TIME REVERSIBLE N-BODY INTEGRATORS
BASED ON SMOOTH SWITCHES

ANNE KVERN@* AND BEN LEIMKUHLER**

ABsTRACT. This article describes a gravitational N-body integration al-
gorithm incorporating the following features: (1) it is time-reversible, (2)
angular and linear momentum are conserved, (3) smooth switching func-
tions are used to split potential terms into local and weak parts so that
weaker long-range forces are evaluated relatively rarely and close inter-
actions are identified, (4) close approaches between bodies are resolved
accurately, using an efficient integration method, (5) the stepsize varies
automatically based on an appropriate Sundman time reparameterization.
Although this method is formally second order, the most intensive compu-
tations (the close approach dynamics) are executed at at higher order, thus
improving the overall accuracy of the scheme. Numerical experiments indi-
cate that the method can effectively solve few-body gravitational problems
with arbitrary two-body close approaches.

1. INTRODUCTION

The N-body problem of celestial mechanics is described by a Hamiltonian

2 (p,q) =T(p) + f(q),

where T : R*¥ — R and f : R*¥ — R are smooth kinetic and potential energy
functions defined in terms of the individual momenta p;,p,,... ,py € R and
positions q;,qs, ... ,qy € R3 of the bodies by

pil?
T(p) = T(pl:an--- 7pN) = Zﬁa
i=1 '
and
Gmim;
f(q):f(qlaq27an) :_ZT’ rl]:|qz_q]|a
1]
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where G is the gravitational constant and m; represents the mass of the ith
body.

The N-body problem is the seminal problem of dynamical systems, and
study of its solutions, ergodic properties, and topological structure continues to
generate a great deal of mathematical and physical interest (see [16] and other
recent references therein). The numerical simulation problem also remains of
terrific importance. This problem is solved routinely in studies of steller and
planetary dynamics [31, 23, 1], and related problems arise in quasiclassical
studies of atomic systems [24, 6, 27].

While many numerical schemes for the N-body problem have been devel-
oped over the years [9, 1], these codes may exhibit deficiencies in very long time
integration or in scattering studies. One approach to improving the qualitative
behavior of numerical simulation methods is to incorporate some of the many
geometric properties of the phase flow, such as time-reversal symmetry, sym-
plectic structure, and integrals such as angular momentum. Methods which
preserve symmetries and invariants are sometimes referred to as geometric or
mechanical integrators [25, 18, 14]. Symplectic and symmetric algorithms for
smooth N-body trajectories (without close approaches) have been successfully
used for long-term simulations of the solar system [31].

Close approaches introduce both theoretical and computational challenges
for the Coulombic N-body problem. In the approach described here, we assume
that there are potentially a large number of bodies, but at any given time only
a few bodies are engaged in very close approaches. None of the geometric algo-
rithms can be expected to preserve structure or provide substantial efficiency
improvements under frequent discontinuous switchings (such as may be used
for close encounters). This problem was discovered and explained by Calvo
and Sanz-Serna [3] in the context of variable stepsize symplectic integration:
frequent changes in the timestepping map lead to a deteriation of the numerical
stability of geometric methods. For variable stepsizes, it turns out to be more
practical to use a Sundman or Poincaré-type time-transformation to rescale
the vector field or Hamiltonian in such a way that (i) geometric structure is
preserved, and (ii) the new system can be solved with a fixed timestep. Articles
by Stoffer [28], Hut et al [11], and the current author with collaborators [12, 10]
developed the use of time-reversible variable stepsizes for N-body problems.
More recently several articles have indicated how regularization methods can
be incorporated in a reversible or symplectic framework [20, 15, 13].

Another approach to variable stepsize integration, based on a hierarchical
splitting, was developed in [26], and we exploit this idea in a somewhat different
way below, to define a smooth switching of the close-approaching bodies. We
then separate the weaker interactions by splitting, and identify potential close
approaches using Verlet lists [30], partitioning the bodies into small groups.
The multiple timestepping framework of molecular dynamics (r-RESPA [29])
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allows some control of the amount of computation performed between evalua-
tions of the long-range forces. In order to correct for the increasing sensitivity
of the dynamics of close-approaching bodies, we incorporate a Sundman time
transformation using the reversible-adaptive framework developed previously
by the author[15].

