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Abstract

The method of Magnus series has recently been analysed by Iserles & N�rsett

(1997). It approximates the solution of linear di�erential equations y0 = a(t)y in

the form y(t) = e�(t), solving a nonlinear di�erential equation for � by means of

an expansion in iterated integrals of commutators. An appealing feature of the

method is that, whenever the exact solution evolves in a Lie group, so does the

numerical solution.

The subject matter of the present paper is practical implementation of the

method of Magnus series. We commence by brie
y reviewing the method and

highlighting its connection with graph theory. This is followed by the derivation

of error estimates, a task greatly assisted by the graph-theoretical connection.

These error estimates have been incorporated into a variable-step fourth-order

code. The concluding section of the paper is devoted to a number of computer

experiments that highlight the promise of the proposed approach even in the

absence of a Lie-group structure.

1 Introduction

The subject matter of this paper is the solution of linear equations by the method
of Magnus series and, in particular, the practical issues of error control and step-size
selection in the implementation of the aforementioned technique.

It has been known since at least the turn of the century that the solution of
y0 = a(t)y, y(0) = y0 (where a(t) might be a matrix or a linear operator) can locally
be represented in the form y(t) = e�(t)y0, where � obeys a certain nonlinear di�erential
equation. An important advantage of this representation is apparent when y0 2 G,
where G is a Lie group, while a(t) : R+

! g, where g is the Lie algebra of G. In that
case �(t) 2 g for all t � 0, therefore y(t) 2 G, t � 0. This is an important qualitative
feature of the solution and its retention under discretization is sometimes essential
and often desirable.
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Unlike G, the set g is a linear space, therefore it is a more suitable framework for
discretization. Solving for � 2 g provides a promising avenue toward the recovery of
a Lie-group structure.

The solution of � has already been considered by a number of authors. In partic-
ular, Magnus (1954) demonstrated that � can be represented as a speci�c expansion
in integrals of commutators, but he neither proved convergence nor elucidated a gen-
eral recursive tool for the derivation of this expansion. Both tasks have recently been
accomplished by Iserles & N�rsett (1997).

The purpose of the present paper is to pursue a number of computational issues
that arise from (Iserles & N�rsett 1997) and, in particular, to shed light on error
control in a practical implementation of Magnus series. There are three sources of
numerical error in the method and each requires separate treatment:

1. Truncation of the in�nite expansion;

2. Discretization of multivariate integrals; and

3. The approximation of a matrix exponential.

This paper addresses itself to the �rst two sources of error and our underlying assump-
tion is that the exponential is evaluated correctly to machine accuracy. The reason
for this assumption is that the familiar rational approximants to the exponential in
general fail to map g into G. New approximation methods are under intensive investi-
gation and it is our hope that, in fullness of time, they will prove themselves e�ective
in approximating the exponential without straying o� the Lie group G. Yet, for the
time being, we concentrate on numerical errors committed in the Lie algebra g.

In Section 2 we brie
y review the method of Magnus series, in particular paying
attention to its algorithmic aspects. Section 3 is concerned with the estimation of
numerical errors in the truncation of the in�nite expansion and in the replacement
of multivariate integrals by quadrature. Finally, in Section 4 we present a number of
computer experiments. Our numerical results a�rm that the error control mechanism
is e�ective. However, perhaps their most striking consequence is that, in line with
(Iserles & N�rsett 1997), they indicate that the method of Magnus series is competitive
with classical schemes even when the conservation of Lie structure is not at issue.

2 The method of Magnus series

2.1 The Magnus expansion

Iserles & N�rsett (1997) have recently considered the solution of the matrix di�erential
equation

y0(t) = a(t)y(t); t � 0; (2.1)

with initial condition y(0) = y0 2 G, where G is a Lie group with Lie algebra g and
a : R+

! g. In that case it is well known that y(t) 2 G for all t � 0, a qualita-
tive feature that, arguably, should be retained under discretization or approximation.
They developed a general technique, called the Magnus series method, which can be

2



employed as either a numerical or a perturbative solution scheme of (2.1). As Magnus
(1954) noticed, the analytical solution of (2.1) can be written in the form

y(t) = e�(t)y0; t � 0;

where � : R+
! g, is an in�nite sum of elements in g,

�(t) =

Z t

0

a(�) d�+
1

2

Z t

0

�
a(�);

Z �

0

a(�) d�

�
d�

+
1

4

Z t

0

"
a(�);

Z �

0

"
a(�);

Z �

0

a(�) d�

#
d�

#
d� (2.2)

+
1

12

Z t

0

��
a(�);

Z �

0

a(�) d�

�
;

Z �

0

a(�) d�

�
d�+ � � � :

This function is, as shown by Hausdor� (1906), the solution of the implicit di�erential
equation

1X
k=0

(�1)k

(k + 1)!
adk(�0; �) = a; t � 0; (2.3)

with �(0) = 0 and

adk(p; q) =

�
p; k = 0;

[adk�1(p; q); q]; k � 1:

To arrive at (2.2), Magnus recognized that (2.3) can be transformed to the explicit
form

�0 = a+ 1
2
ad(a; �) +

1X
k=1

B2k

(2k)!
ad2k(a; �);

where Bm, m = 0; 1; : : : , are Bernoulli numbers. The idea behind Magnus series
methods is to truncate (2.2) and evaluate the terms in a clever and computationally
e�cient manner.

