y/

with some functions B(z,y) which are different for different symmetries. Thus we have

9 1 1
3_93L = B (z,y) + By(z, y)y';

0
%L = BZ(x,y) + B;(x, vy

P o0
gyt @t ug Lt 5oL+ L= Biey) + Byla,u)y

12



Note that the right hand sides of the equations are linear with respect to 3. It gives us

3L _0
92y ox

3

0°L o,
0%y’ dy

9L +(+)33L +83L+82L 0
T—— 4+ (x =0.
EEEr ygzy/gy By oy

We found that the solution of this system has the form

L(z,y,y) = A(z,y) exp(—y') + B(z,y)y + C(z,y)

It is trivial to show that Lagrangian of this form can not give equation (43) as the extremal
equation. a

With the help of Noether’s theorem we derive the following first integrals from the Lagrangian
(44):

Ji=exp(y)(1 —y') + Cy = A%
J2 = exp(y') — Cx = BY.
We have the following difference invariants for the operators (42)

hy |
. Yz — Yz, h exp (yx) .

The general form of the invariant model can be written as

Yo=Yz + [ (i exp (yx));

h_
(45)
1
hy =h_g | ;—exp (yz) |;
As an invariant difference approximation of (43) we can consider equation
m (exp (yx) —exp (yz)) = C
on some invariant lattice, for example hy = h_.
Let us choose a difference Lagrangian in the following form:
_|_
L= (exp(yx)—l—0y+2 y) ,
for which
XiL+LD(&) =0,
+h
XoL + ED(€2) =(C= D(Cl‘)
+h +h
Then the variations of £ yield:
oL
=, —(exp (y) —exp (32)) = C,
5y i (exp (yz) — exp (yz))
(46)
6L Y+ +y y+y-
5 exp(yx)(yx—1)—C+T+exp(yf)(1—yf)+CT:0.

13



Because the Lagrangian is invariant with respect to the operators X; and Xs, Noether’s theorem
gives the first integrals

y++y:Ah’

I =exp(yr) (1 —y2) +C 5

ry + o
2

Iy =exp(ys) = C = B".

Let us denote

h_exp(—yz) =&, &= const,

for initial points, then the quasi extremal equations (46) can be integrated with the help of the
first integrals

B+ Cux B" + Cx B+ Cx B" + Cx A
() (- (=) ) v (vree () (F557) ) =

that corresponds to the solution of the continuous equation

(B + Cz)(1 = In(B° 4 Cx)) + Cy = A°.

or

y=(B"/C + x)[In(B° + Cx) — 1]+ A°/C,

where A% and BY are arbitrary constants.
The solution (47) exists on the spacing given by the system of quasi extremal equations (46).
This system gives space points x; and values of the function y; in these points. These values will

obey (47).
d) For the set of operators
d d d d 1

X = —; Xy = —: Xy =x—+ ky— k#£0,-,1,2 48
1 6l" 2 8y’ 3 $6I+ yay’ 7é a2a 5 ( )
there is an invariant equation of the form
Y k=2
y' ' =Cy k-1, (49)

This equation can be obtained from the Lagrangian

(k—1)°
k

which admits X; and X5 as variational symmetries:

L= (W)F=T +Cy (50)

XsL+ LD(&5) = (k+ 1)L #0.

As in the previous point it is possible to show that there is no Lagrangian which is divergently
invariant with respect to all three symmetries.
With the help of Noether’s theorem, first integrals
(1—#k) -

k
h= )T £ Cy =A% = (k= )(y)FT - Ca = B

can be obtained.

14



The finite—difference invariants of (48)

hy 1=k
ot xh—( )
n Y.

’ yfh—(l_k)

gives us the general form of the invariant model for the operators (48):
go = h-7DF (goh U70);
(51)
hy=h_g (yfh_(l_k));

As a discrete approximation for (49) we can take the equation

A= ()P - )P ) =0

on the invariant lattice hy = h_.
We can also construct difference analogs of Lagrangian (50) and first integrals. We choose

ﬁ:(Q%@Q%W%+cﬁgﬁ)

as a discrete Lagrangian:

X1L+LD(&) =0,
+h

X2£+£D(€2) =(C= D(Cl‘)
+h +h

Applying Noether’s theorem, we get quasi extremal equations

oL 2(k -1 1 1
o o (7 - 7T ) =
52
oc  (k—1) ( )k’%l_(f),fj oty oyt .
S i Yo Yz 5 5 =Y,
on which there are the following first integrals
=k Ay Yy
1
I = (k= 1) ()T - D =

