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Abstract

In this paper we discuss Lie-group methods and their dependence on centering coordinate

maps. The de�nition of adjoint of a numerical method is thus subordinate to the method

itself and the choice of the coordinate map. We study Lie-group numerical methods and their

adjoint, and de�ne selfadjoint numerical methods. The latter are de�ned in terms of classical

selfadjoint Runge{Kutta schemes and symmetric coordinates, based on a geodesic midpoint

or on a 
ow midpoint. As a result, the proposed selfadjoint Lie-group numerical schemes obey

time-symmetry both for linear and nonlinear problems, a property that is illustrated with

three numerical experiments.

1 Introduction

In a series or recent papers [16, 11, 24, 20, 3] a number of Lie-group methods have been introduced.

Lie-group methods are numerical methods that solve the Lie-group di�erential equation

y0 = 
(y)y; y(0) = y0; t 2 [0; T ]; (1.1)

whereby y(t) 2 G, a Lie-group, and 
 : G! g, g being the Lie algebra of G, so that the numerical
approximation yn � y(tn), t0 = 0 < t1 < � � � < T = tN , also obeys yn 2 G for all 0 < n � N ,

provided that the initial condition y0 is also in G.

The majority of such methods is based on the following approach: assuming yn 2 G given, we

look for a solution y of (1:1) in the interval [tn; tn+1] of the form

y(t) = exp(�(t))yn; (1.2)

whereby, for a continuous solution, we require that

�(tn) = 0:

A standard di�erentiation procedure (see for instance [16, 11, 24]) yields the di�erential equation

for the unknown �,

�0 = dexp�1� (
(exp(�)yn)); �(tn) = 0; t 2 [tn; tn+1]: (1.3)

Both Lie-groupMagnus-type methods [11, 24] and Munthe-Kaas-type schemes [16] are based on the

solution of (1:3), the di�erence being that, for the �rst class of methods (1:3) is �rst integrated,
truncated to appropriate order, and then the integrals are replaced with quadrature formulas,
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while, for the second class of schemes (1:3) is solved numerically (with Runge{Kutta schemes),

provided that the function dexp�1 is truncated to appropriate order. Once the approximation

�n+1 � �(tn+1);

is obtained, then the approximation of the solution of (1:1) is set

yn+1 = e�n+1yn:

Before proceeding further, we shall note that the theory presented in this paper is, for the

sake of simplicity, written in the notation of di�erential equations on matrix Lie groups. However,

by straightforward substitutions, all results and algorithms hold also for equations on general

homogeneous spaces [18]. Let M be a homogeneous space endowed with the transitive action

� : G�M!M of the Lie group G.

� Whenever g; y 2 G, the product gy, g 2 G; y 2 M, should be replaced by �(g; y).

� Whenever v 2 g; y 2 G, the product vy should be replaced by vy = @

@t

��
t=0

�(exp(tv); y)
(note that vy 2 TMy).

Having said this, we should explain what we mean by adjoint and selfadjoint numerical methods

[9]. By selfadjointness we intend the following property: assume that, given yn � y(tn), we
integrate to tn+1 with a given numerical method and a given stepsize h = tn+1 � tn to obtain

a numerical approximation yn+1. If integrating between tn+1 and tn, with the same numerical

method and stepsize �h, it happens that the output of the method ~yn is always such that ~yn = yn,
then the numerical method in question is said to be selfadjoint. Otherwise, the adjoint of the

numerical method is the method that we need to employ to step from tn+1 with stepsize �h
and initial condition yn+1 in order to obtain yn. Selfadjointness is sometimes known in literature

as time-symmetry of a numerical scheme [9], not to be confused with time-reversibility, which is

instead a property of some dynamical systems [15].

In a recent investigation on Lie-group numerical methods [12], it was discovered that, for linear

problems, i.e. when 
 � 
(t), Magnus-type methods based on symmetric collocation points, �a

la Gauss{Legendre, were selfadjoint. Similar results were obtained for the Munthe-Kaas-type

methods [17], again when the RK methods employed in the numerical integration of (1:3) were
time-symmetric (like in the classical theory of RK methods [9]).

However, for genuine nonlinear problems, when 
 � 
(y), such schemes (with due exceptions,

for instance the implicit midpoint rule) are not generally selfadjoint.

This paper is organized as follows: in the remainder of this section we introduce a numerical

experiment that motivated our investigation. In Section 2 we discuss the dependence of Lie-group

schemes on the choice of coordinate maps, an argument that is fundamental in the understanding of

adjointness and selfadjointness of numerical methods. We introduce the adjointness condition for

the center of a coordinate map, and present various results which allow us to construct the adjoint

of a given numerical method, and selfadjoint schemes. In Section 3, the procedure is extended

to methods based on the Magnus expansion. Finally, in Section 4, we present three numerical

experiments and discuss the results obtained in this paper. The appendix is devoted to some

results that are used in Section 2 and 3.

1.1 A numerical experiment: the Euler equations

Let y be a vector in R
3
. Then, denoted by � the classical vector product and introduced M , a

diagonal matrix with entries m1;m2;m3, the di�erential system

y0 = y �My; y(0) = y0; (1.4)
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is known as Euler equations of the rigid body, and has H(y) = 1
2
(m1y

2
1 + m2y

2
2 + m3y

2
3) as

Hamiltonian function. In each interval [tn; tn+1] we set y(t) = 
(t)yn, whereby 
 2 SO(3) obeys

the di�erential equation


0(t) = 
(y(t))
; 
(tn) = I;

where


 : R
3
! g; 
(y) =\�My;

the hat-map being de�ned as

v 2 R
3
! v̂ =

0
@ 0 �v3 v2

v3 0 �v1
�v2 v1 0

1
A :

We refer the reader to [13] for further details.

Let us introduce the Lie-group version of the implicit midpoint rule for the problem (1:1).1

Given yn, we have

� 1
2
= h

2

1;


1 = 
(exp(� 1
2
)yn);

�n+1 = h
1;

yn+1 = exp(�n+1)yn:

(1.5)

The midpoint method (1:5) is applied to the Euler equations (1:4), with initial condition y0,

a random vector in R
3
with unit norm, m1 = 1;m2 = 1

3
;m3 = 1

5
and stepsize h = 1

10
. The

Lie-group implicit midpoint retains the norm of y to machine precision (the SO(3) structure is

automatically preserved by a Lie-group method), while the energy error H(yn)�H(y0), where H
is the Hamiltonian function

H(y) =
1

2
(m1y

2
1 +m2y

2
2 +m3y

3
3); (1.6)

is plotted below in Figure 1.

0 10 20 30 40 50 60 70 80 90 100
−1

0

1

2

3

4

5
x 10

−5

Time

H
(y

n) −
 H

(y
0)

Figure 1: Energy error of the Lie-group version of the implicit midpoint method, when applied

to the Euler equations (1:4). The interval of integration is [0; 100]. The energy error is uniformly

bounded by a constant that depends on the stepsize and on the order of the method (2).

The energy error is uniformly bounded by a constant of the order O
�
h2
�
whereby h is the

stepsize of integration. A similar behaviour is observed for various initial conditions and di�erent

choices of the stepsize and very large intervals of integration.