For problems with only two-body close approaches, much of the compu-
tational work will be in the resolution of these small systems. The switches
somewhat complicate the dynamics of the two-body pairs (they are no longer
pure Kepler problems). We describe an efficient technique for recovering their
dynamics, based on a reduced coordinate set, a regularization, and an efficient
implementation of a higher-order implicit Gauss-Legendre integrator.

When three or more body interactions in close approach must be taken into
consideration (in the localized subsystem), a system of relative variables can
be introduced and a regularization developed in terms of two-body pairs. In
the standard approach based on Kustaanheimo-Stiefel transformation, the cou-
pling of variables in the regularized Hamiltonian makes high-accuracy geomet-
ric integrators very costly. We suggest instead an approach based on relative
coordinates, splitting, and two-body pair integration.

Our integrator could easily be adapted to the Coulombic problems arising
in quasiclassical simulations of atomic systems[24, 6, 27, 15], to systems with
multiple fixed bodies, or to systems subject to applied fields or arbitrary per-
turbing potentials, using additional splittings.

This article describes the design of the integrator. A companion article will
address the implementation issues associated to this method.

2. SMOOTH SWITCHES, SPLITTING, MULTIPLE-TIMESTEPPING AND
REVERSIBLE ADAPTIVE TIME-STEPPING

We use the term smooth switch to describe a real (backward sigmoidal)
function y which smoothly passes from one to zero in some finite subinterval
of ]R+I

X € C*R,[0,1), x(r)=1, r<r_, x(r)=0, r>ry, X' (r)<0.

Piecewise polynomial switches of any desired smoothness can be constructed
as follows. First define a polynomial

(:L'2 _ h2)k+1

p(z) = (—1)“1W
This function is easily seen to satisfy the conditions p(0) = 1, p(h) =
p®O(=h) = 0,1 = 0,1,... k. Normalizing the integral of this polynomial
on the interval [—h, h] and subtracting from unity results in a new polynomial

[Z, p(z)de

z)=1-— .
W) =1 e
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Now for given r_ and r; we set h = (ry —r_)/2, 7 = (r4 + r_)/2, then the
function

1 r<r_
(1) x(r)=4q a(r—7), ro <r<ry
0, r>ry

is a C* switch (See Fig. 1). The fact that we can choose x to be piecewise
polynomial will be found to have some positive ramifications for the efficiency
of our code.

FIGURE 1. A smooth switch.

The purpose of the smooth switch is to limit the high-accuracy resolution
of trajectories to close-approaching bodies, while reducing the number of force
evaluations for weak interactions. We decompose each pair interaction in the
gravitational potential using smooth switches:!

Gm;m; Gm;m;
f:_ZX(T'ij)TJ + —Z(l—x(m’))Tj-

~ ~

floc fweak

In a two-body problem, there are three distinct regimes in the dynamics of
fioc. For separations r < r_, the dynamics are pure Keplerian. For r» > r, the
bodies are in free motion. For r € (r_,r;), the motion is determined by the
(somewhat artificial) dynamics of the switch, integrable dynamics in a rapidly
decaying force field.

To design a one-step method, we utilize a Hamiltonian splitting of the form
H= Hoc + fweak, Where

Hoc =T ~+ fioc-

! For simplicity, we here suppose that the parameters 7_, 1 of each switch are all identical.
In many cases, it may be more practical to choose the parameters of the switch dependent on
the masses of the particles of the pair. In the related classical atomic model, the switch might
also depend on the product of the charges of the particle pair. This topic will be addressed
in the companion article mentioned in the introduction.
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Let @, yorepresent the flow map on Hamiltonian J# parameterized by ¢. We
construct a splitting method using multiple time-stepping [29] with m inner
substeps:

A ~ m
Prt ™ Bpr = PAL fuen ['}%At,fﬁoc} :

(In most cases, we would take m = 1, but the incorporation of multiple
timestepping adds some flexibility.) Here P AL, 1S a time-reversible approx-
imation method for solving the localized gravitational problem, as described
in the next section.

