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Abstract

Operator splitting is used in many applications. By decomposing the operator into a sum,
each term can be integrated separately, either exactly or by an efficient numerical method,
and an approximation to the original problem is obtained by composition. When the splitting
represents the stiff and nonstiff parts of ODE, it is known that one may observe order reduction
similar to the B-convergence theory for Runge-Kutta methods. This phenomenon can not be
explained by the classical error analysis. Based on the Taylor series expansions of the exact
solution and the splitting method solution the classical error analysis fails for large time steps.

In this paper we propose a framework to analyze the order reduction of the splitting meth-
ods. Several types of splitting methods are examined for linear ODE systems and linear PDEs
(which can be viewed as ODEs formulated in abstract spaces). The results are supported by
numerical experiments.

1 Introduction

Operator splitting methods are well known in the field of numerical solutions of ordinary and
partial differential equations. For PDEs there are generally two reasons to use the operator
splitting: The first one arises from multidimensional PDEs where it may be useful to treat each
dimension separately. This technique is called dimensional splitting. The second motivation is to
split the differential operator into several parts according to different physical phenomena, such as
for instance convection and diffusion. For ODEs the splitting techniques can be used, for example,
to separate highly oscillatory or stiff components of the solution.

For both ordinary and partial differential equations, a numerical method is obtained by com-
posing approximations of each of the split problems. Because the parts of the original operator
are treated independently, a splitting technique may give rise to very efficient numerical methods.
However, owing to the noncommutativity of the operators in the splitting, an error caused by the
uncoupling is introduced. The classical error analysis uses expansions of the exponential operators.
Such results can be found in [1], [2] for the linear case and in [3], [4] for the nonlinear case, where
it is necessary to consider Lie derivatives.

Generally, the order of the splitting method is bounded by the lowest order of a solver used in
the splitting. Thus it is of great interest to increase the order of a splitting. Strang [1] proposed
symmetric splitting schemes of the second order which are based on first order solvers. Further
development was done by Yoshida [5]. He presented an approach to raise the order from 2 to 4 by
composing three Strang splittings with different time steps.

It is known that in case of stiff problems the splitting methods may suffer an order reduction
for sufficiently large time steps At. Let us illustrate this phenomenon on the example equation

y' = (A+ B)y, t>0, y(0) = yq. (1.1)
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The value € can be viewed as a stiffness parameter. The solution of this problem
y(t) = exp(t(A + B))yo
can be approximated by the splitting method
y(At) = exp(AtB/2) exp(AtA) exp(AtB/2)yo
We can take the Frobenius norm
||exp(At(A + B)) — exp(AtB/2) exp(AtA) exp(AtB/2)||r

as a measure of the error due to uncoupling of the operator. The results of the computation are
shown in Figure 1.
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Figure 1: The local error (left plot) and the order of the local error (right plot) of the problem
(1.1), (1.2).

We see that the order drops from 3 to 0 at At ~ 10~%. The classical error analysis fails to explain
this because the expansions of the exact solution and the splitting method solution it uses are not
valid for sufficiently large time steps.

A new approach for studying the order using the decoupling on slow and fast components of
the solutions was recently developed in [6], [7] and [8]. The core of this approach is a reduction of
stiff problems to differential algebraic systems. The error estimates are provided by the reduced
differential algebraic systems, which already contain approximation errors (see [6] for details and
references).

In this paper we intend to study splitting errors by comparing the exact solution and the
splitting methods solutions. Thus we avoid introducing any approximation error in our approach.
From the entire error expression we extract the leading error term and analyze the order reduction
of some splitting methods. The technique we use is based on spectral properties of the operators.
In Section 2 we consider splitting methods for ODEs whereas Section 3 is devoted to splitting
methods for PDEs.

The paper consists of two main sections devoted to applications of splitting methods to ODE
and PDE problems respectively.



2 The ODE case

In this section we consider linear ODE systems in R™ of the form
y' = (A+ B)y, t>0, y(0) = yo. (2.1)
In case of constant matrices A and B this problem has the solution
y(t) = exp(t(A + B))yo. (2.2)

Thus exp(t(A+ B)) can be viewed as the solution operator for the equation (2.1). In what follows
we will define splitting methods in terms of their solution operators, and analyze errors in terms
of the norm of the corresponding error operators defined below.

2.1 The splitting analysis method

We will consider first order splitting methods (in the classical sense)
AB: exp(AtA)exp(AtB), BA : exp(AtB)exp(AtA), (2.3)

and the second order splitting methods (introduced by Strang [1])

BAB : exp(AtB/2) exp(AtA) exp(AtB/2),
ABA : exp(AtA/2) exp(AtB) exp(AtA/2), (2.4)
AB +BA 5 (exp(AtA) exp(AtB) + exp(AtB) exp(AtA)),

which approximate exp(At(A + B)). The idea behind these expressions for the splittings is to
apply successively different parts of the original operator. For example, the splitting AB gives
the solution of the system:

dy*

dt = By*7 y*(O) =Y On [07 At]a

d > * kK L *
S = Ay, g0 =y (AD on [0,Ad)

If A and B commute, all five types of splitting give solutions equal to the exact solution (2.2).
For noncommuting A and B the splitting methods have errors due to uncoupling of the operator.
Because the splittings are of interest for numerical computation of the solution of the problem
(2.1) we will investigate their errors.

The order analysis of the various splitting techniques above are quite similar to each other. For
this reason, we have chosen to give a detailed treatment of the particular case BAB, and merely
list the main results for the other cases.

Thus we investigate the error

E = exp(At(A + B)) — exp(AtB/2) exp(AtA) exp(AtB/2). (2.5)

If we assume that ||AtA|| € 1 and [|AtB|| < 1, then we can expand exponentials by Taylor series
and we find that E = O(At3), the classical local error of the splitting. This means that the
splitting has second order accuracy.