1Note that, in the case of the implicit midpoint, both the Magnus-type method and the Munthe-Kaas-type

method coincide, because for order two it is not necessary to introduce any dexp�1 correction.
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Let us consider next the Lie-group method of the Munthe-Kaas-type, based on the classical

Gauss{Legendre RK method of order four. Once again, the norm of the solution is retained to

machine accuracy, while the energy is oscillating but linearly decreasing (Figure 2, top). A similar

behaviour is observed with the Magnus-type collocation method based on two Gaussian points

[24], except that now the energy is increasing (Figure 2, bottom). The energy error behaviour is

not signi�cantly improved by evaluating the dexp�1 function more accurately.
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Figure 2: Energy error for the order four Gauss{Legendre RK method of the Munthe-Kaas-type

(top) and Gauss{Legendre Magnus-type (bottom) when applied to the Euler equations (1:4). The
interval of integration is [0; 100].

Higher-order Gauss{Legendre-type Lie-group method behave more like the order-four ones

above, rather than like the implicit midpoint. Thus the fact that the implicit midpoint retains the

energy error uniformly in a band that depends on the stepsize, is more an exception than a rule

for Gaussian-type methods.

Another consequence of the numerical experiment described above is that Gauss{Legendre-type

methods (whether based on a Magnus expansion, or methods of the Munthe-Kaas-type) are not

time-symmetric for nonlinear problems, while the implicit midpoint appears to be so. That higher

order Gaussian-type methods are not time-symmetric for nonlinear problem is also easily veri�ed

by numerical experiments (see for instance [25]).

1.2 Time symmetry of Lie-group implicit midpoint

Let us return to the Lie-group implicit midpoint scheme (1:5). We can write

yn+1 = exp(�1)yn = exp(h
1)yn

= exp(
h

2

1 +

h

2

1)yn

= exp(
h

2

1)yn+ 1

2
;
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whereby we have denoted

y
n+ 1

2
= exp(

h

2

1)yn:

The point y
n+ 1

2
plays the role of a midpoint between yn and yn+1 where the e�ective coordinate

map is centered. Such yn+ 1
2
is in e�ect the midpoint on the geodesic connecting yn and yn+1.

Thus,

yn+1 = exp(
h

2

1)yn+ 1

2
; yn = exp(�

h

2

1)yn+ 1

2
;

and the scheme is time-symmetric. The time symmetry of the implicit midpoint rule is due to

the fact that one might consider the coordinates to be centered around a midpoint y
n+ 1

2
, which is

invariant under time symmetry. In the next section we will generalize this concept and show that

most of the known Lie-group methods can be symmetrized in the same fashion.

2 Lie-group methods and midpoint-based coordinates

2.1 Methods centered at arbitrary points

Let us consider a more general form of the map (1.2). Let � : g ! G be a smooth function such

that �(0) = e and �0(0) = I , the identity matrix (or more precisely T�(0; v) = v). Thus � is

a di�eomorphism mapping a neighbourhood of 0 2 g to a neighbourhood of e 2 G. Recurring

examples of such maps are:

� Canonical coordinates of 1st kind:

�(v) = exp(v):

� Canonical coordinates of 2nd kind:

�(v) = ccsk(v) = exp(�1v1) exp(�2v2) � � � exp(�dvd);

where v =
P

d

j=1 �jvj , �j 2 R , fvjg
d

j=1 is a basis for g, and the �i's are real function of

�1; : : : ; �d.

� Cayley coordinates for quadratic Lie groups:

�(v) = cay(v) = (I + v=2)(I � v=2)�1:

We can obtain coordinates around any point q 2 G by (inverting) the map v 7! �(v)q. In that case,
we will say that we are employing coordinates centered at q. In particular, the solution of (1.2)-(1.3)
is advanced in coordinates centered at yn. For the general case of coordinates centered at some

other point q near yn we will write

q = �(�)�1yn;

�(�)�1 2 G denoting the inverse of �(�) 2 G, for some � 2 g to be speci�ed in the sequel. We

remark that canonical coordinates of the 1st kind and the Cayley transform both satisfy

�(v)�1 = �(�v); 8v 2 g;

while, for coordinates of the second kind,

ccsk(v)�1 = exp(��dvd) exp(��d�1vd�1) � � � exp(��1v1):

The ultimate goal is to derive time symmetric methods by choosing � such that we reach the

same q when we step forwards from yn as when step backwards from yn+1.
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For u 2 g, let d�u : g! g denote the right trivialized tangent of �, i.e.

T�(u; v) = d�u(v)�(v):

Since �0(0) = I , we have d�0 = I . Thus for small u, d�u is a linear invertible map with inverse

d��1
u
. For the exponential map [10], as well as for the Cayley transform [4], we have

dexp�1
u
(v) =

1X
k=0

Bk

k!
adk

u
(v) where Bk are Bernoulli numbers,

dcay�1
u
(v) = v �

1

2
[u; v]�

1

4
uvu :

With regards to coordinates of the second kind, it is di�cult to give an explicit expression for

dccsk�1
u
, although in many cases it can be computed very e�ciently [20].

Our next step is to look for a solution y of (1:1) in the interval [tn; tn+1] of the form

y(t) = �(�(t))�(�)�1yn: (2.1)

Di�erentiating y(t) we �nd

y0(t) = d��(t)(�
0(t))�(�(t))�(�)�1yn:

and using (1.1) we obtain the following equation for �(t),

�0(t) = d��1
�
(
(y(t))) ; (2.2)

with initial condition �(tn) = �. Comparing with (1.3), we observe that changing the center of

the coordinate map does not a�ect the equation for �, only the initial condition being changed.

Solving (2.2) by a Runge{Kutta method results in the following algorithm:

Algorithm 1 (Runge{Kutta based Lie integrator in coordinates centered at �(�)�1yn)
Denote d��1(�; #; p), �; # 2 g, the truncation of d��1� (#) to order p. For instance

dexp�1(�; #; p) =
p�2X
k=0

Bk

k!
adk

�
(#);

in the case of canonical coordinates of the �rst kind, the Bk being Bernoulli numbers [1]. Then, a
�-stage order-p Lie-group method, based on the RK scheme de�ned by the tableau

c A

bT
;

in the interval [tn; tn+1] with coordinates centered at a generic point �(�)�1yn reads

�i = � + h
P

�

j=1 ai;jFj ;


i = 
(�(�i)�(�)
�1yn);

Fi = d��1(�i; 
i; p);

9>>=
>>; i = 1; : : : ; �;

�n+1 = � + h
P�

i=1 biFi;

yn+1 = �(�)�(�)�1yn:

(2.3)
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2.2 Adjoint of Lie-group methods

Let us return to (2:2) and assume that such di�erential equation is solved numerically in g with a

one-step method 	 and positive stepsize h. 	 might be for instance a Runge{Kutta (RK) method.

We will write �n+1 = 	(tn; �(tn); h), where h = tn+1 � tn.
It is well known that usually 	(tn+1;	(tn; �; h);�h) 6= �, a feature that is instead true for the


ow � of the exact solution, because of the group properties of the solution operator [21].