The method & At A is a first order fixed stepsize integrator, and it is not
time-reversible. We use this method as the basis for constructing a second
order variable stepsize reversible integrator according to the prescription of

[10]:
qn+1/2 @1 q"
pn+1/2 1AL, I p"
1 1 2
@ s - —
At,  Atpq Int1/208
qn—l—l Y qn—|—1/2
( pn+1 > - (I)%Athrl,jf( pn+1/2 :
where
Gni1/2 = g(g" 12, pt2)

and g(q, p) is the time-reparameterization function, a smooth, positive, scalar-
valued function which is invariant under p — —p (see below). The adjoint
method needed above is easily computed since » At 1s the composition of
symmetric maps:

A% - m
At = [Q%At,jfioc} LAt Fycar:

Although the method is formally second-order (symmetric methods have
even order [7]), we expect to utilize a higher-order integrator for the local
interaction dynamics, as described in the next and following sections. Viewed
as a second-order method, the scheme is therefore expected to have a relatively
small leading error constant compared to a method such as Stormer-Verlet
which does nothing special to integrate close approaching bodies. If desired, a
third-order splitting method could be used in place of d At A resulting in a
fourth-order method overall (see [19] for a discussion of how to construct such
splittings).

We anticipate that the considerations for the choice of time-transformation
will be similar to those discussed in [2, 15]. In the latter reference, it was
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suggested to use a control of the form
1
1+73/2

where 7 represents the smallest pair separation. In some cases, it may be
desirable to have a smooth control, in which case we could use

1
_3m/2\1/m’
l—i-(ZKjrij /)

where m is a positive integer [2]).

(3) 9min =

9sm =

3. INTEGRATION OF J#,c-

In this and the following section, we describe the integrator for J#,.. We
will assume that the solution is desired on the time interval [0, A¢], that initial
positions q° and momenta p° are provided and that new values g' and p' are
to be computed.

Because of the use of switching functions, a relatively small number of the
interaction terms are active in J#,. at any given timestep; most of the particles
simply drift linearly with fixed momenta. We would like to introduce the
concept of a local interaction graph G based the positive potential interactions
among the bodies. This graph will be used to limit the local computation
(in the relatively expensive regularization variables) to minimal subgroups of
bodies. However, there is some question about how to define G. Clearly the
vertices of G are the body indices, but what should we take for the edges?

Given vertices 7 and j, it is evidently not sufficient to add the edge 75 only
when |q? — q2|| < ry, since, during the timestep, the two bodies may move
closer to each other and thus have a close interaction by the end of the timestep.
Moreover, the one-step methods we propose for integrating the few-body prob-
lems will evaluate the forces at an intermediate point in the subinterval. Still
it is not sufficient to simply link ¢ and j based on the initial, final and in-
termediate steps, since it is necessary to know these interactions at the start
of the timestep (after all, the whole purpose of constructing the graph is to
restrict the computation to local groups!). To define the interaction graph,
we therefore need a very cheap method to predict, based only on the initial
positions and velocities, which particles have the potential to have a local in-
teraction during the current timestep. The same technique used to construct
Verlet lists[30] in molecular dynamics can be used for this purpose.

To identify potential close approaches, we proceed as follows for each of the
i bodies (being careful to work with squared norms to avoid computation of
extra square roots). We iterate over the bodies with index j > i. Define

Aq =q] —qj, Ap =p] —p),
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We first compute 0 = |Agq|? Clearly if 0% < ri, we should add edge ij to
G, but because our method is heuristic (based only on linear trajectories),
we include a relaxation factor # > 1 and check instead 0% < Bri. Next, we
compute the time of close approach of the linear trajectories through (q?, p?),

(a},p}), (43, pY) and (qj,p}).
_Aq-Ap
|Apl?

If t* € [0,At], then we compute the squared separation between these two
trajectories at t*, o* = |Ag + t*Ap|?, and check if o* < Br2. Finally, we
compute the separation at the right endpoint of the time interval, o! = |Aq +
AtAp|?, adding the edge if this is less than Bri.

After updating the interaction graph, we subdivide the indices 1,2,... N
into L disjoint connected components §21,s,...r. These components will
generally consist of one or several indices. The cost of resolving the close
approaches rises very rapidly with the number of bodies, while the attainable
accuracy diminishes, but close approaches of three or more bodies are rare. In
the next section we focus on the case of two-body approaches. Later, we will
describe a method for handling higher-body collisions.

t* =

4. FAST INTEGRATOR FOR THE SWITCHED PROBLEM:
Two-BoDy CASE

The computation of the close encounters is typically the most costly part
of the calculation, so substantial algorithmic effort is warranted in the inter-
est of overall efficiency. In this section we describe a technique for two-body
approaches based on polar coordinates in the plane of motion, regularization,
and the Gauss-Legendre family of higher-order implicit Runge-Kutta methods.