We now consider constant coefficient linear ODE systems (2.1) with stiff part B and nonstiff
part A. Stiffness implies in our setting that for the range of considered step sizes At the matrix
AtB has “large” norm. Thus we have

|AEB]|>1 and  ||AtA] < 1. (2.6)



For such step sizes At we observe order reductions for the splitting methods. For these values of
At we can express exp(AtA) by its Taylor series: exp(AtA) ~ I+ AtA+ At? A% /2!4+ O(At3). The
same assumption is not valid for exp(AtB) and we have to employ more delicate comparison of
the exact solution operator and the approximate solution given by the splitting. For the further
analysis we will make the following assumptions

Assumption 2.1

1. The matrix B can be written in the form
B
B=B0+?1, |Boll < Co, ||B1]| < Cy, € >0, (2.7)

by means of a stiffness parameter. Typically e <« 1.

2. The matrix By has eigenvalues with nonpositive real parts (This implies that for At € [0,T],
exp(AtB) is uniformly bounded with respect to € > 0).

3. B is diagonalizable with a well-conditioned eigensystem
B=SAS5"1, A =diag(Ar, A2, --- 5, n), (2.8)

ReX; <a,i=1,...,n,||S|| < Cand ||S7}|| < C for some constant C. In the general case
B has both stiff eigenvalues Ay = O (%) and nonstiff eigenvalues Ang = O(1).

4. We consider the order reduction in the range of time steps |Aps¢|At < 1 and |Ag|At > 1,
where exp(\;; At) is negligible in size compared to exp(AnstAt) and can thus be ignored in
the analysis.

0

Note that highly oscillatory problems also fit this framework with the exception of the assump-
tion 4.

For the exact solution operator, we now compute !

AtF 1
exp (At(A+ B)) =) A+ B =" F(Au_:;)'ﬂ
k>0 E>0 7

(2.9)
+ O(AS).

AL Z (AtB)" A(AtB)™ AL Z (AtB)"A(AtB)™A(AtB)*

(n+m+1)! (n+m+k+2)!

n,m>0 n,m,k>0

Our analysis is based on the comparison of the expansion of the exact solution (2.9) with the
expansion of the splitting method. For the BAB case we have the following expansion

A
exp ({B) exp (AtA) exp (%B)

A 2
= exp ({B) (I + AtA + ATtA2 + O(At3)) exp (%B) (2.10)
A 2 .
= exp (AtB) + Atexp (%B) Aexp (%B) + A2—f exp (%B) A% exp (%B) + O(AP).

L Although denoted as O(At2) the higher order terms are subjected to order reduction in the case of stiff problems.
We let ourselves to use the classical order because these terms are negligible with respect to the previous terms.



By subtracting (2.10) from (2.9) we obtain

E=FE +FEy+---, (2.11)
where
B (AtB)"A(AtB)™ At At
E; = At n;(} mtm+1) exp | - B ) Aexp 5 B , (2.12)
and
e (AtB)"A(AtB)™A(AtB)* At )\ A2 At
Ey, = At Z ntmtkt2) exp | B o7 &P | B|]. (2.13)

n,m,k>0

By analyzing the errors E; and Es, we will show that F; represents the dominant error term in
the general case, i.e. the effect of E» can be ignored. This will allow us to estimate the local error
of the problem (2.1) e(t) given as

€(t) = Ey() ~ 61 = Eﬂ/o-

It may of course happen that yo € Ker(E;) such that e! is vanishing. If so, the error of the
splitting can be estimated as the next term e? = Eyyp.

Before we proceed to analyze the leading error term E; we simplify the equation (2.1). Using
the matrix S whose columns are the eigenvectors of B, and the corresponding diagonal eigenvalue
matrix A, we can transform the equation (2.1) to an equivalent but simpler form, introducing a
new dependent variable z = S~1y:

@) =A+ANz, t>0, 2(0)=20=S5"yo, (2.14)

where A = S~ AS. The error E and the error terms Ey and Es of a splitting method, applied to
the original problem (2.1), and the errors E, E; and F» of the same splitting method, applied to
the transformed problem (2.14), are connected as

E=S8ES™', E =8SES' Ey=SES" (2.15)

Below we will consider the error terms for the transformed problem (2.14). Relations (2.15) will be
used to transform the results back to the original problem (2.1). The errors are connected by the
“weight” matrix S. In the classical case, when E = O(At®) and E = O(At?), this transformation
does not affect the order because all terms of E and E have the same order O(At?). It is not the
same in the stiff case when different elements of E and E can have different order behaviors.

2.2 The first error term

Let us examine the leading error term E;. For the transformed problem (2.14) the error E; has
a simpler form due to the diagonal form of the matrix A:

B, = At Z (AtA)" A(A%A) — exp (%A) Aexp <%A>

(n+m+1)!

n,m>0

We can find the elements of the matrix E‘l as follows

(Er)ig = At Z (ALA)"A(ALA)™ — exp (%A) Aexp (%A)

(n+m+1)!

n,m>0



(AtAL)" Ag g (AtA)™ At X At
= E . - - A —
At (n 2, nrm D) exp | - Ak | A exp 2 A

_ A (AtA)"™ (AtN)™ . Ak + N
= AtAk’l ( Z (TL Tt 1)‘ exp At 2 s

n,m>0

and obtain the error expression

(Bn)ka = AtBri Ay, (2.16)
with
(At/\k)n (At)\l)m A+ N
= - A . 2.1
Pra= 2 O I G 2.17)

n,m>0

The following lemma is needed to estimate the different values of 34 ;.

Lemma 2.1 For a, b€ C it is true that

exp(b) —expla) Ly,

Y

z a"b™ _ b—a
(n+m+1)!

n,m20 exp(b), if a=bh.