Instead, the adjoint method 	�, of the numerical method 	 has the property that

	�(tn+1;	(tn; �; h);�h) = �;

or, in short-hand notation,

	��h �	h = id

(see [9] for more details). As an example, the adjoint of forward Euler is backward Euler.

To obtain the adjoint of a method in a Lie-group setting, we have to take into account two

main elements: that the numerical method 	 allows us to advance in the algebra, and that the

coordinates allow us to advance in the group. For what the �rst one is concerned, if (2:2) is solved
in [tn; tn+1] with a numerical method 	, then the adjoint 	� of 	 should be used when stepping

backward (i.e. with negative h). Secondly, the coordinate map when stepping backward should be

centered in the same point as when stepping forward. Therefore, if � is the initial condition for

(2:2) when solved with 	, and �� when solved with 	�, we shall require that

�(�)�1yn = �(��)�1yn+1: (2.4)

To achieve (2:4), we shall allow either �, or �� (or both of them) to be functions of yn and h.
We write the functional dependence as �h;n and ��

h;n
. We de�ne a pair of methods ~	 and ~	� on

G as

~	(tn; yn; h) = �(�h;n)�(�h;n)
�1yn (2.5)

~	�(tn; yn; h) = �(��h;n)�(�
�
h;n)

�1yn (2.6)

���h;n+1 = �h;n; (2.7)

where �h;n = 	(tn; �h;n; h) and ��
h;n

= 	�(tn; ��h;n; h) are the solutions of (2.2) on [tn; tn + h] with
initial conditions �h;n and ��

h;n
using the methods 	 and 	�, respectively.

Theorem 2.1 (Adjoint of a Lie-group method )

With the same notation as above, ~	� is the adjoint algorithm of ~	 and ( ~	�)� = ~	.

Proof. In short-hand notation, we have

~	��h � ~	h(yn) = �(���h;n+1)�(�
�
�h;n+1)

�1�(�h;n)�(�h;n)�1yn:

Equation (2.7) yields (2.4), hence the two middle terms compose into the identity. Now, �h;n and

���h;n+1 are solutions of the same equation (2.2), where the start point of �� is the endpoint of

�, and �� is obtained by integrating with step �h. Since the underlying schemes 	h and 	�
h
are

adjoint, we get ���h;n+1 = �h;n and hence ~	��h � ~	h = Idj
G
. 2

We consider the scheme de�ned by (2.3) and we let � be a function of the stage values,

�h;n = �(h;F1; F2; : : : ; F�):

Hence � depends also on the coe�cients of the scheme 	. Although now (2:2) becomes a functional
di�erential equation because the initial condition depends functionally on the solution itself, it is

7



possible to prove that its solution exists and is unique provided that the stepsize h is su�ciently

small (see the Appendix).

Then, ���h;n+1 = ��(�h;F �1 ; : : : ; F
�
�
), hence, because of (2:7), we deduce that � and �� obey

the fundamental relation

��(�h;F �1 ; : : : ; F
�
�
) = �(h;F1; : : : ; F�) + h

�X
i=1

biFi; (2.8)

that we call adjointness condition for the midpoint, i.e. the center of the coordinate map.

Recall that a numerical method is said to be selfadjoint if 	� = 	. Similarly, a RK-type Lie-

group method is selfadjoint if ~	� = ~	. There are several ways of constructing an adjoint midpoint

and these will be discussed in the sequel.

Theorem 2.2 (Selfadjoint Lie-group methods)

Algorithm 1 is selfadjoint if the underlying Runge{Kutta scheme is selfadjoint and � obeys

�(�h;F� ; : : : ; F1) = �(h;F1; : : : ; F�) + h

�X
i=1

biFi: (2.9)

Proof. When we step backwards with the a selfadjoint RK method, the same stages and stage

values are generated, but in opposite order. The result follows immediately from (2.8). 2

2.3 Geodesic midpoint

Let us return to the function � and to the \midpoint" it generates. Given that we aim at devising

selfadjoint Lie-group schemes, some obvious candidates for a suitable midpoint are: the midpoint

(in time) of the 
ow between yn and yn+1 and the midpoint of the geodesic connecting yn and

yn+1 (see Figure 3).

ryn
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r y
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2
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2
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Figure 3: Flow midpoint and geodesic midpoint on the Lie-group G.

De�nition 2.1 (Geodesic midpoint)

We say that the function

�h;n = �(h;F1; : : : ; F�) = �
h

2

�X
i=1

biFi (2.10)

de�nes a geodesic midpoint yn+ 1
2
= �(�h;n)

�1yn.

The above de�nition is justi�ed because, in the case of the exponential map, y
n+ 1

2
it is the midpoint

on the geodesic connecting the numerical approximations yn and yn+1. In the sequel, we will often

refer to coordinates that use a geodesic midpoint as geodesic symmetric coordinates.

Geodesic symmetric coordinates exist for all RK-type method, whether explicit or implicit, and

it is easily veri�ed that they obey the relation (2:8).

Theorem 2.3 (Adjointness of the geodesic midpoint)

Geodesic midpoint based coordinates obey (2:8).
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Proof. We have ��(h;F �1 ; : : : ; F
�
�
) = �h

P�

i=1 b
�
i
F �
i
, whereby the b�

i
's are the weights of the

adjoint method of 	. However, b�
i
= b�+1�i (see [9]), hence ��(�h;F� ; : : : ; F1) = 1

2
h
P�

i=1 biFi =
�(h;F1; : : : ; F�) + h

P
�

i=1 biFi, and the result follows. 2

Corollary 2.3.1 (Selfadjoint Lie-group method with geodesic midpoint)

Selfadjoint RK methods and geodesic midpoint yield selfadjoint Lie-group methods.

Proof. For selfadjoint RK methods, it is true that bi = b�+1�i (see [9]), hence the result follows by
virtue of Theorem 2.2 2

In passing, we mention that the Lie-group method ~	 and its adjoint ~	� (unless ~	 is selfadjoint),

when both stepping forward, do generally employ di�erent geodesic midpoints.

Algorithm 2 (Lie-group RK methods with geodesic midpoint)

Let d�(�; #; p) be a p'th order approximation of d��1
�
(#). A �-stage order-p RK Lie-group method

with geodesic-symmetric coordinates, based on the RK scheme de�ned by the tableau

c A

bT
;

in the interval [tn; tn+1], reads

�i = h
P�

j=1(a
i
j
� 1

2
bj)Fj ;


i = 
(�(�i)�(�h;n)
�1yn)

Fi = d��1(�i; 
i; p);

i = 1; : : : ; �;

�n+1 =
1
2
h
P

�

i=1 biFi;

�h;n = ��n+1;

yn+1 = �(�n+1)�(�h;n)
�1yn:

(2.11)

In particular, if the underlying RK method is selfadjoint, also the above scheme is Lie-group
selfadjoint.

Note that, both for canonical coordinates of the �rst kind and for the Cayley map for quadratic

Lie-groups, at each step �n+1 and �h;n commute; for coordinates of the second kind, yn+1 is instead
obtained by means of a symmetric composition of exponentials, a l�a Strang splitting.