Any Hamiltonian system of the form

1 1
Hopgy = 2—ml|101|2 + %|102|2 + é(lg1 — q2l)

is integrable. For Kepler’s problem, an elegant solution was known at least to
Gauss, and is detailed in [17]. A number of papers have considered efficient
numerical methods for solving the associated nonlinear equation (see e.g. [21,
22]). A method avoiding all transcendental functions was used in [15], based
on implicit midpoint applied in the Kustaanheimo-Stiefel variables, but this
scheme may not provide sufficient accuracy in some cases.

Solutions for special cases of the two-body problem with various power po-
tentials are discussed in [5], however for arbitrary ¢, the computation of the
associated quadrature and nonlinear equations becomes complicated by poten-
tial singularities and a sign change of the integrand, and an involved procedure
is then needed to perform the computations, including a special quadrature al-
gorithm and case-dependent changes of variables.
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Converting to relative coordinates, rotating the plane of motion (with nor-
mal n = (g; — g») X (p; — py) = constant) onto the xy coordinate plane, and
then introducing polar coordinates gives the Hamilonian

1, 11
amPr t 55 +olr)
where [ = pg is the local angular momentum of the particular approaching
pair. Again, this gives an integrable system. To solve it, we could proceed to
recover the solution by piecing together solutions of the separable scalar ODE

d 12
ar = ﬂ:\/2m (EO — (;5(7‘) — ﬁ)’

where Ey = Hpjane is the energy of the reduced problem. The numerical so-
lution of this differential equation in terms of quadratures is challenging and
inefficient. Not only do we have to design an accurate numerical quadrature
subject to a switching of sign, but the solution is then only obtained in implicit
form, defined by a certain nonlinear equation. Observe also that there is noth-
ing to prevent [ = 0, thus arbitrarly close approaches of the bodies (or even
collisions) are indeed possible, causing a singularity in the integrand. Despite
these problems, a viable method for the general case could undoubtedly be
derived based on quadrature, but we are skeptical that it would be as efficient
and robust as the alternative we describe in the sequel.
The canonical equations of Hpjane are

H, plane =

da 1

at —mbr

d 12z
apr—gr—?,—¢(r)
d 11

2= ——

dt mr2

By introducing a new variable n = r-p,., performing a Sundman transformation
dt/dr = r, and taking advantage of the constant energy, this system can be
written as

d 1

(4) = w

(5) A 9By — 2rg(r) — 7@ ()
dr
d
d 11

@ = my

These equations are no longer canonical, however, the symmetry of the original
system is retained. The first three of these equations can be solved independent
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of the last one. And, since ¢(r) = —v/r - x(r), x(r) piecewise polynomial, all
singularities have been removed from (4)-(5), thus, at least theoretically, they
can be solved even through head-on collisions.

The solution of the regularized equations (4)-(7) requires an accurate and
stable geometric integration method such as the efficiently implemented Gauss-
Legendre method descibed below.

High order is needed in this step because the regularization process (abso-
lutely essential to stable integration) introduces the energy of the two-body
problem as a parameter of the differential equations, hence upsetting the
iterated-map property which guarantees structural stability properties such
as orbital symmetry [15]. Only in the case of a pure Kepler problem is the
regularized Hamiltonian quadratic, hence conserved by the Gauss methods [4].
Especially in the switching regime of our two-body potential, the energy may
fluctuate significantly, thus a high-order method is required.

A GAUSS-LEGENDRE METHOD FOR THE REGULARIZED REDUCED PROBLEM.

We will here briefly describe the implementation of a fully implicit Runge-
Kutta method applied to the regularized problem (4)-(7). A discussion of
implementation issues for general ordinary differential equations can be found
in [8, IV.8]. In this section, we concentrate on issues specific to the given
problem, which in the sequel will be written as

d? 1 d d 1 d
g =, gt=r 0= —a(r) and n=moor
T m T

(8) d m dr

These equations are solved by some (possibly) high order Gauss-Legendre
methods [8, IV.5]. Using the standard Butcher notation, the coefficients in
an s-stage method are given by a matrix A = (aij)f,jzl and vectors b =
(by,b2,... ,bs)T and ¢ = (c1,ca,... ,c5)T. Applied to (8), it results in the fol-
loiwng system of nonlinear equations,( G;; being the elements of the matrix

A?):