Iserles & N�rsett (1997) presented a general device that identi�es expansion terms
in (2.2) with rooted trees, thereby allowing for their recursive evaluation and analysis.
Before embarking on a brief survey of the theory in (Iserles & N�rsett 1997), we note
for future reference that the �rst few terms of the Magnus expansion of �0 can be
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written in the form

�0(t) = f0a(t) + f0f1

Z t

0

[a(t); a(�)] d�

+ f20 f2

Z t

0

Z t

0
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Z �
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d� d�
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0
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Z �

0
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d� d� d�
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�
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d� d� d�

+ f20 f1f2

Z t

0

Z t

0

Z �
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�
[a(t); a(�)] ; [a(�); a(�)]

�
d� d� d�

+ f30 f3

Z t

0

Z t

0

Z t

0

h�
[a(t); a(�)] ; a(�)

�
; a(�)

i
d� d� d� + � � � ;

(2.4)

where fm, m = 0; 1; : : : , are the coe�cients in the expansion

f(z) =

1X
m=0

fmz
m =

1X
m=0

Bm

m!
zm + z

= 1 + 1
2
z + 1

12
z2 � 1

720
z4 + 1

30420
z6 � 1

1209600
z8 + � � � :

The association between expansion terms in (2.4) and rooted trees is as follows.
The function a(t) is associated with the trivial order-one tree, a relationship which is
denoted by

a � �:

Given two expansion terms, q1(t) � �1 and q2(t) � �2, we associate

h
q1(t);

R t

0
q2(�) d�

i
� s

s�1

�2

@
@
�
�
:

It has been shown in (Iserles & N�rsett 1997) that all the expansion terms in (2.4)
can be obtained in this fashion. Association between the �rst terms in (2.4) and trees
is displayed in Table 1.

A term with m integrals corresponds to a tree with 3m+ 1 vertices (cf. Table 1)
and it is possible to prove that, for m � 1, it is of the order of magnitude O

�
tm+1

�
for every su�ciently smooth function a. Recall that we are expanding �0. To recover
� requires another integration and the order of magnitude increases to O

�
tm+2

�
. Let
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Expansion term magnitude tree notation
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R �

0
a(�)]] O

�
t3
�

s

s s

s

s s

s

@�

@�

[�; [[�; [� ]]]]

[a(t); [[
R t

0
a(�);

R �

0
a(�)];

R �

0
a(�)]] O

�
t4
�

s

s s

s

s s

s s

s

s

@�

@�
@�

[�; [[[�; [� ]]; [� ]]]]

[a(t);
R t

0
[a(�);

R �

0
[a(�);

R �

0
a(�)]]] O

�
t4
�

s

s s

s

s s

s

s s

s

@�

@�

@�

[�; [[�; [[�; [� ]]]]]]

[[a(t);
R t

0
[a(�);

R �

0
a(�)]];

R t

0
a(�)] O

�
t4
�

s

s

s s

s

s

s

s s

s

@�
@�

@�

[[�; [[�; [� ]]]]; [� ]]

[[a(t);
R t

0
a(�)];

R t

0
[a(�);

R �

0
a(�)]] O

�
t6
�

s

s

s s

s

s

s

s s

s

QQ ��
@�

@�

[[�; [� ]]; [[�; [� ]]]]
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Table 1: Expansion terms, their orders of magnitude and the associated trees.
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�m denote a truncated Magnus expansion, that excludes terms that correspond to
trees with number of vertices exceeding 3m+ 1. It follows that

e�m(t)y0 = y(t) +O
�
tm+2

�
and we obtain an order-(m+ 1) numerical scheme (Iserles & N�rsett 1997).

As a matter of fact, terms corresponding to trees with 3m + 1 vertices might be
of higher order of magnitude, the eighth term in Table 1 being a case in point. It is
possible to use graph theory in a more subtle manner, to identify exactly the order of
magnitude of each term and this will be a subject of a forthcoming paper.

When implementing tree-manipulation routines in a symbolic computer algebra
program it is convenient to use a variant of the Butcher tree notation (Butcher 1987).
We again associate a(t) with the single-vertex tree, denoted by � . A bracket with
a single argument denotes integration, while a bracket with two arguments denotes
commutation of the arguments. Thus, for example,

a(t) � � � �;
h
a(t);

R t
0
a(�) d�

i
� s

s s

s

@@ �� � [�; [� ]]

and

hh
a(t);

R t
0
a(�) d�

i
;
R t

0
a(�) d�

i
� s

s s

s s s

s

@@ ��
@@ ��

� [[�; [� ]]; [� ]]:

The coe�cients f0; f0f1; f
2
0 f2; f0f

2
1 : : : in (2.4) can be computed recursively, once

the association between expansion terms and trees has been established. To this end,
and also to assist in symbolic manipulation, we say that a standard form of a tree is
the unique representation

s

ss

ss

s
s

s s

@
@

@

��

![1]

��

![2]

��

![3]

@@ ��

![r]

��
��
�

�
���
� � �

�
�;
�
![r]

��
; � � � ;

�
![3]

��
;
�
![2]

��
;
�
![1]

��
; (2.5)

where ![1]; ![2]; : : : ; ![r] are lower-order trees.
The Magnus expansion of � is

�(t) =

1X
k=0

X
!2T3k+1

�(!)

Z t

0

H!(�) d�; (2.6)
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where Tm is the set of all trees with m vertices, H! � ! and the coe�cients �� have
been obtained by means of the standard form (2.5),

�(�) = 1;

�(!) = fr

rY
i=1

�(![i]):

2.2 Multivariate quadrature

Occasionally, e.g. when the components of a(t) are polynomials, it is possible to eval-
uate all the necessary integrals in (2.6) explicitly, preferably by a symbolic algebra
programme. However, in most realistic cases practical implementation of Magnus
series requires the replacement of integrals by quadrature.

In general, performing multivariate quadrature is costly and requires an excessive
number of function evaluations. This task is further aggravated by the need, evident
in (2.4), to approximate a large number of integrals in di�erent simplices of increasing
dimension. It is fortunate, therefore, that the special nature of the integrands and the
domains of integration allows for very considerable savings (Iserles & N�rsett 1997).
As a matter of fact, an order-p method requires just b(p+1)=2c function evaluations,
which can be reused in all the quadrature formulae!