2.4 Flow midpoint

In order to de�ne a 
ow midpoint, we need to evaluate y
n+ 1

2
at the midpoint of the 
ow in the

interval [tn; tn+1]. Therefore, we restrict our attention to methods based on collocation, since they

naturally give a continuous solution in the interval under consideration. Assume that c1; : : : ; c� 2
[0; 1] are given nodes and denote

Li(�) =

�Y
j 6=i

� � cj

ci � cj
;

the cardinal Lagrangian polynomials. We set

wi =

Z 1
2

0

Li(�) d�; i = 1; : : : ; �: (2.12)
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De�nition 2.2 (Flow midpoint)

We say that the choice

�h;n = �(h;F1; : : : ; F�) = �h

�X
i=1

wiFi; (2.13)

de�nes a 
ow midpoint yn+ 1
2
= �(�h;n)

�1yn.

In e�ect, � evaluates the value of the function � at tn+
h

2
, from which the name of 
ow midpoint.

Often, coordinates that employ the 
ow midpoint will be referred as 
ow symmetric coordinates.

Theorem 2.4 (Adjointness of the 
ow midpoint)

Flow midpoint based coordinates obey (2:8).

Proof. We have ��(h;F �1 ; : : : ; F
�
� ) = �h

P�

i=1 w
�
i
F �
i
, where w�

i
=
R 1

2

0
L�
i
(�) d� . But L�

i
(�) =Q

j 6=i
��c�j
c�
i
�c�

j

, whereby the condition for 	� to be the adjoint of 	 implies that c�
i
= 1� c�+1�i (see

[9]). Changing integration variable, we deduce that w�
i
=
R 1
1
2

L�+1�i(�) d� = b�+1�i � w�+1�i,
from which the result follows. 2

Corollary 2.4.1 (Selfadjoint Lie-group methods with 
ow midpoint)

Selfadjoint RK method in tandem with 
ow symmetric coordinates yield selfadjoint Lie-group
method.

Proof. Follows from the fact that, for selfadjoint collocation methods, it is true that ci = 1�c�+1�i
(see [9]). 2

Algorithm 3 (Lie-group collocation RK with 
ow midpoint)

Let d�(�; #; p) be a p'th order approximation of d��1� (#), as above. Consider a �-stage order-p
collocation RK method based on c1; : : : ; c� , whose tableau is

c A

bT
;

with ai
j
=
R ci
0
L(�) d� , bi =

R 1
0
Li(�) d� . De�ne wi =

R 1
2

0
Li(�) d� . The corresponding Lie-group

method based on 
ow-symmetric coordinates in the interval [tn; tn+1] reads

�i = h
P

�

j=1(a
i

j
� wj)Fj ;


i = 
(�(�i)�(�h;n)
�1yn)

Fi = d��1(�i; 
i; p);

i = 1; : : : ; �;

�n+1 = h
P�

i=1(bi � wi)Fi;

�h;n = �h
P�

i=1 wiFi;

yn+1 = �(�n+1)�(�h;n)
�1yn:

(2.14)

In particular, if the underlying RK method is selfadjoint, also the above scheme is Lie-group
selfadjoint.

Di�erently from the geodesic-midpoint case now �n+1 and �h;n do not generally commute, even

for canonical coordinates of the �rst kind or for Cayley maps for quadratic groups.

The question we address next is: what are all the possible choices of midpoints so that (2:9) is
obeyed? As far as the general case is concerned, the following result holds.

10



Lemma 2.5

The set of all �'s that obey (2:9) is convex.

Proof. If �1 and �2 satisfy (2.9), then so does also ��1 + (1� �)�2 for all �. 2

In particular, for selfadjoint RK methods, also a linear combination of geodesic and 
ow midpoint

yields a numerical scheme that is Lie-group selfadjoint. Other nontrivial choices of selfadjoint

midpoints are described below.

Lemma 2.6

Let ��i = h
P

�

j=1 ai;jFj . If the underlying Runge{Kutta method is selfadjoint, then for any i =
1; 2; : : : ; � the function

�(h; F1; : : : ; F�) = �
h

2
(��i + ���+1�i) (2.15)

satis�es (2.9).

Proof. We recall that selfadjoint methods satisfy

a��i+1;��j+1 + ai;j = b��j+1 = bj

(see [9]). This yields:

�(�h; F� ; : : : ; F1)��(h; F1; : : : ; F�) =

h

2

�X
j=1

(ai;jF�+1�j + a�+1�i;jF�+1�j + ai;jFj + a�+1�i;jFj) =

h

2

�X
j=1

((ai;j + a�+1�i;�+1�j)F�+1�j + (ai;j + a�+1�i;�+1�j)Fj) =

h

2

�X
j=1

(b�+1�jF�+1�j + bjFj) = h

�X
j=1

bjFj ;

which completes the proof. 2

3 The Magnus expansion with geodesic and 
ow midpoints

Up to this point, we have focused on symmetric coordinates for RK methods of the Munthe-Kaas

type. However, similar results hold also for methods based on the Magnus expansion, mainly

constructed by means of collocation. The main di�erence with the approach above is that the

di�erential equation (2:2) is �rst integrated, then truncated to appropriate order, and �nally the

integrals are approximated with suitable quadrature formulas. Furthermore, since the expansion

of the solution heavily depends on the choice of �, the procedure is far less treatable in generality,

i.e. irrespective of �. We will therefore describe in detail the case of canonical coordinates of the

�rst kind, in order to give to the reader the idea of the typical procedure.

Hence, let us assume y(t) = exp(�) exp(��h;n)yn in the interval [tn; tn+1], which, in the algebra
g reduces to (2:2). However, it is convenient to replace � by � � � 1

2
, � 1

2
= ��h;n, hence to look

for a solution y(t) = exp(� � � 1
2
) exp(� 1

2
)yn, so that � is solution of the di�erential equation

�0 = dexp�1��� 1
2

(
(y(t))); �(tn) = 0: (3.1)

In the classical setting, the di�erential equation for �, �0 = dexp�1
�
(
), is integrated (by means

of Picard iterations) and truncated to appropriate order. A truncated approximation of � can be

11



represented in terms of order trees [11, 24]. In particular a canonical Magnus expansion of order

p is obtained by including only the necessary terms for order p [12]. Such canonical expansion

can be written in terms of the function 
 and its integrals, and commutators of those. To obtain

collocation methods, with nodes c1; c2; : : : ; c� , the function 
 is then replaced by its Lagrangian

interpolant


(y(t)) �

�X
j=1

L

�
t� tn

h

�

i; Lj(t) =

Y
k 6=j

t� ck

cj � ck
; t 2 [tn; tn+1];

whereby 
i = 
(exp(�i)yn, and the coe�cient of the methods are obtained by integrating combi-

nations of the cardinal Lagrangian polynomials [24].

We apply the same procedure to (3:1). However, the resulting Magnus expansions are slightly

di�erent, in the case of 
ow-symmetric and geodesic-symmetric coordinates. Therefore, we shall

consider the two cases separately.