Proof: We first examine the case a # b:
ab™ anbm+1 an+1 pm
(b—a) —_ = —_ = _
nmzzo(n+m+1)! n’mzzo(n+m+1)! n%:ZO(n+m+1)!
Z anb™ Z a” Z abm Z bm
<n7m20 (n +m)! = n!) (n,mZO (n +m)! = m!)
b™
= —Z—+ > 5 =exp(b) —exp(a),
n>0 n m>0
from which we obtain the first part of the lemma.
If a = b, then
anbhm pntm bk
- = —_— (k+1) = exp(b).
n%(}(n—km%—l)! n% (n+m+1)! kz>0 (k+1)!
O
Using Lemma 2.1, we find expressions for g ;:
A — A
exp( A”;) ZX;( ) xp (AtL ;”\’> it # A
A, = AtA (2.18)

Bk, =
0, if X\ =A\.

Now we are in a position to consider some example values of 8;;. We will list several cases of
eigenvalues pairs A, and A\; and give the estimation of B :



I. For A\ = A\ we get ,Bk,l =0.
II. Assume A\ # \;:

(a) If A\, and ); are nonstiff, then B;; = O(At?) that corresponds to the classical order of
the considered splitting.

(b) If Ay is stiff and A; is nonstiff, then

_exp(Aty) 1 €
Bra & Athe Atk _O(At)'

(c) For two stiff eigenvalues Ay and A; Bk, = 0 is negligible.

(d) If A\r and A; are imaginary and complex conjugate, then

sin(At\g)

Pra = Aty

—1r—1 for At|]> 1.
Thus we see that we can expect different types of the order reduction corresponding to different
eigenvalue pairs. The lowest order which 8, can have is (-1); it is given by the pair of one stiff

and one nonstiff eigenvalues (case ILb). This §i, contributes to the splitting error as a zero order
term: At-O(%;) = O(e).

Remark. The results we have found so far are valid for the case y(0) ¢ Ker(E;). The error
of the solution of the initial value problem (2.1) is of higher order if y(0) € Ker(E;). It is also
possible that the splitting has no error for some initial data. It is easy to see that if A and B
share a common eigenvector 7, then n € Ker(E;). Moreover, any linear combination of common
eigenvectors belongs to Ker(E;). We note that for such initial data each splitting (2.3)-(2.4) is
exact, i.e. the uncoupling does not introduce any error whatsoever.

2.3 The second error term

We proceed to consider the next order error term FEs. To justify our approach we should show
that E» is much smaller than E. As in the previous point we transform the error operator Es to
a simpler form FE», which corresponds to the second error term of the problem (2.14):

. AtA)" A (AtA)™ A (AtA)* At |\ A? At
boar( y GWAGTIGWT ) )
n,m,k>0 ’ ’

We compute the elements of the matrix E». Using

(AtA)™ A (AtA)™ A (AtA)*
2 (n+m+k+2)!

n,m,k>0 ..
17.7

= Z ( : Z ((AtA)n)i,pAp,q((AtA)m)q,rfir,t((AtA)k)t,j

!
nt+m+k+2)! 1<p,q,c,d<n

n,m,k>0

= % rrraan 5 (A (A ) Ay (A,

RS0 n+m+k+2) 1$9en

_ ioa (At (At )™ (ALN;)F
= Z AiqAg,j Z (n+m+k+2)!

b
1<q<n n,m,k>0

At A At Y A
(exp (;A) A% exp (715/\)) - =exp (7t>\i) (A?)i,j exp (Tt)‘j) =
Z7J

and



we obtain the error term Fj in the form

(B)ij = A" )" igjAigAg (2.20)
1<g<n
where
o (AN (AtA)™(AtN)F 1 i + A
Yord =D (n+m+k+2)! &P (A5 ) (2.21)

n,m,k>0

To estimate the different y—values we need the following result whose proof is similar to that of
Lemma 2.1.

Lemma 2.2 Fora, b, c € C it is true that
a™b™ck

Z (n+m+k+2)!

n,m,k>0

4

(¢ —b)exp(a) + (a — ¢) exp(b) + (b — a) exp(c)

(@a—=0b)(b—c)(c—a) , ifa#b, a#tc bfe,

=¢ exp(c) —exp(a)  exp(a) .,
(a — c)? (a—c)’ if a=b#e

| exp(a)/2, if a=b=c.

Now the behavior of 7; 4,; and thereby E, in terms of A;, Ay, A; can be examined by means
of the Lemma 2.2 and the formula (2.21). We summarize as follows. It is easy to see that if all
eigenvalues are equal A; = A\; = Aj, then ;4 ; = 0. For three nonstiff eigenvalues v; 4 ; = O(At)
that gives the classical error O(At?). If all eigenvalues are stiff, then ; 4 ; has a negligible value.
Thus we are left with the combinations {\;, Aq, A;}, including both stiff and nonstiff eigenvalues.

Considering different combinations, we obtain the possible values of 7; 4,;. They are composed by
terms O(1), O (%) and O (g—:g), contributing to the error By as O(At?), O (¢At) and O (£?)
terms respectively.

It follows that for the stiff problems (2.1) the splitting BAB has the following error terms in

the order reduction case (At > ¢):
E, = O(At,¢) and Ey = O(A#?, Ate,e?). (2.22)

This result assures that Fs = o(E;) and that the order reduction is defined by the leading error
term FEy.

2.4 The other splitting cases

In this section we study the rest of the splitting types mentioned in (2.3) and (2.4). The approach
is similar to the analysis of the splitting BAB, it differs only in the expressions for the values
and v and we shall therefore only present the final results. We first note that for all the cases,
Bra = 0if \p = A

1. For the splitting AB we get the expansion
1
exp(AtA) exp(AtB) = (I + AtA + §At2A2 + O(At3)> exp(AtB)
(2.23)
1
= exp(AtB) + AtAexp(AtB) + EAt2A2 exp(AtB) + O(At?).