All the integrals in (2.6) need be evaluated over simplices of the form hS, where

S =
�
(t1; t2; : : : ; tm) : 0 � tj � tij ; j = 1; 2; : : : ;m

	
;

where t0 = 1 and ij 2 f1; 2; : : : ; jg, j = 1; 2; : : : ;m. For example,

I1 =

Z h

0

a(t1) dt1 : S1 = f0 � t1 � 1g;

I2 =

Z h

0

Z t1

0

[a(t1); a(t2)] dt2 dt1 : S2 = f0 � t1 � 1; 0 � t2 � t1g;

I3 =

Z h

0

Z t1

0

Z t1

0

[[a(t1); a(t2)]; a(t3)] dt3 dt2 dt1 : S3 = f0 � t1 � 1; 0 � t2; t3 � t1g;

I4 =

Z h

0

Z t1

0

Z t2

0

[a(t1); [a(t2); a(t3)]] dt3 dt2 dt1 : S4 = f0 � t1 � 1; 0 � t2 � t1;

0 � t3 � t2g:

Moreover, the integrand is, in each case, a function of the form

L
�
a(t1); a(t2); : : : ; a(tm)

�
;

where L is multilinear. It has been proposed in (Iserles & N�rsett 1997) to use the
quadrature formulaZ

hS
L
�
a(t1); : : : ; a(tm)

�
dtm � � � dt1 � hm

X
l2C�

m

blL
�
a(hcl1); a(hcl2); : : : ; a(hcl� )

�
;

(2.7)
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where c1; c2; : : : ; c� are distinct points in [0; 1] and C
�
m is the set of all the combinations

of m-tuples from the set f1; 2; : : : ; �g. The weights bl can be evaluated explicitly by
the formula

bl =

Z
S

mY
i=1

�i(tli) dtm � � � dt1; l 2 C�
m;

where �k 2 P��1[t] is the kth cardinal polynomial of Lagrange interpolation at the
nodes c1; c2; : : : ; c� .

The usefulness of the quadrature formula (2.7) is underscored by a theorem from
(Iserles & N�rsett 1997). Suppose thatZ 1

0

tk�1c(t) dt = 0; k = 1; 2; : : : ; s;

where

c(t) =

�Y
i=1

(t� ci):

Then the quadrature formula (2.7) is of order � + s. In other words, the order of the
above multivariate quadrature is exactly the same as of the classical univariate quadra-
ture with the same nodes. In other words, choosing c1; c2; : : : ; c� as Gauss{Legendre
quadrature points in [0; 1] results in order 2� in (2.7) for all integrals necessary for
the evaluation of truncated Magnus series.

As an example, let

a1 = a
��

1
2
�

p
3
6

�
h
�
; a2 = a

��
1
2
+

p
3
6

�
h
�

be the nodes of the fourth-order Gauss-Legendre quadrature in [0; 1], whence we obtain

I1 �
1
2
h(a1 + a2);

I2 �
p
3
6
h2[a2; a1];

I3 � h3
h
[a2; a1];

�
3
80

+
p
3

16

�
a1 �

�
3
80
�

p
3

16

�
a2

i
I4 � �h3

h�
3
80
�

p
3

48

�
a1 �

�
3
80

+
p
3

48

�
a2; [a2; a1]

i
:

(2.8)

Although the quadrature formula (2.7) leads to remarkable savings in the number
of function evaluations, it might result in considerable cost of linear algebra, since the
number of terms in the sum behaves like �m and the computation of each such term
requires m� 1 commutators. However, very considerable reduction in the expense of
linear algebra takes place when the special structure of the Lie algebra g is taken into
account. We refer the reader to (Iserles & N�rsett 1997) and to the forthcoming paper
of Munthe-Kaas & Owren (n.d.) for details.

To conclude this section, we combine the Magnus expansion (2.6) with the afore-
mentioned multivariate quadrature to present a fourth-order method for the solution
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of the di�erential equation (2.1),

a1 = a
�
tn +

�
1
2
�

p
3
6

�
h
�
; a2 = a

�
tn +

�
1
2
+

p
3
6

�
h
�
;

�n = 1
2
h(a1 + a2) +

p
3

12
h2[a2; a1];

yn+1 = e�
n

yn:

(2.9)

In Section 4 the method (2.9) is designated as MG4, to distinguish it from the other
two methods therein.

The method (2.9) di�ers from the fourth-order method in (Iserles & N�rsett 1997),
since the latter has an extra term,

�n = 1
2
h(a1 + a2) +

p
3

12
h2[a2; a1] +

1
80
h3[a2 � a1; [a2; a1]]:

On the face of it, the extra term is required, since it caters for the O
�
h4
�
terms

in the Magnus expansion. More careful analysis, however, reveals that it can be
discarded with impunity. This is a special case of a result which is discussed in (Iserles,
N�rsett & Rasmussen n.d.) in a more general framework. Here we justify (2.9) by two
straightforward and alternative observations. Firstly, it is easy to ascertain directly
that h3[a2 � a1; [a2; a1]] = O

�
h5
�
for every su�ciently smooth matrix a. Secondly, it

will be evident by the techniques of Section 3 that although, according to Table 1,
there are two trees which are O

�
h4
�
(and which contribute to the extra term), their

linear combination in the Magnus expansion is O
�
h5
�
.

3 Error control in Magnus series methods

Let us assume that both G and g are embedded in an Euclidean space, hence a�ording
meaning to mathematical operations that combine elements from both sets.

3.1 Truncating Magnus series

The �rst step in converting (2.6) into a numerical scheme is its truncation,

�p(t) =

p�1X
k=0

X
!2T3k+1

�(!)

Z t

0

H!(�) d�; (3.1)

say, where p 2 N . It follows from the discussion in Section 2 that

�p(t) = �(t) + "tp+1 +O
�
tp+2

�
; (3.2)

where " 2 g. Therefore

e�p(h)y0 = e�(h)(Id + "hp+1)y0 +O
�
hp+2

�
= y(h) + "y0h

p+1 +O
�
hp+2

�
:

We deduce that "y0h
p+1 represents the local contribution to the truncation error of

the method.
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In order to derive the error constant " in (3.2), we associate each term
R t

0
H(t) dt

with a rooted tree. The procedure is identical to that of Section 2, except that we
are adding a root to denote extra integration { recall that the association between
expansion terms and trees in (Iserles & N�rsett 1997) refers to �0 while at present we
are dealing with �. Therefore all the trees under consideration have 3m+2 vertices for
some m 2 Z

+. Let us suppose that the function a is su�ciently smooth and consider
its Taylor expansion

a(t) = �+ �t+ � � � :