Let us denote .
(yf)ﬂ ho =2(k—1)e

for the starting points of computations. In this spacing we can find the solution of the quasi
extremal equations

(k=11 -Co)f

k+1 =
+Ck+ 1)e B 1 o) ,

1( 1 )W*N3h+cmk (53

S (1— Ce)F

k
corresponding to the continuous solution of (49)

1 1 (k=) 0 k 0

The solution (53) exists on the grid defined by system (52).
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e) The last case of three—parameter groups is defined by the operators

0 0

The corresponding invariant equation is:
y" = C(1+ ()?)?? exp(k arctan(y')). (55)
There are two first integrals

exp(—karctan(y')) 1 + ky/ A0 p,—
TR

exp(—karctan(y’)) v — k —Cr=R°

h=Cu+ 1+ ()2 1+ k2

which correspond operators X; and Xs.
There are the following finite—difference invariants for the operators (54):

hi/ 1+ y2 exp (karctan y, ), h_+/1 + y% exp (k arctan yz), (arctan(yy) — arctan(yz)).

The general form of the invariant model is

arctan(y,) = arctan(yz) + f (h_ \/1+ yZexp (k arctan(yx))) :

hy =/ 14+ y2 exp (—karctan(y,))g (h_ \/ 1+ yZexp (k arctan(yx))) :

As an invariant discrete model for (55) we can choose the discrete equation

2 ¢ = IT
;Ei/r - hy_) = ™ fh_ (14 ypyz) <h+\/1 + y2exp (karctan(yy)) + h_v/1 + y2 exp (k arctan(yx)))

on the grid

exp (—k arctan(y,)), ho= - exp (—k arctan(yz)), 0<exl.

&
V1+y? V14 y2

The solution in the continuous case can be presented in an implicit way

h+:

(AO - Cy)k + (BO + Cx) 5 0 2 0 2 _
exp (kamtan((AO—Cy)—(BO—I—C'J:)k)) V1+k \/(A —Cy)*+(B"+Cx)"=1 (57)

Consideration of the groups of this case with arbitrary parameter & is difficult. We consider
the Lagrangian formulation only for the value k& = 0.
For this value of the parameter we have the group

and the corresponding invariant equation

¥ = O+ () (59)

can be obtained from the Lagrangian
L=V1+({)+Cy (60)
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which respects all symmetries:

YoL + LD(€3) = C = D, (Ce);

With the help of Noether’s theorem we get first integrals

1 y/ Y — l‘y/ xZ + yZ
J = ———+Cy, Jy = ———u — (u, Js = .
/1 + (y/)z /1 + (y/)z /1 + (y/)z 2

According to the structure of adjoint actions

X1(X3)=-Xo, Xo(X3)=Xi

integrals J; and Js can be obtained from the basic integral Js:
X1 (J3) = —=Ja, Xo(J3) = J1.

In the discrete case we can choose Lagrangian

L= <\/1+yg+cy+;y) (61)

which admits all operators (58):

XL+ ED(&) =0,
+h

XoL+LD(&) =C = D(Cr),
+h +h

y? — 2
X5+ LD(Es) = D (c )
+h +h 2

The Noether theorem gives us the following Euler equations for this Lagrangian

6_[’, 2 Yz _ Yz —C
5y hy +ho \ /1442 J1+y2 ’

oL 1 1 _
) _ y+—|—y+ +Cy+y —0.

e Ty 2 Vitw 2

On these equations we have conservation of the first integrals

1 Yt +y Yo Tyt

I = C PR - - - B
1—|—y§+ 7 h 2 T—I—yﬁ 9 h
1 Y+ +y  rqptx Y+y | T4
Is = - 2 ) +C( )=c
3 ,/—1+yg< 2 y V)Tt "

For discrete first integrals we have the same relations

X1(I3) = —1Ia, Xo(Is) =1

as for continuous ones.
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&

V1+y2

first integrals. We get the solution

If we use the notation hy = , then the system (62) can be integrated by means of the

2
(Ap — C’y)2 + (By + Cl‘)z =1+ (%)

on the grid defined by (62). If we compare this solution with the solution of the original differential

equation corresponding to k = 0 (given by (57)), we note that the difference is equal to (%)2

Eight—parameter groups Gjs

Up to equivalence transformations there exists one eight—parameter group with operators

0 0 0
X1 =— = — = Xo=ao— =y—
1= 50 2 dy’ 3 908 ) 4 908 ) 5 y@x’
(63)
0 0 0 0 0
Xo = y— X7 =a2?— — Xs=2y— +y" —
6 y@y, 7 x@x—i_xy@y’ 8 l‘y@x-l-y@y
which has an invariant equation
y' = 0. (64)

It is important to note that equation (64) is only an invariant manifold for the operators (63) and
it can not be expressed in terms of invariants (there are no invariants in the space (z,y,y',y") for
the operators (63)).