1 1 :
9) R; :rn+%CiATnn+%ATzzdijf(Rj)v i=1,2,...,s
j=1
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and the solution is updated by

s
(10)  tpyr =ta +ATY bR

i=1
1 1, , <
(11) n4+1 = Tn + ATEnn + %AT Z biaijf(Rj)
1,j=1
1
(12)  Mnpr=mn+ —ATY | f(Ri)
b;

1 8
(13)  Bnp1=0n+ %Ar; bic(Ry)

A curious twist is that the timestep At,, = t,,41 — t,, is known, but the corre-
sponding fictive timestep A7 must be computed. Thus (9) and (10) must be
solved for Ry,..., Rs and A7 simultanously. Newton iteration techniques will
normally be adequate. The Jacobian matrix of this system of s 4+ 1 nonlinear
equations can be written in block form,

(J v
7= )

where the elements of the s x s-matrix J are
AT2 ,
Jij = 0ij — ——aijg (R;)

where 0;; is 1 if 4 = j and otherwise zero, v has elements

S

1 2 .
Vi = = Cilln — AT Z ag; f(R;),
2,j=1
u=—A7b" and w = — Zle b;R;. The Jacobian can be computed in the

beginning of each step, and then held fixed during the iterations. Having a
good predictor is critical for the overall success of the method. One option is to
use a high-order Taylor series approximation, obtained through differentiation
of the differential equation. This is especially viable because the function f(r)
is piecewise polynomial. Extrapolating values from a previous step (using the
collocation polynomial) is inadvisable since the integration of (8) over one
(outer) step is only a part of the overall algorithm, thus the right hand side
of the equation changes from step to step. For the same reason, the Jacobian
cannot be kept fixed over several steps.

For very close encounters, the Jacobian J tends to become singular, and
special care has to be taken for the solution of the nonlinear equations. (This
and other implementation issues will be taken up in a companion paper article.)
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Since the energy Ej is used as a parameter in the regularized equations, time
symmetry is not really retained. However, since high order methods are used,
we are wiling to accept this small destruction of time symmetry. In fact, as
we will show later, experiments shows that this discrepancy in energy has less
effect on the time symmetry than the floating point errors introduced when
solving the unregularized equations.

5. HIGHER-BoODY CLOSE ENCOUNTERS

We next briefly consider numerical integrators for the case that a component
of the local interaction graph can include three or more bodies. The equations
in this case are no longer integrable, so the only possibility is to derive an
appropriate numerical discretization scheme. In general, our problem is to
integrate numerically an d-body problem with Hamiltonian of the form

L A I, [2 d-1 d
5; 77;1 +Z Z #(lg; — q;1)
1=

j=1k=j+1
Due to our use of splitting and time-transformation, we can restrict attention
to the case where the number of bodies d is small.
As is the usual practice, we first introduce relative coordinates for the pair
separations,

01=q;—qy, 02=q;—q3, ..., 04_1=¢q; —qg,
‘sd:‘h—‘h, sy 62(1*3 =4dqs — {4q4,
< 5%(d2—d) =d4-1 —44-

Together with the center of mass, these variables, though degenerate (D =
(d?> —d)/2 > d,d > 3), are adequate to describe any configuration. Canonical
equations can be developed in terms of the relative variables, by introducing
suitable momenta m; canonically conjugate to the §;. Neglecting the center of
mass motion, the Hamiltonian becomes

D D
1 |mif?
Ha = 5 Zl oY oy Zl¢(l5i|),
1=

2mi 7k i

where m; = 1/(1/mq +1/mg), where m, and mg are the masses of the bodies
of the ith pair, and o}y, is either zero (if the pairs on which d; and d; are based
involve no common body) or else + the reciprocal of the common mass of the
jth and kth pairs of bodies, depending on the order of the differences.

Now there are several ways to proceed. A traditional course, described con-
cisely in [20], is to apply the Kustaanheimo-Stiefel regularizing transformation
to all the variables. The kinetic energy metric is then position dependent and
rather complicated. The nonseparable nature of the Hamiltonian precludes the
use of (known classes of) explicit geometric integrators, leaving us essentially
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with implicit methods such as the Gauss-Legendre Runge-Kutta methods or
Lobatto IITA-B partitioned Runge-Kutta pairs[7], but in this case, there are no
simple reductions of the numbers of variables such as we found in the previous
section. For example, a fourth-order method for the three-body problem would
require the solution of a nonlinear system of dimension 2 x 24 = 48 at each
step. This is clearly unacceptable in long-term simulations, for which many
such nonlinear systems may need to be solved.