The leading error term is

AtB)" A(AtB)™
E; = At (n%;o ( & l m(+ 1)!) — Aexp (AtB)) :

ILLLE

and the second error term is

) AtB)" A(AtB)™ A (AtB)F A2
B = At ( D : )(n+(m+3c+2§! ) _TGXP(NB))'

n,m,k>0
We obtain
exp (AtAg) — exp (At);)
= - At A A
Br.t At — Aty exp (Ath), k7 Al
and

(At (At )™ (AN 1
Yiad = D (n+m +qk +2)! - 3 &P (Ath)).
n,m,k>0 :

. The splitting BA has the expansion

1
exp(AtB) exp(AtA) = exp(AtB) (I + AtA + §At2A2 + O(At3))

— exp(AtB) + At exp(AtB)A + %AtQ exp(AtB)A2 + O(A#),

giving the first error terms

B, = At ( ) (AtB)"AALB™ _ o (AtB) A) ,

oo (n+m+1)!
and
(AtB)" A (AtB)™ A (AtB)* A2
Ey = At? Z —exp(AtB)— |,
(nm,kzo (n+m+Fk+2)! 2
such that
exp (AtAg) — exp (AtA
Bry = p( At)lfz — Atl:;f 2 —exp (AtAx), A £ A,
and
o (AtA)" (AN ™ (AEN)F 1 .
Yiai = Z ntm+k+2)! 5 €XP (AtA;) .

n,m,k>0

. The cases ABA and AB+BA have the following expansions.
ABA:

A A
exp (%A) exp (AtB) exp ({A)

(2.24)

(2.25)

(2.26)

(2.27)

(2.28)

(2.29)

(2.30)

(2.31)

(2.32)

(2.33)



= <I + %A + % (%)2 A? 4+ O(At3)> exp (AtB) (I + %A + % (%)2 A? + O(At3)>
— exp (ALB) + AP (AtB) A —;— Aexp (AtB)
LA A% exp (AtB) + 2Aexp (SAtB) A + exp (AtB) A2 L OAR).
AB+BA:
% (exp(AtA) exp(AtB) + exp(AtB) exp(AtA)) (2.34)

= % ((I + AtA + %AtQAZ’ + O(At3)) exp (AtB) + exp (AtB) (I + AtA + %At?A2 + O(At3)>)

AtB)A+ A AtB , A2 AtB AtB) A?
— exp (AtB) + AR (AtD) R exp (AtB) | 2 A exp (At )Ze"p( BA | o).
In both cases there are leading errors of the form
B, = At Z (AtB)"A(AtB)™  exp (AtB) A+ Aexp (AtB) 7 (2.35)
2= (n+m+1)! 2
and consequently, they have the same (3} ; values
exp (AtAg) — exp (AtA exp (AtAg) + exp (AtA
Bt = D (AtA) D (AtA) _ exp (AtAs) D (Ath) e £ N (2.36)

At — At 2 ’

Thus, we expect a similar order reduction for ABA and AB+4+BA cases. The second error
terms are different for these cases. For ABA we get

!
RS0 n+m+k+2)!

By = At? ( Z (AtB)nA(AtB)mA(AtB)k

(2.37)

—AZexp (AtB) + 2Aexp (AtB) A + exp (AtB) A2)
8 ?

and for AB+BA

|
S0 n+m+k+2)! 4

B = AP ( ) (AtB)" A(AtB)™ A(AtB)"  A2exp (AtB) +exp (AtB) AQ) _

(2.38)
Thus we obtain

Z (AtX)™ (AtA )™ (AtA)*  exp (Athi) + 2exp (AtA,) + exp (At)))

Yi,q,j = )
oI a0 (n+m+k+2)! 8

(2.39)

for ABA and
(AN (AtA)™(AEN)F exp (AtN;) + exp (At))

Yi,a,j = - , 2.40

7 H,EZO (n+m+k+2)! 4 (2:40)
for AB+BA.
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It should be pointed out that for the cases ABA and AB+BA the elements (;; are symmetric:
Br, = Bik- This is not true for the cases AB and BA.

We now list the various cases of eigenvalues pairs A, and A; and give the estimate for 3 for
all four splitting methods discussed above:

I. For Ap = X\ we get B, = 0;
II. Assume A\ # A\;:

(a) If Ay and A, are nonstiff, then g;; = O(At) for the cases AB and BA and f;; =
O(A#?) for the cases ABA and AB+BA that corresponds to the classical order of the
considered splitting methods;

(b) If Xt is stiff and A; is nonstiff, then
0O(1), for AB, BA and AB+BA

6/6 1= 1
: €
— | = — for BA
0 (At)\k) 0 (At)’ o
If we take a nonstiff Ay and a stiff \;, the results for the cases AB and BA will
interchange.

(c) For two stiff eigenvalues A, and ); the value 8k, ~ 0 is negligible;
(d) If A\x and )\; are imaginary and complex conjugate, then

0(1), for AB, BA, ABA

|| =
| cos(At|A|)|, for AB+BA

It follows that we can expect different types of order reduction corresponding to different
eigenvalue pairs. The lowest order which 8, can have is (-1); it is given by the pair of one stiff
and one nonstiff eigenvalues for the cases AB and BA. This 3, contributes to the splitting error
as a zero order term: At- O (£;) = O(e).

For the «y values we obtain the same results as we got for the splitting BAB for the other
splitting types. The examination of possible 8;; and ;4 ; values provides the main result of this
section.

Theorem 2.3 For sufficiently small steplengths At such that the problem (2.1), (2.7), (2.8) is
stiff: [Anst| At € 1 and |Ast|At > 1, the order of the splitting methods (2.8), (2.4) is given by the
leading error term E; = O(At,e). The next error term Ey = O(At?, Ate,e?) is much smaller,
1.€. E2 = O(El).