3.1 Flow midpoint for the Magnus expansion

Our point of departure is the di�erential equation (3:1), in tandem with the assumption

� 1
2
= �(tn +

h

2
):

For ease of notation, let us focus on the interval [0; h]. By Picard iterations, we obtain

�(t) =

Z t

0


(s) ds�
1

2

Z t

0

[

Z s

0


(u) du�

Z 1
2

0


(u) du; 
(s)] ds+ h.o.t.; (3.2)

where we have omitted the explicit dependence of 
 on y. Disregarding the higher order terms

in (3:2) yields an order-four approximation to �. We shall focus here on the procedure for order-

four schemes only, although everything can be extended to higher order methods, for which the

calculation of the coe�cients is slightly more laborious.

From

�(t) �

Z t

0


(s) ds�
1

2

Z t

0

[

Z s

0


(u) du�

Z 1
2
h

0


(u) du; 
(s)] ds;

we obtain

�(t) � h

�X
j=1

Z t

0

Lj(s) ds 
j �
1

2
h2

�X
j;k=1

Z t

0

Z s

0

Lj(u)Lk(s) du ds [
j ; 
k]

+
1

2
h2

�X
j;k=1

Z t

0

Lk(s) ds

Z 1
2

0

Lj(u) du [
j ; 
k];

by replacing 
 by its interpolating polynomial. Thus, at the collocation nodes ci, we �nd

�i = h
P�

j=1 a
i
j

j +

h
2

2

P�

j;k=1(a
i

j;k
+ ai

k
wj)[
j ; 
k];


i = 

�
exp(�i � � 1

2
) exp(� 1

2
)y0

�
;

(3.3)

whereby, as in the classical theory [9],

aij =

Z ci

0

Lj(s) ds;

12



as in [24], we have

ai
j;k

=

Z
ci

0

Z
t

0

Lj(t)Lk(u) du dt;

and the wi's are given by (2:12). A similar rule applies to the calculation of � 1
2
,

� 1
2
= h

�X
j=1

wj
j +
h2

2

�X
j;k=1

wj;k [
j ; 
k];

where

wj;k =

Z 1
2

0

Z
t

0

Lj(t)Lk(s) ds dt: (3.4)

Once the internal stages and are evaluated, we can �nd

�h = h

�X
j=1

bj
j +
h2

2

�X
j;k=1

bj;k[
j ; 
k]; (3.5)

where

bj =

Z 1

0

Lj(t) dt; bj;k =

Z 1

0

Z
t

0

Lj(t)Lk(s) ds dt:

This completes the list of ingredients for the evaluation of y1,

y1 = exp(�h � � 1
2
) exp(� 1

2
)y0:

The same procedure is applied in each interval [tn; tn+1].
Similarly to the the procedure presented in the previous section, we have that � 1

2
is a function

of the stage values,

� 1
2
= ��h;n = ��(h; 
1; : : : ; 
�):

Thus, because of (2:7), the adjointness condition (2:8) becomes equivalent to

��(�h; 
� ; : : : ; 
1) = �(h; 
1; : : : ; 
�) + h

�X
i=1

bi
i +
h2

2

�X
i;j=1

bi;j [
i; 
j ]: (3.6)

De�nition 3.1

We say that the choice

�(h; 
1; : : : ; 
�) = �h

�X
i=1

wi
i �
h2

2

�X
i;j=1

wi;j [
i; 
j ]

de�nes a 
ow midpoint y
n+ 1

2
= exp(��h;n)yn for the Magnus expansion.

Theorem 3.1 (Adjointness of the 
ow midpoint for Magnus expansions)

The 
ow midpoint for the Magnus expansion obeys (3:6).

Proof. It is easily veri�ed that w�
i
= b�+1�i � w�+1�i and w�

i;j
= b�+1�i;�+1�j � w�+1�i;�+1�j

from which (3:6) follows. 2

Corollary 3.1.1 (Selfadjoint Magnus methods with 
ow midpoint)

Flow midpoint coordinates and selfadjoint collocation methods yield selfadjoint Magnus methods.

13



Proof. It follows from the fact that, for selfadjoint collocation methods, the collocation nodes obey

ci = 1� c�+1�i. 2

Algorithm 4 (Collocation order-four Magnus methods with 
ow midpoint)

Assume that c1; : : : c� are collocation nodes in [0; 1]. Furthermore, assume that, in the classical
setting, these nodes originate a collocation RK scheme of order p, with p � 4. Then the following
scheme yields a collocation Magnus method on Lie groups of order four. Let yn 2 G, t 2 [tntn+1].

�i = h
P�

j=1 a
i

j

j +

h
2

2

P�

j;k=1(a
i

j;k
+ ai

k
wj)[
j ; 
k];

� 1
2
= h

P�

j=1 wj
j +
h
2

2

P�

j;k=1 wj;k[
j ; 
k];


i = 

�
exp(�i � � 1

2
) exp(� 1

2
)yn

�
;

i = 1; : : : ; �;

�n+1 = h
P�

j=1 bj
j +
h
2

2

P�

j;k=1 bj;k[
j ; 
k];

yn+1 = exp(�n+1 � � 1
2
) exp(� 1

2
)yn:

(3.7)

In particular, if the underlying RK method is selfadjoint (i.e. the collocation nodes are symmetri-
cally distributed in [0; 1]), then also the above scheme is selfadjoint.

Example 3.1

Let us construct an order-four Magnus method based on Gaussian quadrature with 
ow symmetric

coordinates. We have c1 = 1
2
�

p
3
6

and c2 = 1
2
+

p
3
6
, hence the method (3:7) results into the

numerical scheme

�1 = h( 1
4

1 + ( 1

4
�

p
3
6
)
2 +

h
2

2
( 1
144

�
p
3

48
)[
1; 
2];


1 = 

�
exp(�1 � � 1

2
) exp(� 1

2
)yn

�
�2 = h(( 1

4
�

p
3
6
)
1 +

1
4

2) +

h
2

2
(� 1

144
�

p
3

48
)[
1; 
2];


2 = 

�
exp(�1 � � 1

2
) exp(� 1

2
)yn

�
� 1
2
= h(( 1

4
�

p
3
8
)
1 + ( 1

4
+

p
3
8
)
2)�

p
3

96
h2[
1; 
2];

�n+1 =
h

2
(
1 + 
2)�

p
3

24
h2[
1; 
2];

yn+1 = exp(�n+1 � � 1
2
) exp(� 1

2
)yn:

3.2 Collocation methods based on the geodesic midpoint

When using the geodesic midpoint we have � 1
2
= 1

2
�h, hence integrating (3:1) by Picard iteration,

we �nd

�(t) =

Z
t

0


(s) ds�
1

2

Z
t

0

[

Z
s

0


(u) du�
1

2

Z
h

0


(u) du; 
(s)] ds+ h.o.t.; (3.8)

For order-four schemes, we disregard the higher order terms. We replace 
 by its interpolating

polynomial, to �nd

�(t) � h

�X
j=1

Z t

0

Lj(s) ds 
j �
1

2
h2

�X
j;k=1

Z t

0

Z s

0

Lj(u)Lk(s) du ds [
j ; 
k]

+
1

4
h2

�X
j;k=1

Z t

0

Lk(s) ds

Z 1
2

0

Lj(u) du [
j ; 
k]:
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Thus, at the collocation point ci,

�i = h
P�

j=1 a
i

j

j +

h
2

2

P�

j;k=1(a
i

j;k
+ 1

2
ai
k
bj)[
j ; 
k];


i = 

�
exp(�i � � 1

2
) exp(� 1

2
)yn

� (3.9)

so that we can �nally calculate

�h = h

�X
j=1

bj
j +
h2

2

�X
j;k=1

bj;k[
j ; 
k];

and hence

y1 = exp(�h)y0:

Analogous procedure in the interval [tn; tn+1].