Let H � H, where

H = s

s

@@��
P

Q

and P � P and Q � Q. If P (t) = p0t
k + p1t

k+1 + � � � and Q(t) = q0t
l + q1t

l+1 + � � � ,
it follows at once that

H(t) =

Z t

0

[P (t); Q(�)] d�

=
1

l + 1
[p0; q0]t

k+l+1 +

�
1

l + 1
[p1; q0] +

1

l + 2
[p0; q1]

�
tk+l+2 + � � � :

In other words, for t! 0

H(t) �
1

l + 1
[p0; q0]t

k+l+1;

unless [p0; q0] = 0, in which case

H(t) �

�
1

l + 1
[p1; q0] +

1

l + 2
[p0; q1]

�
tk+l+2:

Given H � H, we can thus obtain its Taylor expansion (and, more in line with
the purpose of the present section, the leading term in its Taylor expansion) by enu-
merating each `top' vertex (that is, a vertex with no children) by the expansion of the
function a and pruning the tree in accordance with the above construction. Letting
� = [�; �], we �rst observe that the leading term of

�
a(t);

R t

0
a(�)

�
d� is

s

s

@@��
�+ �t

�+ �t

) �
1

2
�t2:

As a notational convention, we henceforth replace the subtree associated with�
a(t);

R t

0
a(�)

�
d� by a fat vertex. It is apparent from Table 1 that there are �ve trees

with eleven vertices (recall that we have added a root to each tree) and these are the
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�

) s
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1
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[�; [�; �]]t4

) 1
30
[�; [�; �]]t5,

s

s

se s

se

@@ ��

� 1
2
�t2

� 1
2
�t2

) s

s

1
12
[�; �]t5

) O
�
t7
�
,

s

s

s

se s

s

s

s

@
@
@

��
��

� 1
2
�t2

�

�

) s

s

s s

s

@@ ��

1
2
[�; �]t3

�

) s

s

� 1
2
[�; [�; �]]t4

) � 1
10
[�; [�; �]]t5.

Table 2: Leading expansion terms of order-11 trees.
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candidates for the error term in an order-4 method. Their leading expansion terms
are displayed in Table 2.

Note that one of the �ve trees with eleven vertices results in an O
�
t7
�
perturbation,

hence need not be considered in our error estimate. This is in line with the estimate
in Table 1. As a matter of fact, the phenomenon whereby the order of magnitude of a
term is larger (often, much larger) than the order of the associated tree is increasingly
prevalent as the order increases. Its analysis will be a subject of a forthcoming paper
(Iserles et al. n.d.).

Another observation from Table 2 is that all the leading error coe�cients are scalar
multiples of the same element [�; [�; �]] 2 g. This can be explained by the analysis
in (Iserles & N�rsett 1997) { in fact, a similar argument can be extended to higher
orders where the number of distinct leading error coe�cients is considerably smaller
than the number of expansion terms.

In a practical estimation of a truncation error we time-step from tn to tn+1 = tn+h,
where h > 0, and wish to estimate " at tn+1. The expansion being about tn+1, we
may estimate a0(tn+1) by a �nite di�erence,

a(t) = a(tn+1) +
a(tn+1)� a(tn)

h
(t� tn+1) +O

�
(t� tn+1)

2
�
:

Therefore

� �
1

h
[a(tn+1); a(tn+1)� a(tn)] = �

1

h
[a(tn+1); a(tn)]

and

[�; [�; �]]h5 � [a(tn+1); [a(tn+1); [a(tn); a(tn+1)]]]h
4:

According to (2.4), the coe�cients in the linear combination of the terms from
Table 2 are 1

24
; 1
8
; 1
24
; 1
24

and 0 respectively. Note, thus, that the last two terms do not
contribute to our error bound: the penultimate because of its own order of magnitude,
O
�
t7
�
, and the last because f3 = 0 means that it does not feature at all in the

expansion. We deduce that the scalar coe�cient is 1
24
� 1

40
� 1

8
� 1

120
+ 1

24
� 1

30
and

our estimate of the truncation error is

1

720
[a(tn+1); [a(tn+1); [a(tn); a(tn+1)]]]h

4: (3.3)

We have already mentioned that, in general, (3.3) represents just one of the two
components that need be taken into account in our error estimate. However, in two
important instances the quadrature error is nil. Firstly, whenever the entries of a(t) are
simple enough (e.g., polynomial, exponential, trigonometric), it is possible to evaluate
all the requisite integrals exactly, possibly with the help of a symbolic algebra package.
Secondly, as long as the entries of a(t) are cubic, all our fourth-order integrals are exact.

3.2 The quadrature error

We restrict the discussion in this subsection to the fourth-order method (2.9), desig-
nated in the next section as MG4. This restriction of generality somewhat simpli�es
the discussion but it is easy to extend our error bounds to methods of di�erent orders.
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Our interest lies in the leading error coe�cient in

~�4(t)� �(t);

where ~�p(t) is the outcome of replacing all the integrals in �(t) by the pth order
quadrature (2.7). Alternatively, we may set in the step tn+1

�?4(t) = �4(t)�
1

720
[a(tn+1); [a(tn+1); [a(tn); a(tn+1)]]]t

4;

the truncation correction of the fourth-order method (2.9) (which itself approximates
� to order �ve), let ~�?4(t) stand for �?4(t) with all integrals replaced by the above
quadratures and consider the leading error coe�cient in

~�?4(t)� �?4(t):

The advantage of the second formulation is that it demonstrates that the quadrature
error depends just on the four integrals that are actually discretized in (2.9), while the
contribution of all the other integrals is subsumed in the truncation error. Letting �

denote the leading error coe�cient, ~�?4(t)� �?4(t) = �t5 +O
�
t6
�
, we thus deduce that

� = �1 +
1
2
�2 +

1
12
�3 +

1
4
�4;

where each �k is the error constant incurred in the quadrature of the integral Ik in
(2.8). The coe�cients in the linear combination follow from (2.4).

Estimation of the error in quadrature formulae is a notoriously di�cult problem
(Cools 1997, Davis & Rabinowitz 1984). The obvious recourse, to use a small num-
ber of extra function evaluations to estimate the error, similarly to the technique of
embedded Runge{Kutta, say, is impossible. We need � function evaluations for a uni-
variate Gaussian quadrature of order 2�, but further �+1 evaluations are necessary to
embed it in a higher-order scheme : : : . Instead, we have opted for a di�erent method
of error estimation, expressing the error in terms of derivatives and approximating the
latter by �nite di�erences.