2.5 Numerical experiments

The simplest example in which it is possible to observe the order reduction phenomenon is a
special case of the problem (2.1):

y=(A+B)y, yek, A BeR* (2.41)

with constant matrices A and B. In this case there are only two nonzero B-values: (i, and
B2,1. As it was mentioned before, for the symmetric cases BAB, ABA and AB+BA we have
B1,2 = B2,1. Therefore for these splitting types we should observe the order

E =~ E1 = O(Atﬁl’g)

For the cases AB and BA both ;> and 35, contribute to the error. Below we consider three
different examples of the problem (2.41), which demonstrate different types of the order reduction.
We will apply all five splittings methods (2.3), (2.4) and investigate the order reduction analytically
as well as numerically.
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Example 2.1 A stiff problem.
We choose matrices A and B which represent the nonstiff and stiff parts of the equation (2.41)

as follows )
|12 _ 0 0  ins
=[12] m=l0 0] e
The matrix B has two eigenvalues \; = 0 and Ay = —1/e. We give the nonzero f—values for all

types of splittings for sufficiently large steplength At.

&
AB = ~1
|B1,2] A |B2,1]
£
BA |/31,2| =1, |ﬂ2,1| ~ A_t
. (2.42)
BAB = = —
|B1,2] = [B2,1] At
1

ABA, AB+BA |12 =1021] = 3

The particular form of the matrices A and B chosen for this example, gives AQ’l =(S71AS)s1 =
for any choice of the matrix S giving the presentation B = SAS~! with A = diag(A1, X2). It implies
that for this example

2 [ 0 O(Atpr,2)

E1 = 0 0 ] = O(Atﬂl’z) and E1 = O(Atﬂlvg).

Hence the cases AB and BA are expected to have different types of order reduction. The errors
of the splitting are plotted in Figure 2 and their orders in Figure 3.

10°

10°

i
(S}
L
T

H
O\
T

local error of splitting
[
O‘
T

H
O‘
5
T

10° 10 10 10" 10° 10° 10~ 10
steplength
Figure 2: Frobenius norm of the error matrix E for the stiff problem. The solid line stands for

ABA (AB+BA) splitting, the dashed line for BAB, the dot—dot line for AB and the dash—dot
line for BA.

The cases AB and BA have their local errors reduced from O(At?) to O(At) and const =
O(e), respectively. The cases ABA and AB+BA show the same performance. They are each
represented by a line in the figures. These splitting types have the local error O(At®) in the
classical range of steplengths and O(At) for the reduction range of A¢. The BAB splitting has
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3.5

25

order of local error

0 L I L ”4 MY L o
10° 100 10° 10° 107 107 10° 107
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Figure 3: The order of the local error for the stiff problem. The notations are the same as in
Figure 2.

reduction from O(A#?) to const = O(e). The results of the computations are completely consistent
with the analytical estimations of the order reduction given by (2.42).

0

Example 2.2 Another extreme case of the problem (2.41) is the oscillatory one. Now the matrix
A correspond to slow components of the solution and the matrix B contains both slow components
and fast, highly oscillatory ones. For instance, we can take

|1 2 1 01 . P
A_[21], B_E[—l 0], with ¢ =107".

B has two complex conjugate eigenvalues A = %i/e and we obtain the following nonzero f—values:
AB, BA |B1,2| & |B2] = 1
BAB |B1,2| = |B2] = 1 (2.43)
ABA, AB+BA |B1,| = |B21] = | cos(At/e)|

The results of the computations are presented in Figure 4. The cases AB and BA are indis-
tinguishable in the plot. Both suffer order reduction in the local error from O(At?) to O(At) with
some oscillations near the order breaking points. These oscillations are coursed by a substantial
value %, which is present in all S—values (2.43). As % becomes negligible as At in-
creases, the oscillations disappear. The same oscillation are shown by BAB while the order is
getting reduced from O(At?) to O(At). For the splitting ABA (AB+BA) the error is oscillating
in terms of At for sufficiently large time steps when we observe the order reduction. The upper
envelope of the error curve is O(At) that can be seen both from the Figure 4 and from the value

|B1,2] in (2.43). O

Example 2.3 The third example is chosen to demonstrate the order reduction in the case when
the first error term e! = Ejyq is zero, i.e. yo € Ker(F;), and the order is defined by the next term

13
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local error of splitting
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steplength steplength

Figure 4: Frobenius norm of the error matrix E for the oscillatory problem. In the left figure the
solid line stands for BAB splitting, the dashed line for AB (BA). The right figure presents the
splitting ABA (AB+BA).

€2 = Eyyy. We choose

1 2 3 4 00 0 0 1
4 3 21 1100 0 0 1

A=19 191l B=Cloo -1 ol ®=|ol| (2.44)
1 -1 1 2 00 0 -1 0

where ¢ = 1075. The matrix B is already diagonal. Because we have only two eigenvalues of
double multiplicity each: A\; = X2 =0, A3 = Ay = —%, there are only two nonzero S-values and
the first error term matrix E; has the form

0 0 381,35 4Bi3

0 0 2613 B3
E; = At ’ ’
! B31 —PB31 0 0
B31 —PB31 0 0

We see that that e! = E;yq is the null vector. We also easily see that for initial data yo ¢ Ker(E1)
the error is composed by terms O(AtS1,3) and O(Atfs.1), which are equal for the symmetrical cases
BAB, ABA and AB+BA providing the same order behavior as we observed in Example 2.1,
but are different for the splitting AB and BA. Thus for the two last cases we can get different
order behavior (e! = O(h) or e! = const) of the error for different initial data.

We thus need to examine the second error term which gives the order behavior of the problem
(2.1),(2.44):

Yam1 (Mg A1, gt + 71,0,241,044,2)

St (g1 Az, Ag1 + 72,0242 0Ay )
e? = Eyyp = At?

Y a1 (13,01 43,0 Ag1 + ¥3,0,243,0442)

23:1 (V4,01 42,0491 + V1,244, 44,2)

There are many equal values among the ys. In particular, we have 7; 41 = i 4,2 for any ¢ and ¢
and 7 4,; = 0 if the indices ¢, g and j correspond to equal eigenvalues. Using these properties and

14



that Az 1 + Az =0 and A4y + As2 = 0, we get the order behavior of the error:

0

2 0
- O(Atz’)ﬁg,l’l)
O(Atz’)/g’l,l)

Now we can consider the 7 expressions for different splitting types. They give the reduced order

O(At), for BA, BAB
2 = (2.45)
O(At?), for AB, ABA, AB+BA

We should note that the different order behavior of the cases AB and BA is due to the particular
form of this example problem. The computations of the splitting orders are shown in Figures 5
and 6 (Because of the jump we omit the order plot for AB+BA). We see that the reduced orders
obtained from the numerical computations are as predicted theoretically in (2.45).