De�nition 3.2

We say that the choice

�(h; 
1; : : : ; 
�) = �
h

2

�X
i=1

bi
i �
h2

4

�X
i;j=1

bi;j [
i; 
j ]

de�nes a geodesic midpoint for the Magnus expansion.

Theorem 3.2 (Adjointness of the geodesic midpoint for Magnus expansions)

The geodesic midpoint for the Magnus expansion obeys (3:6).

Proof. We have that b�
i
= b�+1�i and b�

i;j
= b�+1�i;�+1�j from which (3:6) follows. 2

Corollary 3.2.1 (Selfadjoint Magnus methods with geodesic midpoint)

Geodesic midpoint coordinates and selfadjoint collocation methods yield selfadjoint Magnus meth-
ods.

Proof. See Corollary 3.1.1. 2

Algorithm 5 (Collocation order-four Magnus methods with geodesic midpoint)

With the same assumptions as in Algorithm 4, the corresponding collocation order-four Magnus
method based on geodesic midpoint reads

�i = h
P

�

j=1 a
i

j

j +

h
2

2

P
�

j;k=1(a
i

j;k
+ 1

2
ai
k
bj)[
j ; 
k];

� 1
2
= 1

2
h
P

�

j=1 bj
j +
h
2

4

P
�

j;k=1 bj;k[
j ; 
k];


i = 
(exp(�i � � 1
2
) exp(� 1

2
)yn);

i = 1; : : : ; �;

�n+1 = h
P

�

j=1 bj
j +
h
2

2

P
�

j;k=1 bj;k[
j ; 
k];

yn+1 = exp(�n+1)yn:

(3.10)

In particular, if ci = 1 � c�+1�i, then also the above procedure yields a selfadjoint Lie-group
numerical method.
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Example 3.2

For the order-four Magnus method based on Gaussian quadrature with geodesic midpoint, the

algorithm (3:10) results into the numerical scheme

�1 = h( 1
4

1 + ( 1

4
�

p
3
6
)
2 +

h
2

2
( 5
72
�

p
3

12
)[
1; 
2];


1 = 

�
exp(�1 � � 1

2
) exp(� 1

2
)yn

�
�2 = h(( 1

4
�

p
3
6
)
1 +

1
4

2) +

h
2

2
(� 5

72
�

p
3

12
)[
1; 
2];


2 = 

�
exp(�2 � � 1

2
) exp(� 1

2
)yn

�
� 1
2
= h

4
(
1 + 
2)�

p
3

24
h2[
1; 
2];

�n+1 =
h

2
(
1 + 
2)�

p
3

12
h2[
1; 
2];

yn+1 = exp(�n+1)yn:

4 Numerical experiments

4.1 The Euler equations

Let us return to the Euler equations for the rigid body that we have already introduced in x 1.1. We

had observed that the order-four RKMK method based on Gauss{Legendre nodes with coordinates

centered at yn had an energy dissipating behaviour (see Fig 2). The same behaviour was observed

for the corresponding Magnus method as derived in [24]. Those methods are not selfadjoint,

because, although the corresponding classical methods are selfadjoint, that is not the case for the

coordinate map.

When we consider the same methods but with symmetric coordinates, both 
ow symmetric

and geodesic symmetric, as described in Algorithms 2-3 and 4-5, it is easily veri�ed by numerical

experiments that such methods are selfadjoint or time-symmetric.

Furthermore, numerical experiments reveal that time-symmetry also improves long time be-

haviour of the numerical approximations. In Figure 4 we display the energy error of the sym-

metrized methods, the numerical experiments being performed with exactly the same initial con-

dition and stepsize as in x 1.1. Instead of increasing, the energy error is now nicely oscillating

in a band whose amplitude is proportional to h4. This peculiar type error in the Hamiltonian

function can be explained by means of the KAM theory [15]. In our case, the Euler equations are

reversible, since changing the velocity of the body is equivalent to replacing y with �y. This is

equivalent to changing the sign of the vector �eld (1:4), hence to integrating backwards in time.

Thus, time-reversibility and selfadjointness reduce to the same condition, from which we deduce

that selfadjoint Lie-group methods are time-reversible in this particular example. Therefore, the

fact that we are solving a nearby reversible problem, together with the fact that the solution is

constrained on a manifold (the sphere) justi�es the observed behaviour of the Hamiltonian error.

A more rigourous explanation follows from backward error analysis for Lie-group methods [6].

4.2 The heavy top

We will next consider a symmetric heavy top modelled on se(3)�; the dual space of the Lie algebra
se(3). We recall that se(3)� is isomorphic to the space R

3
�R

3
, therefore we will use a pair of

3-vectors (�;�) to represent the state of the heavy top.

The equations of motion for the heavy top are given by

d�

dt
= ��
+Mgl���;
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Figure 4: Error in the Hamiltonian of the Euler equations for the rigid body, with Gauss{Legendre

methods based on symmetric coordinates. Compare with the non-symmetric coordinates in Fig 2.

d�

dt
= ��
;

where �;�;
;� 2 R
3
. � is the angular momentum, � is the gravity vector as seen in local

coordinates, 
 is the angular velocity, and � is the constant unit vector along the line segment of

length l connecting origin and the center of gravity. M is mass, and g is the gravitational constant.
We refer to [13] for background and notation.

The system (4.1) is Hamiltonian in the Lie-Poisson structure on se(3)�, the heavy top bracket

being

ff; hg(�;�) = ���(r�f�r�h)� ��(r�f�r�h�r�h�r�f): (4.1)

Furthermore, the heavy top Hamiltonian is given by

H(�;�) =
1

2
�I�1�+Mgl���; (4.2)

where I denotes the inertia tensor.

Because the heavy top equations are Lie-Poisson we use the coadjoint action to advance the

solution on se(3)� (see [5]). The coadjoint action of SE(3) on its dual Lie algebra se(3)� is

Ad�
(R;
)�1

(�;�) = (R�+
�R�; R�):

The symmetric heavy top possesses four conserved quantities: the Hamiltonian (4.2); the pro-

jection of the angular momentum on the symmetry axis of the top � ��; the projection of the

angular momentum on the gravity vector ���; and �nally the norm of the gravity vector jj�jj2.

The two latter �rst integrals are Casimirs of the bracket (4.1), and hence they are preserved under

the coadjoint action and rendered to machine accuracy in the numerical simulation.