Assuming again, without loss of generality, that tn = 0, we let

a(t) = �+ �t+ 
t2 + �t3 + �t4 +O(t5):

Expanding integrals and quadrature formulae into Taylor series, we obtain

�1 = � 1
180

�

�2 =
1

240
[�; �] + 1

1080
[�; 
]

�3 =
1

1080
f[�; [�; 
]] + [�; [�; �]]g

�4 = � 1
270

[�; [�; 
]]� 1
720

[�; [�; �]] :

Therefore,

� = � 1
180

� + 1
480

[�; �] + 1
2160

[�; 
]� 11
12960

[�; [�; 
]]� 7
25920

[�; [�; �]]: (3.4)

The coe�cients �; 
; � and � can be approximated as follows. We construct a
polynomial of su�ciently large degree that interpolates a(t) in g. Coe�cients of the
expansion can then be evaluated explicitly by di�erentiating the polynomial.
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Based on �ve points in g, a1 = a(t1); : : : ; a5 = a(t5), say, we may construct a
polynomial p(t) 2 g of degree four. By di�erentiating this polynomial and evaluating
at t = ~t = t1, we obtain the coe�cients:

� = p(~t); � = p(1)(~t); 
 = 1
2!
p(2)(~t); � = 1

3!
p(3)(~t); and � = 1

4!
p(4)(~t):

By employing standard divided di�erences, we compute

p4(t) = a1 + (t� t1)f [t1; t2] + � � �+

4Y
j=1

(t� tj)f [t1; t2; : : : ; t5] +O(t5); (3.5)

which is the unique polynomial in P4 that satis�es the interpolation conditions

p(ti) = a(ti); i = 1; : : : ; 5;

where, as usual,

f [t1; : : : ; tn] =

nX
k=1

a(tk)Q
j=1
j 6=k

(tk � tj)
:

Now, by ignoring higher order terms, we obtain

p
(1)
4 (t) = f [t1; t2] + f [t1; t2; t3]

2X
i=1

(t� ti) + f [t1; t2; t3; t4]

3X
i=2

i�1X
j=1

(t� ti)(t� tj)

+ f [t1; t2; t3; t4; t5]

4X
i=3

i�1X
j=2

j�1X
k=1

(t� ti)(t� tj)(t� tk);

1
2!
p
(2)
4 (t) = f [t1; t2; t3] + f [t1; t2; t3; t4]

3X
i=1

(t� ti)

+ f [t1; t2; t3; t4; t5]

4X
i=2

i�1X
j=1

(t� ti)(t� tj);

1
3!
p
(3)
4 (t) = f [t1; t2; t3; t4] + f [t1; t2; t3; t4; t5]

4X
i=1

(t� ti);

1
4!
p
(4)
4 (t) = f [t1; t2; t3; t4; t5]:

These expressions, together with (3.5), give �; : : : ; � when evaluated at t = ~t, and the
correction (3.4) may be computed.

3.3 Stepsize selection strategy

Traditional stepsize control strategies rely on a local error estimate. As soon as it
is available, a corrected stepsize may be computed. It is natural to employ similar
techniques also in the case of integration on Lie groups or more general manifolds. De-
scription of the strategy may be found in most standard texts on integration methods
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for ordinary di�erential equations, but for completeness we include a brief overview
of the procedure.

In order to attain the local error estimate rk+1 = " at step time step k + 1, the
next stepsize hk+1 is chosen as a function of the previous stepsize, hk, as follows (cf.
e.g. (Stetter 1973) or (Gustafsson 1992)). Compute �rst

bhk+1 = �

�
"

rk

�1=(p+1)

hk;

where p is the order of the method (the order of the lower-order approximation scheme
in the case of embedded schemes), rk = ek (the error estimate) and � is a `pessimist
factor' (typically between 0:8 and 0:9, heuristically determined). In order to prevent
rapid oscillations of the stepsize, it is common to restrict the extent of stepsize variation
in any single step. A typical strategy is

hk+1 = minfhmax;maxf�smallhk;minf�largehk;bhk+1ggg;

where hmax is the largest allowed stepsize, while �small and �large are two constants
(typically 0:5 and 2:0, respectively).

If the local error exceeds the tolerance by a factor more than �accept, which again
is a constant chosen by the user (typically 1:2), then we reject the step and retry with
a smaller stepsize hk+1. This algorithm proceeds until the local error estimate satis�es

ek+1 � �accept":

In the next section we present a number of numerical results. In most of the simulations
we have compared the above stepsize selection algorithm implemented for the Magnus
series method (2.9) with the MATLAB routine ode45.

4 Numerical results

In this section we demonstrate some of the properties of the fourth-order Magnus

method (2.9) which we designate MG4. For clarity we repeat the de�nition of the
method from Section 2,

a1 = a
�
tn +

�
1
2
�

p
3
6

�
h
�
; a2 = a

�
tn +

�
1
2
+

p
3
6

�
h
�
;

�n = 1
2
h(a1 + a2) +

p
3

12
h2[a2; a1];

yn+1 = e�
n

yn:

We compare the solutions generated by MG4 with those obtained from the clas-
sical fourth order Runge-Kutta method (RK4) and the fourth order Gauss-Legendre
method (GL4). The Butcher tableaux of these methods are displayed in Table 3.

Note that all the methods e�ectively use two function evaluations per step. In
addition, RK4 uses four matrix multiplications and seven linear combinations, MG4

uses four matrix multiplications, four linear combinations and one matrix exponential,
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2
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2

1 0 0 1
1
6

2
6

2
6

1
6

3�p3
6

1
4

3�2
p
3

12

3+
p
3

6
3+2

p
3

12
1
4

1
2

1
2

Table 3: Butcher tableaux for the fourth-order Runge{Kutta (left) and Gauss{
Legendre (right) methods.

and GL4 uses two matrix multiplications, two linear combinations and it solves a sys-
tem of linear equations at each time step. For each test problem we have plotted the
global error obtained versus number of 
oating point operations (counted by MAT-
LAB) used by each of the numerical methods. A striking result is that although the
Magnus series method evaluates a matrix exponential at each time step, the accuracy
obtained is signi�cantly higher than that from RK4, so that it is actually more e�-
cient on the test problems reported in this paper. This picture may possibly change
when integrating very large systems of linear equations since then the evaluation of
the matrix exponential may become very time consuming. Note that this increase
in accuracy is an added bonus, since our original intention was to design methods
that are assured to stay on a Lie group, a feat which is achieved by neither of the
`competitor' methods RK4 and GL4.