It is worth mentioning that for this example all five cases have the second classical order. The
cases AB and BA get higher classical order because (AB — BA)yy is the null vector.

10" T T T T 3

local error of splitting
N
5
order of local eror
s
o~
T

e
>
T

-
N

12|

107 10° 10° 10" 107 107 107 10° 10° 10" 107 107
steplength steplength

Figure 5: The local error (left plot) and the order of the local error (right plot) of the problem
(2.44). The solid line stands for AB splitting and the dashed line for BA.

0

We have considered three examples to demonstrate the order reduction. The approach which
was used in our analysis can be applied to more complicated systems of equations (2.1). In the
general case, the order behavior can be complicated because a pair of eigenvalues of the matrix B
contributes to the order reduction in its own, special way. We believe that results can be obtained
for eigensystems which possess some structure. A well known source of eigenvalues with structure
are approximations of differential operators. This introduces us a new problem: order reduction
of splitting methods applied to partial differential equations and their semi—discretizations. Semi—
discretized PDEs of the from (2.1) represent a class of equations whose order reduction we already
know how to investigate. In the next section we will extend our order analysis method to a class
of PDEs whose solutions can be approximated by the splitting methods (2.3), (2.4).

3 The PDE case

Partial differential equations can be considered as ODEs in appropriate function spaces. This
approach was used, for example, to apply Runge-Kutta methods to certain classes of PDEs (see [9],
[10], [11]). In this section we will apply splitting methods to a class of PDEs, which can be viewed
as a continuous generalization of the problem (2.1).
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Figure 6: The local error (left plot) and the order of the local error (right plot) of the problem
(2.44). The solid line stands for ABA splitting, the dashed line for BAB and the dash—dot line
for AB+BA.

3.1 The problem formulation and the order analysis

Let us consider the following linear partial differential equation

ut(mat) =A(x,a)u(x,t)+B(m,8)u(w,t), T €, 0<t<T,
(3.1)
u(z,0) = uo(z), T €

with homogeneous boundary conditions. The domain (2 is an open and bounded subset of R¢
with sufficiently smooth boundary 0Q. The differential operators A(z,d) and B(z,d) are densely
defined in L?(Q2) and they do not generally commute [4, B] # 0. We will make some assumptions
on the problem (3.1) partially taken from [9]:

Assumption 3.1

1. The linear operator —B(z, 0) is sectorial [13], i.e. it is a closed densely defined operator such
that for some ¢ € (0,7/2) and some M; > 1 and real a;, the sector

Sary ={A€C|p<larg(A —a1)| <A #ar}
is in the resolvent p(—B) and for some norm || - ||

M,
|)\—a1|

IA+B)™ Y < forall \€ S, 0.

Under this hypothesis, the operator B is the infinitesimal generator of an analytic semigroup
{exp(tB)}:>0 with the exponential of the unbounded operator B defined by

exp(tB) = Zi /F (AT = B)Lexp(A)d\, (3.2)

e
where I' is a contour in the resolvent of B with arg(A) — £6 as |A| = oo for some 0 € (7/2,7).
2. The operator B has a pure point spectrum {Ar, Az, A3, ... }:
Bér = Metp, k=1,...,00, (3.3)
and Re)\;, — —oo0 as k — 00. The eigenfunctions ¢ are assumed to satisfy the following

properties:
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(a) They form a basis of L2(f), i.e. any u € L2() can be expressed by the series

=Y apdy in L*(); (3.4)

k=1
(b) The mapping

L2(Q) —» 12
is a homeomorphism. (3.5)

u=73 ardr = {ar}
We denote by [2 the Hilbert space of sequences {ay }r—1,2,.. which satisfy " |ax| < oo.

3. The operator A is bounded and its action on each eigenfunction of the operator B can be
expressed in terms of the eigenfunctions

Agr = ol (3.6)
=1

0

Under our assumptions, the operator —(A + B) is also sectorial with sector constants a» and
¢, and for some M, > 1 [13]

M,

M+ A+B)Y <
I <

forall A€ Sq,0-

The solution of the problem (3.1) can be written in the from
u(z,t) = exp(t(A(z, 0) + B(z,0)))uo(x), (3.7

where the exponential is defined as

exp(t(A + B)) = 2Lm /F (M= A—B)exp(M)d\, T € p(A+B). (3.8)

We will study the order behavior of the splitting methods (2.3)—(2.4) applied to (3.1), i.e. to
approximate the solution operator exp(¢(A + B)). Comparing (3.1) with the ODE problem (2.1),
we can say that the operator B is the “stiff” part and the operator A is the nonstiff one. The
difference between the ODE problem (2.1) and the PDE problem (3.1) is that the operator B is
“stiff” for any choice of the time step At, not only for large step sizes as in the ODE case.

As in the ODE case we will choose one splitting, say BAB, for the detailed analysis. Therefore
we need to examine the error operator

E° = exp(At(A(z,0) + B(z,0))) — exp (%B(m,a)) exp(AtA(z,d)) exp (%B(m,@)) , (3.9
applied to the initial data
uo(z) =) a}y. (3.10)
k=1

Using the identity

M —-A—-B) "=\ —-B)'+(MX-B)"'A\T - B)™!
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+(AM - A—-B)"'A\ - B)"'A\T - B)™,

we obtain the following expression for the solution operator

exp(At(A + B)) = exp(AtB) + ZLM /F()\I — B)"'A(M — B) ! exp(A\At)dA

(3.11)

1
+5— (M — A—=B) YA\ — B)7'A(MT — B) ' exp(AAt)d),
T Jr

where the contour T € p(B) N p(A + B). For the BAB splitting we get the same expansion as in
the ODE case (2.10). The leading error term of the error E° is

1
Ef = 97 (M — B)7YA(M — B) ' exp(AAt)dA — Atexp (%B) Aexp (%B) ,  (3.12)
T Jr

A consequence of the next theorem is that Ef is the principal error for sufficiently small steplengths
At.