In the numerical test we use the following data:

I = 1=8

2
4 7 0 0

0 7 0

0 0 2

3
5 ; � =

2
4 0

0

1

3
5 ; (�0;�0) =

0
@
2
4 0

0

0:25

3
5 ;
2
4 0

�0:195090
0:980785

3
5
1
A :

Moreover, the gravitational constant g equals 9:81, l equals
p
3
2
, and the mass M equals 1. The

stepsize of integration is h = 1=20, while the interval of integration is [0; 20].
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Figure 5: Order-four Gauss{Legendre Magnus method with 
ow-symmetric coordinates (solid line)

compared with with coordinates centered at yn (dash-dotted line).

In Figure 5 the order-four Gauss{Legendre Magnus method with 
ow-symmetric coordinates,

introduced in Example 3.1 is compared with the same scheme using coordinates centered at yn [24].
As expected the two Casimirs are rendered to machine accuracy for both the methods (right plots).

In the upper plot to the left, the time-symmetric Magnus method shows very good behaviour on

the Hamiltonian. The error in the Hamiltonian is con�ned within a band, whereas the standard

choice of coordinates (centered at yn) gives rise to a linearly increasing absolute error. Thus, the

time-symmetric method yield very good behaviour in the retention of the heavy top Hamiltonian,

as was also the case for the Euler equations describing a rigid body.

Rather surprisingly, as we can see in the lower left plot, time-symmetry of the numerical

method also improves the conservation of the last non-Casimir �rst integral. The error of this �rst

integral is also con�ned within a band for the time-symmetric method, just like for the error in the

Hamiltonian. The standard method displays a linear increase in the absolute value of the error for

the �rst integral.

In Figure 6 we observe a similar behaviour for the order-six Gauss{Legendre of the Munthe-Kaas

type with 
ow-symmetric coordinates compared with the corresponding method with coordinates

centered at yn [16]. Similar improvements are observed with geodesic symmetric coordinates, and
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Figure 6: Order-six Gauss{Legendre RKMK method with 
ow-symmetric coordinates (solid line)

compared with coordinates centered at yn (dash-dotted line).
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in general with all types of symmetric coordinates introduced in this paper.

4.3 A three-particle periodic Toda lattice

As a last example, we consider the three-particle periodic Toda lattice, i.e. three particles on a

ring subject to a nearest-neighbour exponential potential, with Hamiltonian function

H(p; q) =
1

2
(p21 + p22 + p23) + e�(q2�q1) + e�(q3�q2) + e�(q1�q3) � 3; (4.3)

an example that has been treated at length already in [24, 26] and references therein.

The above Toda lattices can be written in the Lax form

L0 = [B(L); L]; L(0) = L0; (4.4)

a matrix isospectral 
ow.2 Speci�cally,

L =

2
4 �1 �1 �3

�1 �2 �2
�3 �2 �3

3
5 ; B(L) =

2
4 0 ��1 �3

�1 0 ��2
��3 �2 0

3
5 ;

where the new variables are obtained by means of the formulae

�j = 1
2
e�(qj+1�qj)=2; j = 1; 2; 3;

�j = 1
2
pj ;

with the periodicity conditions

�j+3 = �j ; �j+3 = �j ; j = 1; 2; 3;

[7, 22]. It is well known that classical numerical methods cannot retain isospectrality (see for

instance [2, 26]). However, isospectrality can be recovered by solving numerically the orthogonal


ow

y0 = 
(y)y; y(tn) = I; t 2 [tn; tn + h]; (4.5)

where 
(y) = B(yLny
T ), with either an orthogonal method or with a Lie-group scheme. Thus,

if Ln � L(tn) is given and yn+1 � y(tn+1) is an orthogonal matrix, we employ the similarity

transformation

Ln+1 = yn+1Lny
T

n+1;

to advance from Ln to Ln+1 � L(tn+1).
It was observed in [24, 26] that Lie-group methods with coordinates centered at yn, applied to

(4:5), in tandem with the similarity transformation Ln+1 = yn+1Lny
T
n+1 were preserving isospec-

trality to machine accuracy. Also the Poincar�e section produced by the methods were quite ac-

curate. However, since the �i's (and not the qi's) were treated as independent variables, those

methods were displaying a error in the lattice length that we de�ne as

elatt =

3Y
j=1

�j �
1

8

(note that elatt should equal zero along the theoretical solution).

In Figure 7 we display the value of elatt for Lie-group methods based on order-four Gauss{

Legendre methods. For the numerical experiments, we have used p0 = [1; 1; 0]T and q0 = [0; 0; 0]T

2I.e., the eigenvalues of the solution L(t) do not change with time.
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and stepsize h = 1
10
. In particular, the right plot corresponds to the order-four Magnus method

in Example 3.1 (
ow-symmetric coordinates) while the right plot represents elatt for an order-

four Magnus method, this time with coordinates centered at yn [24, 26]. It is clear that, while the

symmetric coordinates produce a result that oscillates periodically around zero, the non-symmetric

coordinates produce a numerical approximation with an error that is increasing with time, wrongly

representing the qualitative behaviour of the exact solution. Analogous results are obtained com-

paring 
ow and geodesic-midpoint based GLRK methods of the Munthe-Kaas type, introduced in

Algorithms 2 and 3, with their non-symmetric counterparts [16].
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Figure 7: Lattice increment for the order-four Gauss{Legendre Magnus method with 
ow-

symmetric coordinates, as in Example 3.1, (left plot) and non-symmetric coordinates centered

at yn, as in [24, 26], (right plot). The stepsize of integration is h = 1=10.

Figure 8 displays elatt for an order-six Gauss{Legendre method of the Munthe-Kaas type with

geodesic-symmetric coordinates (
ow-symmetric coordinates produce an almost identical result)

as in Algorithm 3.
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Figure 8: Lattice increment for the order-six Gauss{Legendre method of the Munthe-Kaas type

with geodesic midpoint coordinates.
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Conclusions

In this paper we have discussed Lie-group schemes and their dependence on the choice of a coordi-

nate map. It has been shown that the de�nition of adjoint of a method depends on the numerical

method employed in the algebra and the coordinate map. We have introduced new coordinate

maps that allow us to generate selfadjoint Lie-group schemes. Special mention deserve geodesic

symmetric and 
ow symmetric coordinates, for their natural geometric interpretation.

The relation between selfadjointness and time-reversibility has been discussed in a number

of numerical experiment: although selfadjointness implies time-reversibility for classical methods

(note that classical Runge{Kutta methods are a special case of Lie-group methods, when (R
d
;+)

is chosen as the Lie group acting on R
d
itself), this is not necessarily the case of generic Lie-group

schemes. This suggests that in the general case of methods on nonlinear manifold, relations between

global and local properties of numerical methods, like time-reversibility and selfadjointness, need

further investigation.

5 Appendix

Theorem 5.1

Let f : [0; T ]� 
� 
 ! R
m
, with 
 � R

m
. Assume that 
 is connected and compact. Assume

that f is continuous and that there exist two strictly positive constants L1;L2, such that

kf(t; y1; z)� f(t; y1; z)k � L1ky1 � y2k;

kf(t; y; z1)� f(t; y; z2)k � L2kz1 � z2k;

for all y1; y2; z1; z2 2 
. Then the di�erential equation

y0 = f(t; y; y(cT )); y(0) = y0; t 2 [0; T ]; c 2 [0; 1];

exists and is unique when T < 1
L1 log(1 +

L1
L2 ).