To the end of this paper we let, unless explicitly rede�ned, solid lines denote
numerical results from MG4, dashed lines denote numerical results from RK4 and
dotted lines denote numerical results from GL4.

Di�erential Riccati equations We wish to solve the matrix di�erential Riccati

equation

y0(t) = a(t)y(t) + b(t)� y(t)c(t)y(t) � y(t)d(t); (4.1)

whose coe�cients are matrix functions,

a(t) 2 Rn�n; b(t) 2 R
n�m; c(t) 2 R

m�n and d(t) 2 R
m�m: (4.2)

Consider �rst the scalar equation y0(t) = a(t)y(t) + b(t) � c(t)y2(t) that evolves via
in�nitesimal group transformations, as shown e.g. in (Schi� & Shnider 1996). Each
element

�
a b
c d

�
of SL(2;R) gives rise to a M�obius transformation z 7! (az+ b)=(cz+ d)

of the extended real line, R [ f1g, where we set ad � bc = 1 by rescaling. These
transformations form the real M�obius group under composition of functions, and is
nothing else but the real projective group RP(2) ' S1=Z2 ' S1. Consider next the
generalized M�obius transformation

y(t) = [�(t)y(t0) + �(t)] [
(t)y(t0) + �(t)]
�1

(4.3)
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that maps y(t0) to y(t) (both as elements in R
n�m, the set of n �m real matrices)

and the coe�cients are matrix functions as in (4.2). We solve

_�(t) = A(t)�(t) with �(t0) = In+m 2 GL(n+m;R) (4.4)

where

�(t) =

�
�(t) �(t)

(t) �(t)

�
2 GL(n+m;R)

and

A(t) =

�
a(t) b(t)
c(t) d(t)

�
2 gl(n+m;R):

Then (4.3) is the solution of (4.1) at time t with initial conditions y(t0).
Schi� & Shnider (1996) propose to use the method

e�2(tk; h) =

"
In+m + hA

�
tk +

h

2

�
+

h2

2
A

�
tk +

h

2

�2
# e�2(tk�1; h)

with e�2(t0; h) = �(t0) to solve (4.4) (we will denote this method by Schi�2). This is
nothing else but a truncated Magnus series method of order two. To see this, consider
p = 1 in (2.4), restricting the attention to terms involving only a single integral,

�1(t) =

Z t

0

a(�) d�:

If integrated exactly, we obtain �1(t) = �(t) + O(t3), hence it su�ces to use the
second-order Gaussian quadrature given by the abscissa c1 =

1
2
and the weight b = 1.

It follows that

e~�1(t) = �(t) +O(t3);

where ~�1(t) represents the approximation of �1(t) by the above quadrature rule. Fi-
nally, we truncate the exponential so as to obtain a second-order approximation to
the solution

2X
k=0

1

k!
~�k1 (t) = �(t) +O

�
t3
�
:

Observe that, the exponential mapping having being truncated, the solution does not
stay on the real projective group as time integration proceeds.

Note that the Magnus series methods integrate linear di�erential equations (2.1)
with constant coe�cients exactly. This implies that, subject to the above procedure
of rendering Riccati equations in a projective space, these methods also integrate
di�erential Riccati equations with constant coe�cients exactly.
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We consider the di�erential Riccati equations described in Problem 1 and Problem
3 in (Schi� & Shnider 1996) (equivalently, Example 1 and Example 4 in (Dieci 1992)).
Firstly, let

A(t) =

2664
0 0 0 1

�10 �1 10 0
0 1 0 0

100 0 �100 �1

3775 (4.5)

in (4.4) and advance (4.3) with the initial condition y(0) =
�

0 0
�1 0

�
in the interval

0 � t � 5.
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Figure 1: The error, jyi;exact � yij, for the Riccati problem described by (4.5). The
solid line denotes the solution as produced byMG4 while the dashed line denotes the
solution produced by Schi�2. The stepsize used in the simulation was 0:01.

Secondly, we choose

A(t) =

2664
0 t

2�
1
2

1
0 0 0 1
1
�

0 � t
2�

0
0 1

�
0 0

3775 (4.6)

in (4.4) and advance (4.3) with the initial condition y(�1) = [ 0 0
0 0 ] in the interval

�1 � t � 1.

Problems with exponentially growing solutions It is generally di�cult to ob-
tain qualitatively correct solutions of di�erential equations with exponentially-growing
components. Consider for example the problem (2.1) with

a(t) =

�
100t 0
0 �100

�
(4.7)

and initial conditions y0 = [1; 1]T, integrated between t0 = 0:0 and tend = 0:5. The
�rst solution component grows from 1 to 105 within this time window and, as shown in
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Figure 2: The error, jyi;exact � yij, for the Riccati problem described by (4.6). The
solid line denotes the solution as produced by MG4 while the dashed line denotes
the solution produced by Schi�2. In the simulation we used � = 0:001 and stepsizes
0:001 (left) and 0:01 (right).

Figure 3, classical methods have serious problems integrating with su�cient accuracy.
MG4, on the other hand, generates a solution with an error that is many orders of
magnitude smaller.

The lower right �gure shows the stepsizes chosen by MG4 and ode45 when the
required error at the endpoint of the intervals was 10�8. The attainment of this error
bound required tolerance of 10�6 in the MG4 case and 10�14 in the ode45 case, the
latter dangerously near the machine epsilon in IEEE arithmetic.

Sti� problems We consider next the solution of (2.1) with

a(t) =

�
�1000t 1

0 �t

�
and y(0) =

�
�1
1

�
: (4.8)

Typical of sti� problems, (4.8) imposes severe restrictions on the stepsize used in the
integration by classical Runge{Kutta methods, not because of the accuracy of the
solution but because of the stability of the underlying method.