Theorem 3.1 For sufficiently small time steps At, it is true that |E¢ — ES|| = O(A#?).

Proof: The operator
1
E° - Ef = 5 /(,\I —A—B) 'A(I — B) 'A(MI — B) ' exp(AAt)dA
IN
At )\ o= AtF At

k=2

can be bounded as

1
|Ec — ES|| < H2—m_/F()\I—A—B)_IA()\I—B)_lA(/\I—B)_lexp()\At)d)\H

exp (%B)

The rest of the terms of the exact solution (3.11) can be bounded as

2 oo
Atk
+ Z FHAH’“

k=2

1
o / (M—-A- B)_IA()\I — B)_IA()\I — B)_1 exp()\At)d/\‘ ‘
7t Jr

A2 ] _
<Ior [0 = 4= By AT - By Plesphat)

2 2 2 2
< AP asg o, / lepOAD] 1 JAPMEM, [ [expQAn)]

2m r A+ ai]?|A + az| 27 r [A+a?
ME Rl [ Lm0l Al M2 M, JRE I

ot o Ntaf o BE

A||2M2M. —az)A
LR - [ lexp(A—a)an)]
2w rs IA[?

where the contours I'y and I's are obtained from the contour I' by shifts to the left on a; and as
correspondingly. Putting u = AAt, we continue to estimate the last integrals:

[ AI[> M3 My 2( / |exp(p)| | exp(p)| )
= At® | exp(—a1 At du| + exp(—a At/ d
e (aast) [ L2+ expaaase) [ L
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The terms of the splitting expansion can be bounded with the help of

o (43)] <25 St ()

At k 2 2 = Atk k 2 2
Z AR = At7llA]] Z Gt 2) TIIANS < A7[|AJ" exp(At]|Alf)
=0

k=2

and

Combining the obtained estimates we get the statement of the theorem for sufficiently small time
steps.
O

The theorem has the following important consequence.

Corollary 3.2 For sufficiently small time steps At the error of the splitting BAB applied to the
problem (8.1) e = E‘uq is dominated by the leading error term e =~ e' = Efuq if the latter is
nonzero.

Thus we clearly see that for sufficiently small step sizes At the order behavior of the error E°
of the splitting must be that of the first error term Ef. Using

1 ) exp(AAL)dA
(2#@/()\1 B)""A(M - B)™ exp(AAt)dA) = sz/—)\ A1) )\l)afm

_ exp(ArAt) — exp(NAE) k
= At E Ath, — At), o] ¢ + At E eXp()\kAt)Otl Ok
Xk7fkl Ar=A;

At A
P ( 2 ) T 2mi / A= N\ exp ( t) d\¢; = exp (A,—) &

exp (Azt )A exp (A )q&l Zexp (At)\k-i_)\l)afq&k

we obtain the presentation of the leading error term e1 for the solution of the problem (3.1) with
the initial data presented in the form (3.10):

o oo
el = Efug = ES (Z alo(f)l) = At Z Briafaddr (3.13)
=1

k=1

and

that gives

or

61 = Z 611;;¢k5 ellg = AtZQk,lafa?a
k=1 =1
with the same values (B, as we obtained for the ODE case (see (2.18)). This expression for the
error of the splitting is valid for both finite—dimensional and infinite—dimensional operators. In
the finite dimensional case we will get a finite sum.

Our goal is to connect the leading error term of the splitting e!(At,z) with the initial data
uo(x). For this purpose we will associate the initial data uo(z) € L*(Q) and the error e' (At,z) €
L2(Q) with their coefficients in the expansion (3.4): {a},{eL} € I>. Let us introduce a map Ef
from {a} into {e;} for {al} € I*:

61 = Efao (Elc)k’l = Atﬂk,laf, k,l = ]., ... ,00. (314)

Transforming the analysis from the function space L?(Q2) to the sequence space l2,Awe see a
possibility to estimate the order of the splitting. The infinite-dimensional “matrix” E{ can be
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chosen to give an order of the splitting method. We would like to choose some norm which
essentially characterizes the error matrix Ef and at the same time can be used to estimate the
error analytically. The 2-norm appears not to be practical. We prefer to use the Frobenius norm
of E

1/2

| B5 || e = At Z |Bracy |? (3.15)
k=1

because it can be more easily computed and as we will show later for some cases it is equivalent
to the Frobenius norm of the error of a semi—discretization of (3.1).

For splittings BAB, ABA and AB4+BA we can exploit the symmetry of §;; in order to
simplify the sum

(o] o0
IEfIIF = A > Braof> = A Y |Bral*(of > + |k |?) (3.16)
k=1 I=1,k>1+1

Let us consider the finite-dimensional analogue of the error analysis presented in this section.
It is clear that the leading error term Ef corresponds to the leading error term E; introduced
for ODEs. In the ODE case we have a finite number of eigenvectors instead of the infinite set
of eigenfunctions (3.3). The eigenvectors form the transformation matrix S = [¢1,d2, -, dn],
which was used to simplify the ODE system (2.1). It is easy to check that the coefficients af form
the matrix A:

(A)ey = (S TAS) = af.

This implies that the order behavior given by Ef corresponds to the reduced order behavior of the
matrix Fy, indicating the leading error term of the transformed problem (2.14) in the ODE case.