Instead, we will look for a splitting of Hye that requires only the solution
of two-body problems at each step. The numerical method of the previous
section can then be used to solve the two-body problems.

One such splitting would break H,e into two parts,

H. = Hy + Hs,
where
D |7Ti|2 D
H =S 2 5
L= T3 68,
=1 i=1
and

H2 = Zajkﬂ-j T
J#k
H;y consists of D decoupled two-body problems, whereas Hs is only P depen-
dent, hence both terms are integrable.
An alternative splitting method would divide H into D parts,

Heag=G +Gy+...+Gp

where

_mil?

1
Gi +¢(|6i|)+520ik7"i‘7"k-

2m; ki
Each of the D terms can be seen to be integrable, since only the ith momentum
vector changes during the integration of G;. In the case of a 3-body problem,
this splitting has three terms. For higher order, the number would rapidly
increase.

Both splittings are easily seen to conserve angular momentum, since each
of the terms has this feature and the discretization is constructed by concate-
nation of the exact flows (or conserving approximations of the exact flows) on
each term.

To obtain higher-order methods, we suggest to use the concatenation tech-
nique [32, 19, 25]. For the alternative decomposition, second and fourth order
splitting methods are also easily derived.
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6. NUMERICAL EXPERIMENTS

In the experiments described below, we have used an adaptive Verlet-Leapfrog
method, one step with the method is given by
Q%Atnvfweak © QAt?’lﬂ;zoloc © Q%Atnafweak'
The stepsize is updated between the steps, using (2) with g = g(q", p"),g given
by (3) 2. For close encounters, ® At, .. 18 solved by an eight order Gauss
method, as described. In the experiments, we compare

(a) the variable stepsize leapfrog method without a switch
with the same method using:

(b) a hard switch, meaning that the switch is turned on, that is xy = 1,
whenever r < 7 in the beginning of the step, otherwise the switch is
turned off.

(c) an improved hard switch, in which linear extrapolation is used to decide
whether r is less than 7 over the whole step, in which case the switch is
turned on.

(d) the smooth switch (1) with k& = 8.

For the variable stepsize method, the fictive stepsize was At = 0.04. For the
smooth switch we have used r; = 0.02, r,,, = r; /8, and for the hard switches
F=(ry +r_)/2.

Ezample 1: The Kepler problem.

Our first example, the two-dimensional Kepler problem, has been chosen to
demonstrate the reliability of the smooth switch for solving two-body close
encounters. The Hamiltonian is

1

V@ + 3

1
HZg@%m@—

As initial values we choose

71(0) =1+e, ¢2(0)=0, pi(0)=0, p2(0) =+/(1—¢)/(1+e)
thus the solution (q1,¢2) forms an ellipse with eccentricity e, 0 < e < 1, and
with period 27. The smallest distance from the origin is rmin, = 1 — e. The
system with e = 0.9999 was integrated over 32 periods. The average stepsize
used by the algorithms was about 0.01.

The superiority of the smooth switch is clearly demonstrated by Figures 2
and 3. The adaptive leapfrog without switch suffers from a phase shift caused
by the high energy in the close domain. The hard switches partly eliminate
that phase shift, but a severe drift in the energy error is introduced. The
combination of leapfrog and the smooth switch eliminates the secular drift in
both phase and energy.

% After the first half step, this is equivalent to the symmetric adaptive Verlet method [10].
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FIGURE 2. The orbit of the Kepler problem (e=0.9999) solved by
the variable stepsize leapfrog method (a) without switch, with (b)
hard switch, (c) improved hard switch and (d) smooth switch.

Figure 4 illustrates how the energy varies over one period. To better visual-
ize the behaviour of the methods within the close domain, the energy error is
shown as functions of the number of steps. For comparision, the energy fluctu-
ations for two eccentricities, e = 0.9999 and e = 0.999999, are shown. We can
clearly see how the switches “cut the peak” off the energy error of the leapfrog
method. The hard switches are, however, unable to regain the energy level
when out of the close domain, a problem that gets worse for higher eccentrici-
ties. It is also interesting to notice that the energy error for the smooth switch
is almost independent of the eccentricity. However, the smooth switch creates
fluctuations in the switching regime. Experiments show that these fluctuations
become worse when 7, and r_ are close to each other.