Since the Riccati equation (4.1) is invariant under transformations of the form
A 7! A + p(t)In+m in (4.4), i.e. transformations where a(t) 7! a(t) + p(t)In and
d(t) 7! d(t) + p(t)Im, it was proposed by Schi� & Shnider (1996) to transform the
spectrum of A so that the sti�ness in the problem disappears. As can be seen from
numerical experiments, a shift of the spectrum of A is not necessary when using
Magnus series methods, since these methods exploit the underlying structure in the
problem and avoid the degradation in performance associated with sti�ness in classical
methods.

The Magnus series methods are geometrically stable in the sense that if 
n 2 G
is the approximation to the integral curve t 7! 
(t) at time tn and G is a Lie group,
then, except for roundo� errors, the next iterate 
n+1 also lies in G. Since the solu-
tion remains bounded on all compact manifolds, this implies numerical boundedness
whenever the Lie group G is compact. This is the case, for example, with the orthog-
onal group O(n), the unitary group U(n) and the projective spaces RP(n) and C P(n)
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Figure 3: The error, jyi;exact � yij, for problem (4.7) with an exponentially growing
solution is shown in the two upper �gures. The lower left �gure shows the relationship
between the relative global error and number of 
oating points used by each routine
and the lower right �gure shows the stepsizes chosen by MG4 (solid line) and ode45

(dashed line) while integrating with a global error of 10�8 at the endpoint of the
integration interval.

(which are in general not Lie groups), but not with the special linear group SL(n)
and the symplectic group Sp(n). However, even if G is compact, small perturbations
during the solution might well lead to integral curves that, although bounded, are far
from exact at time t > t0. This behaviour is familiar in computational dynamics, e.g.
in the integration of Lorenz equations, but has not yet been investigated fully in the
context of Lie-group solvers.

Figure 4 displays the error jyi;exact� yij for the sti� problem (4.8). It is clear that
only the Magnus series method MG4 is stable. The stepsize used in the simulations
was h = 1

1000
. The lower left �gure shows the global error when using MG4 with ten

times larger stepsize, h = 1
100

. The lower right �gure shows the stepsizes chosen by
MG4 (solid line) and ode45 (dashed line) when the global error at the endpoint of
the integration interval was required not to exceed 10�8.

Orthogonal problems As an example of an equation (2.1) which evolves on the spe-
cial orthogonal group SO(n), we consider the problem de�ned by the skew-symmetric
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Figure 4: The two upper �gures show the error, jyi;exact � yij, when integrating the
sti� problem (4.8).

matrix, a(t) 2 so(n), whose upper triangular entries are

(�1)i+j i

j + 1
tj�i; 1 � i < j � n:

As the initial value we take the n � n identity matrix, integrating from t0 = 0 to
tend = 3. In the computation we have taken n = 6.

Figure 5 depicts the 2-norm of the error and the distance from the manifold (com-
puted as kYiY

T
i � Y0Y

T
0 k) while integrating the above orthogonal problem. The con-

stant stepsize used in the simulations was h = 1
50
. The lower left �gure shows the

stepsizes chosen by the variable stepsize MG4 and the ode45 methods. The global
error at the endpoint of the integration interval was limited to 10�6 in the simula-
tions. The lower right �gure shows the e�ciency of the codes when applied to the
orthogonal problem. Although MG4 exponentiates a 6� 6 matrix at each step, the
method performs much better than both RK4 and GL4 methods. Note that in this
case we could have replaced exponentiation with the fourth-order [2=2] diagonal Pad�e
approximant without any damage to orthogonality, whilst further emphasizing the
advantage in using MG4.

Problems in the special unitary group The special unitary group, SU(n), con-
sists of n � n unitary matrices with unit determinant. Its Lie algebra, su(n), is the
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Figure 5: The 2-norm of the error, departure from orthogonality, stepsizes and the
e�ciency for the orthogonal problem.

set of all n � n skew-Hermitian complex matrices with zero trace. Such 
ows oc-
cur in a number of applications, not least in the calculation of Lyapunov exponents
(Dieci, Russell & van Vleck 1994) and of isospectral 
ows (Zanna 1996). Integration
of unitary 
ows has been studied by several authors, among them Dieci et al. (1994),
Higham (1996), Iserles & Zanna (1995) and Zanna (1996). In particular, the familiar
Runge{Kutta Gauss{Legendre methods are unitary.

Note that a unitary matrix has determinant with modulus equal to one, i.e. it is of
the form ei�. As shown in (Zanna 1996), theoretically the determinant of the numerical
solution produced by GL4 will not be preserved, but it will remain one in modulus.
Although Gauss{Legendre methods are unitary, they are not SL(n; C )-invariant, hence
they depart o� SU(n).

As a test problem we use (2.1) with

a(t) =

24 0 1� it log(1 + t) + 2i
�1� it 0 �t� i log(1 + t)

� log(1 + t) + 2i t� i log(1 + t) 0

35 : (4.9)

Our initial condition is the 3 � 3 identity matrix and we integrate from t0 = 0 to
tend = 5 with the time step 1

100
.

Figure 6 shows that the RK4 and the GL4 methods generate drift in the deter-
minant of the solution matrices of size 10�6 and 10�7, respectively. The determinant
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Figure 6: The solution of the unitary system (4.9) with h = 1
100

. Note the drift of the
determinant for RK4 and GL4.

of the result produced by GL4 has modulus one and it thus stays on the unit circle
in the complex plane. The numerical solution therefore lies in U(3), as expected.

TheMG4method is the only of these three methods that generates, up to machine
accuracy, solutions in the correct group, SU(3).

Symplectic problems Numerical solution of Hamiltonian equations has received a
great deal of attention in the last decade (Sanz-Serna & Calvo 1994). An important
qualitative attribute of a Hamiltonian system is that the Jacobian matrix of its 
ow
evolves in the symplectic group Sp(n).