Proof. Let us consider the Picard iteration

y[k]
0
= f(t; y[k]; y[k�1](cT )); y[k](0) = y0:

We have

y[k]
0
� y[k�1]

0
= f(t; y[k]; y[k�1](cT ))� f(t; y[k�1]; y[k�2](cT ))

= f(t; y[k]; y[k�1](cT ))� f(t; y[k]; y[k�2](cT ))

+ f(t; y[k]; y[k�2](cT ))� f(t; y[k�1]; y[k�2](cT ));

hence, passing to the norm, using the triangle inequality and the two Lipschitz conditions,

ky[k]
0
� y[k�1]

0
k = L1ky

[k] � y[k�1]k+ L2ky
[k�1](cT ))� y[k�2](cT ))k:

Hence,

ky[k](t)� y[k�1](t)k = k

Z t

0

(y[k]
0
(s)� y[k�1]

0
(s)k) ds

�

Z t

0

ky[k]
0
(s)� y[k�1]

0
(s)k ds

� L1

Z t

0

ky[k](s)� y[k�1](s)k ds+ L2tky
[k�1](cT ))� y[k�2](cT ))k:
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Set e[k] = ky[k] � y[k�1]k. Then,

e[k](t) � L2te
[k�1](cT ) + L1

Z
t

0

e[k](s) ds;

hence, by di�erentiation

e[k]
0
� L2e

[k�1](cT ) + L1e
[k]; e[k](0) = 0;

which has solution

e[k](t) �
L1

L2
e[k�1](cT )(eL1t � 1) �

L1

L2
max
s2[0;T ]

e[k�1](s)(eL1T � 1):

Thus, if L1L2 (e
L1T�1) < 1 or, equivalently, T < 1

L1 log(1+
L1
L2 ), by the contraction mapping theorem,

the Picard iteration converges and the given di�erential equation has a unique solution in [0; T ].
2

Example 5.1

Consider the di�erential equation

y0 = y + y(cT ); y(0) = y0:

The function f(t; y; y(cT )) is f � y + y(cT ) with Lipschitz constants L1 = L2 � 1. The solution

of the above equation is given by

y(t) =
y0(2e

t � ecT )

2� ecT
;

and it is not de�ned at T = 1
c
log 2. Thus, when c = 1, we have T < log 2, a condition showing

that the bound on T obtained in Theorem 5.1 is sharp.

Theorem 5.2

For su�ciently small h, the di�erential equation

�0 = dexp�1
�
(
(exp(�) exp(��h;n)yn)); �(tn) = �h;n;

has a unique solution in [tn; tn + h] when �h;n de�nes either a geodesic or a 
ow midpoint.

Proof. Without loss of generality, we can consider the di�erential equation

�0 = dexp�1
��� 1

2

(
(exp(� � � 1
2
) exp(� 1

2
)yn)); �(tn) = 0;

under the transformation � ! � � � 1
2
, whereby � 1

2
= ��h;n, the latter denoting either a geodesic

or a 
ow midpoint. In order to employ Theorem 5.1, we need to show that, denoting f(t; �; � 1
2
) =

dexp�1��� 1
2


(C(�; � 1
2
; yn)), the function f is Lipschitz with respect to its second and third argument,

where we have denoted C(�; � 1
2
; yn) = exp(� � � 1

2
) exp(� 1

2
)yn. We have

f(t; �; � 1
2
)� f(t; �; � 1

2
) = dexp�1��� 1

2


(C(�; � 1
2
; yn))� dexp�1��� 1

2


(C(�; � 1
2
; yn))

= dexp�1��� 1
2

(
(C(�; � 1
2
; yn))� 
(C(�; � 1

2
; yn))

+ dexp�1
��� 1

2


(C(�; � 1
2
; yn))� dexp�1

��� 1
2


(C(�; � 1
2
; yn)):
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Passing to the norm and making use of the triangle inequality,

kf(t; �; � 1
2
)� f(t; �; � 1

2
)k �

�k� � � 1
2
k

e
�k��� 1

2

k
� 1

k
(C(�; � 1
2
; yn))� 
(C(�; � 1

2
; yn))k

+ k(dexp�1��� 1
2

� dexp�1��� 1
2

)
(C(�; � 1
2
; yn))k;

whereby we have used a standard bound for the function dexp�1 (see, for instance [14]) and where

� is the radius of the algebra [12], such that jj[�; �]jj � �k�kk�k for all �; � 2 g. Note that, making

use of the Baker{Campbell{Hausdor� formula [23], we have

k
(C(�; � 1
2
; yn))� 
(C(�; � 1

2
; yn))k = k
(e

��� 1
2 e

� 1
2 yn)� 
(e

��� 1
2 e

� 1
2 ynk

� L
kynkk� � �k+ h.o.t.;

where L
 is the Lipschitz constant of the function 
 (the higher order terms being the rest of a

converging series), therefore we can bound

k
(C(�; � 1
2
; yn))� 
(C(�; � 1

2
; yn))k � ~L
kynkk� � �k:

However, for simplicity sake, we will write L
 for ~L
 , hoping that this abuse of notation does not

cause confusion to the reader. Moreover,

k(dexp�1��� 1
2

� dexp�1��� 1
2

)
(C(�; � 1
2
; yn))k � k
(C(�; � 1

2
; yn))k

�����
�k� � � 1

2
k

e
�k��� 1

2

k
� 1

�
�k� � � 1

2
k

e
�k��� 1

2

k
� 1

�����
=

�

2
k
(C(�; � 1

2
; yn))kk� � �k+ h.o.t.;

where we have made use of the inequality jjaj � jbjj � ja� bj and again the higher order terms are

rest of a converging series. Abusing notation, we write

k(dexp�1
��� 1

2

� dexp�1
��� 1

2

)
(C(�; � 1
2
; yn))k �

�

2
k
kk� � �k;

hence we can set

L1 =
�k� � � 1

2
k

e
�k��� 1

2

k
� 1

L
kynk+
�

2
k
k:

A similar calculation yields

kf(t; �; � 1
2
)� f(t; �; � 1

2
)k �

 
�k� � � 1

2
k

e
�k��� 1

2

k
� 1

L
kynk+
�

2
k
k

!
k� 1

2
� � 1

2
k;

from which we can set

L2 =
�k� � � 1

2
k

e
�k��� 1

2

k
� 1

L
kynk+
�

2
k
k � L1:

We can next apply Theorem 5.1 and deduce existence and uniqueness of the given di�erential

equation provided that

h <
1

L1
log 2:

2

Note that the largest stepsize h for convergence of the �xed point iterations is determined as

hmax = minf
1

L1
log 2; hBCH; hdexp�1g;
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whereby hBCH denotes the radius of convergence of the BCH formula and hdexp�1 denotes the

radius of convergence of the function dexp�1.
A similar result holds when we consider the Cayley transform and canonical coordinates of the

second kind.
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