It is also of interest to see how the switches affect the time symmetry. To this
end, the Kepler problem is integrated forward one period, and then backward
using the same stepsize sequence. Figure 5 shows the norm of the displacement
of g caused by this process for several choices of ryi, = 1—e. Thus, for ryi, less
than ry (or 7 for the hard swithces), the orbit is always outside the switching
regime. However, when in effect, the simple hard switch () destroys the time
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FI1GURE 3. The relative energy error in simulation of the Ke-
pler problem (e = 0.9999). (a) Without switch, with (b) hard
switch, (¢) improved hard switch and (d) smooth switch.

symmetry completely. It is also interesting to note that the method without
switches (%), which is known to retain, formally, time symmetry, loses this
property in practice.

This is caused by large rounding errors introduced in solving the unregu-
larized equations close to the singularity. The smooth switch (o), as well as
the improved hard switch (+) retains the time symmetry fairly well. Thus,
it seems that the benefits of solving the regularized equations, outweigh the
disadvantage of the energy error introduced in the switching regime.

Even if time symmetry is retained fairly well for the hard switch, we have
already seen that the numerical solution produced by this method shows a quite
irregular behaviour. This is because preservation of geometrical properties
relies on the existence of modified equations, a system of differential equations
whose exact solution agrees with the numerical solution to some order. Because
of the discontinuities introduced by the hard switches, no modified equations
exist.

Finally, Figure 6 shows the development of the global error in q. As ex-
pected, both the method without the switch and the method with a smooth
switch show linear error growth, although the error of the latter is only about
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FIGURE 4. The distance r and the energy error over one period
for the variable stepsize method without switch (- -), with hard
switch (- - - ), improved hard switch (-—) and smooth switch (-).
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FI1GURE 5. The displacement of g after integrating forward one
period, and then backward again, without switch (x), with hard
switch (x), improved hard switch (+) and smooth switch (o).

20% of the first one. The hard swithes give no such regular behavious of the
growth of the global error, further, the size of the errors is quite alarming.

Ezxample 2: Attraction by two fized centres.
Our next example is the problem of attraction by two fixed centres, located

at (—0.5,0) and (0.5,0). The Hamiltonian is
1 _ 1 _
Ve -05?2+¢  (n+05)°+q

and the initial values used are
q1(0) = ¢2(0) =0, p1(0) = p2(0) =0.8

1
H=§ﬁ+£%-
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FIGURE 6. The global error in simulation of the Kepler problem
(e = 0.9999). (a) Without switch, with (b) hard switch, (c)
improved hard switch and (d) smooth switch.

The problem has been solved without switch, with the improved hard switch

and with the smooth switch. The results are shown in Figures 7 and 8. The
“exact” solution has been found by integrating the problem with an explicit
Runge-Kutta method (MATLABs ODE45) with very strict tolerances (1.e-12).
Again, we can see how the switches remove the energy peaks of the adaptive
leapfrog method. However, there is again a drift in the energy for the hard
switch. No such drift can be observed for the smooth switch. Although it is
hard to give a clear measure of the quality of the solution, Figure 7 clearly
shows that the smooth switch retains the ergodic behaviour better than the
other two methods.

7. DISCUSSION

In this paper, we have presented a gravitational N-body integration algo-
rithm. Smooth switching functions have been used to split the potential terms
into local and weak parts. Close approaches between bodies are solved through
a regularized system of equations, using a high order Gauss method. Numerical
experiments clearly demonstrate the superior qualitative behaviour of the pro-
posed algorithm, however, the integration of close encounters is quite costly.
This can still be justified since close encounters normally happen relatively
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FIGURE 7. The orbit of Example 2, solved (a) exact, (b) with-
out switch, (c) with improved hard switch and (d) with smooth
switch.

rarely: in Example 2, about 20% of the steps were taken within the switch-
ing regime. This number can be reduced by reducing the switching regime,
thus a correct choice of r, and r_ is critical for the overall performance of
the method. Several other implementation issues, such as how to solve the
nonlinear equations arising from applying the Gauss method to the regular-
ized equations, still need to be addressed. Also, the proposed algorithms for
solving few-body close encounters must be studied more thoroughly and tested
numerically. These and other issues will be addressed in a forthcoming article.
However, the preliminary results given in this article are very promising, and
more than justify further work on the topic.
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