As a symplectic test problem we consider the harmonic oscillator with time-varying
spring constant k(t). This system has one degree of freedom and the Hamiltonian
energy function

H(p; q) = T (p) + V (q); with T (p) =
p2

2m
and V (q) =

k(t)q2

2
; (4.10)

with k(t) = 1 + " cos(t). We have used " = 10�4 and m = 2 in the simulations.
Figure 7 displays the energy error, En = H(pn; qn)�H(p0; q0), as a function of time.
Note that the Magnus series method has the same energy conservation properties as
the symplectic Runge{Kutta Gauss{Legendre method.
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Figure 7: The energy error in the three codes when simulating the harmonic oscillator
(4.10). The stepsize used in the simulations was h = 1.

Note that MG4 is not a symplectic method in the usual sense: although the
Jacobian matrix evolves on Sp(n), it is not necessarily true that dp ^ dq remains
constant when the method is applied to the Hamiltonian problem

_p = �
@H(p; q)

@q
; _q =

@H(p; q)

@p
:

This issue is discussed more extensively by Zanna (1996). Yet, Figure 7 indicates that
Hamiltonian energy is conserved by MG4 just as well as by the symplectic method
GL4.

In Figure 8 we compare the drift of the solutions when all three methods are applied
to the slightly unstable problem (2.1) with

a(t) =

2664
1 �1 t 1
2 2 1 �t

�2t �1 �1 �2
�1 1 1 �2

3775 2 sp(4): (4.11)

The initial condition was taken to be the 4� 4 identity matrix.

Second-order equations We have solved the Mathieu equation and the Bessel
equation, both second-order problems. The Mathieu equation is given as

�x+ (a+ b cos t)x = 0; (4.12)

and in the simulation we have used a = 1 and b = 1
10
, integrating from t0 = 0 to

tend = 50 with a stepsize of h = 1
5
. The initial conditions were x(0) = 1 and _x(0) = 1.

Figure 9 is concerned with the solution of (4.12). The upper two graphs depict the
error jyi;exact� yij, while the lower right graph displays the stepsizes chosen by MG4

(solid line) and ode45 (dashed line) when the error at the endpoint of the intervals
was required to be 10�3. The tolerance imposed on the stepsize selection routine was
10�3 in the MG4 case and 10�14 in the ode45 case. Finally, the lower left �gure
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Figure 8: The drift from the symplectic manifold Sp(4) (represented by the quantity
kSTJS � Jk) for the symplectic problem (4.11). The stepsize was constant and equal
to 1

10
for all three methods.

shows the relationship between the relative global error and number of 
oating point
operations used by each routine.

The Bessel equation

�x+
1

t
_x+

�
1�

�2

t2

�
x = 0: (4.13)

is regular-singular at the origin. To avoid this singularity, we have integrated it from
t0 = 1 to tend = 50. We have used � = 1 and the initial condition x(1) = 1, _x(1) = 1.

The error, jyi;exact � yij, for the Bessel problem (4.13) is shown in the two upper
graphs of Figure 10. The lower left graph therein displays the stepsizes chosen by
MG4 (solid line) and ode45 (dashed line) when integrating with a global error of
10�3 at the endpoint of the integration interval, while the lower right graph shows the
relationship between the relative global error and number of 
oating point operations
used by each routine.

As shown in Figure 11, the correspondence between the measured global error and
the imposed tolerance is much better for the variable stepsize MG4 method than for
the variable stepsize MATLAB routine, ode45.

5 Concluding Remarks

The original purpose of the research that has led to this paper was the practical
implementation of the Magnus series approach from (Iserles & N�rsett 1997) to linear
di�erential equations in Lie groups. This goal has been accomplished by establishing a
framework for error control. This framework consists of two ingredients, the estimation
of the truncation and of quadrature errors. While the truncation error is estimated
by following the `inner logic' of Magnus series and their association with graph theory,
the derivation of quadrature error relies on polynomial interpolation in Lie algebras.
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Figure 9: The solution of the Mathieu problem (4.12).

We have not addressed ourselves to the important issue of how to approximate
the matrix exponential. This problem is common to a number of Lie-group solvers
(Crouch & Grossman 1993, Munthe-Kaas 1998, Owren & Marthinsen 1997, Zanna
1996). It is known that the standard approach of replacing the exponential function by
a rational approximant is unsuitable for general Lie groups. For example, it is possible
to prove that the only analytic function mapping sl(n) into SL(n) and consistent with
ez is the exponential function itself (Feng & Shang 1995). Although diagonal Pad�e
approximants to ez are sometimes appropriate, e.g. in the case of the orthogonal
and the symplectic groups, the general computational problem of approximating the
exponential inside a Lie group is still wide-open. Although it is currently the subject of
active investigation (Celledoni & Iserles 1998), we have adopted in this paper a similar
approach to other publications in the general area of Lie-group solvers, evaluating the
exponential exactly.

It is hardly surprising that the method of Magnus series performs consistently bet-
ter than classical Runge{Kutta methods, whether RK4, GL4 or MATLAB's ode45
insofar as the retention of Lie-group structure is concerned. After all, this is the whole
purpose of Lie-group methods! We regard as considerably more surprising the phe-
nomenon whereby `general' equations, like the Mathieu equation (4.12) and the Bessel
equation (4.13) are discretized considerably better (i.e., greater accuracy for less com-
putational cost) by MG4. This, together with the remarkable behaviour of Magnus
series in the discretization of the Airy equation y00+ ty = 0 in (Iserles & N�rsett 1997)
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Figure 10: The solution of the Bessel equation (4.13).

implies that there is more to the method of Magnus series than meets the eye.
An intuitive explanation of the remarkable performance of Magnus series (and,

by implication, of other Lie-group methods that �rst solve in the Lie algebra, subse-
quently mapping into the Lie group by means of the exponential function (Munthe-
Kaas 1998, Zanna 1996)) is that they represent the solution as an exponential of a
matrix function. Classical numerical methods are all underlied by the ansatz that the
solution of a di�erential equation is of a polynomial character. Hence, for example,

the entire classical concept of order. Yet, we all know that solutions of many di�eren-
tial equations are not polynomial in their behaviour { in particular, they may exhibit
fast growth or decay, oscillations etc. Exponentials of polynomials model this range of
behaviour much better and this, we believe, may account for the superior performance
of Magnus series. Having said this, we are the �rst to acknowledge that the matter
deserves further and more formal explanation.
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