In the finite-difference subspace (z,hy, h_,y, y4, y—) there are no invariants as well. There is
only one invariant manifold

Yo — Yz = 0. (65)

The invariant mesh can be expressed by a duplicated equation but in other variables:

(66)

Concluding remarks

We have presented the whole set of invariant models among second—order difference equations,
that corresponds to Lie’s classification of second—order ODEs [11]. We believe that existence of
other invariant difference models which have no continuous counterparts is very unlikely, although
theoretically possible.

Incorporation of a mesh equation into the discrete model is an essential part of our approach.
Not considering both equations (one equation represents a difference analog of the continuous
equation from Lie’s classification and the other yields a mesh) it would not be possible to construct
discrete counterparts of Lie’s equations. Indeed, without the lattice equation and transformations
of independent variables it is possible to consider only one-variable groups. The only finite—
dimensional groups which can be realized in this case up to an arbitrary change of variables are
the group generated by the operators (see [12])

0 0
= — Xo = y— Xa = 2 7

6y ’ 2 Y 6y ’ 3 Y 6y
and 1ts subgroups, since there exist groups G'1, G5, G only. This set of groups definitely does not
correspond to Lie’s group classification of second—order ODEs.

Xy
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Appendix

Table 1. Group classification of second—order equations

2

Group | Equation Mesh
G ¥ :i y”:F(y y/)
1 1 6l‘ )
_9 _9 R
a’) X1_8$’ XZ— 6y Y _F(y)
Gs
_9 _,9..9 R
b) Xl_@ , Xz_xax—i—y@y Yy _xF(y)
—i i — i i _ ZQ Zi 1" y’+Cy’\/37—|—y’2_
W | Ki=gp Ty MeTig Ty M Trg vy, v, =
0 0 0 50 0 P
b) Xl—ﬁx, X2_2x6x+y3y’ Xs== ax-i-l‘yay ¥y =y
Gs | ©) X1:i Xz_i Xs=o—+(r+y)— y' = Cexp(—y)
dz’ dy’ T 9
0 0 0 0 1 " =2
d) Xl—ax, Xz—ﬁy, X3—l‘8x+k’yay, k¢0,2,1,2 Yy _Cy
e) X1:i Xzzi Xg_(kx—i—y)i—l—(ky—x)— y”:C(1+(y/)z)?’/zexp(karctan(y/))
dz’ dy’ dx y
0 0 0 0 0
Xl_ﬁ_x’ Xz—%, Xs—l‘%, X4—l‘8—x, X5 Urme
GS y//:0
0 0 0 0 0
Xe=y—, Xr=a>- — X e
6 y@y’ 7= 6x+xy3y’ 8 y8x+y By

2S.Lie carried out the classification in the complex space, using complex substititions and complex bases of
algebras as needed. Therefore his classification does not contain the point G3 €).
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Table 2. Group classification of second—order difference equations and meshes.

Group | Equation Mesh
2 1
r — Yz) = F )y o \Jz T h_=h
Gy h++h_(y yz) (y 5 (v +y)) +
2 1
a) Ty + he (yo —yz) =1 (5(% + yx)) ho =hy
G
2 1 1
b | (e — ) = 2 F ( Lo+ v ho=h
) h++h_(y va) = — (2(3/ +y)) +
hiyz r—y hyth_ h? ysz y—x h_4hg _ hiyx 9
(e—y)(e4-y) v~y hy (e—y-)o_-y)y—o4 h_ - EERIE 9 =",
— i)z —
a) , .
_ g hiyr h? ysz —Yz _ 62
=3\ Ene—w T\ e (x—y-)(z- —y)
hy h_ h~ ht
b 2 r — Yz) = —5— —_— = —=¢
) | 2we ~ e) Y+ Y- yy- Y+
Gz |c)| ———(exp(yz) —exp(yz)) = C hy =h_
| )| G e ) = e ) .
2k — 1) 1 1
kS 1 —(y-)F-1 ) = =
3| =D (0P T - )P ) = by =
2 (Yr — ¥s) hy = exp (—k arctan(yy;))
— 1 Yz + P Yz)),
S| e o (T uawe) X 1+ 42
e
€
X (h+\ /1 + y2exp (karctan(yy)) + h—+/1 + y2 exp (k arctan(yf))) h_ = \/T—yg exp (—k arctan(yz))
h_ h
Gs Yo — Yz = = +
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