The next term of the error operator E° is

1 At? A A
E$=_— [ \[—=B) YA\ — B) 1A\ — B) texp(AA#)d\ — Tt exp (—tB) AZexp ({B)

2mi Jr .
Using
2%2- r(’\I — B) A\ — B) A\ — B) " exp(AAt)d\g;
_ >~ 1 exp(AAtL) -
- ; 2mi /r A=X)A=A)(A = Ai)dm?%@
and 1 sy
exp
2mi /r A—a)A=b) (X — C)d’\
(. .(c—b)exp(aAt) + (a — c) exp(bAt) + (b — a) exp(cAt) .
™ (a—b)(b—c)(c—a) , ifa#b a#te b#c
_ | ApOR(caAt) —exp(adt) | ep(adt)

(@a—c)? (@=¢)’

A 2
{ Ttexp(aAt), if a=b=g

to find the first term of ES, we get the error expression

o0
e? = ESug = At? Z Vi il alé; (3.17)

1,q,J=1
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with the same coefficients ; 4 ; as we obtained in the ODE case (see (2.21) and Lemma 2.2).
As for the first error term we can write the second term in the form

oo oo
62 = Ze;‘?@-, 612 = At2 Z yi,q,jagaflag
i=1 ¢,j=1
and introduce the infinite “matrix” which maps {a%} into {e2} for {al} € *:
o0 .
e =F5a®  (E])i; =AY vigjalal, i,j=1,...,0. (3.18)
=1

The second error term obtained for the linear ODE case (2.20) is the finite—dimensional analogue
of (3.18).

Considering the other cases AB, BA, ABA and AB+4BA in the same manner, we obtain the
expressions (3.13) and (3.17) for the first and second error terms correspondingly with the same
B and v coefficients as we found for these splitting methods in the ODE case. Theorem 3.1 can
also be extended on the other splitting methods.

3.2 Examples

We now consider equation (3.1) with A(z,0) = f(z) and B(z,0) = 88—;2, i.e. the equation

Ut = Ugy + f(2)u, [68—;2,]”(1’)] # 0. (3.19)

Example 3.1 We can take, for instance, f(z) = cos(wz) and examine the problem
Ut = Ugy + COS(TL)U in [0,1] (3.20)
with some initial condition u(z,t) = uo(x) and homogeneous boundary conditions
u(0,t) = u(1,t) =0, uo(0) = ug(1) =0

This problem fits the general frame we have described above. The “stiff” part operator % has a
set of eigenvalues and eigenfunctions which forms a basis in L?([0, 1]) N L§([0, 1]):

e = —712k?, ¢r = sin(wkx), k=1,...,00. (3.21)

Thus the solution of the problem (3.20) has the infinite series

u(t,z) = Zak(t) sin(mwkx) (3.22)
k=1

The action of the bounded operator A = cos(wx) on the eigenfunctions of B has a very simple
form

1
A@)br = 5 (b1 + 1), k=1,...,00,
where we introduced ¢y = 0, thus we obtain
1
5 i k=il =1,
0, if |k—i|l#L
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Following our error analysis, we want to find the Frobenius norm of the leading error term:

- 2 At2 - 2 2
|ET |7 = e (18s,i41]” + 1Bit1,4l%)s
=1

which for symmetric splitting methods can be simplified further
. At? S
I1B51 = = 2 B

For the BAB case, using

_exp(—m?Atk?) — exp(—m? At(k + 1)?) 5 9 1
Bk k+1 = A — (k1 1)) —exp | —m?At (K2 + k+ 5

= exp <—7T2At <k2 +k+ %)) <51n};g7rAZtA(2(f ;%)) - 1)

2?6, if 0<z<16

and approximating

sinh(z) 1~
w PE) i 16<z< oo
2x

we find that

o0

> Bipn * L+ 1D,

k=1
where

k* 1 1 4
I = —2m2 At | k2 — ([ 72A - dk
1
2

L= /oo exp (—27r2At (k2 +k+ %)) (exp(gff(;(f ;)2))> dk

and k* is taken from the relation 72A¢ (k* + 3) = 1.6. The estimation of the integrals shows that
for sufficiently small steplengths At, which give £* > 1, we have

I = O(A/?) and Iy =o().

Finally, we get the order behavior of the form ||E¢||r = O(At'75). The same result was obtained
for ABA and AB+BA cases. For the cases AB and BA we find the order behavior ||E{||r =
O(At25),
0
Example 3.2 Choosing f(z) = z, we get the equation
Up = Ugy + TU in [0,1]. (3.23)

This example is more complicated than Example 3.1. The action of the bounded operator A = x
on the eigenfunctions of B gives us

A(z) ¢y, = xsin(mkz) Zak sin(mix)
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where
, if k=i;

DN | =

gl e if |i—k| isodd;

| 0, if |i—k| iseven and nonzero;

and the Frobenius norm of the leading error term matrix is a truly two-dimensional sum. The
estimation of the double sum can be done in the same manner as we estimated one-dimensional
sum in the Example 3.1, but it is more complicated and we shall not reproduce it here. We
present only the final result: for sufficiently small steplengths At the cases BAB, ABA and
AB+BA have the error order |E¢||lr = O(A#5); and the cases AB and BA show the order
IEfllF = O(ALH?). 0

From these examples we can see that different factors contribute to the order reduction of the
splittings. According to (3.13) the order behavior is determined by the joint contribution of the
elements J3; ,, which are At dependent, and the coefficients i, which do not depend on At. It
is perhaps not surprising that different values o} can cause different types of order reduction. In
fact, we observe different order reductions for the Examples 3.1 and 3.2.

The analytical order estimations for the Examples 3.1 and 3.2 will be verified by numerical
tests in the next point.

3.3 Numerical experiments

We can model the order reductions shown for the PDE (3.1) using some semi—discretization of the
PDE. Let us introduce a uniform mesh in the interval [0,1]: for some natural integer N we have
mesh points #; = ih, i =0,... ,N + 1, h = §&7. The space discretization of the equation (3.19)
gives us the system of ordinary differential equations for the internal points of the mesh

f_ Wit — 2ui+ Ui

ulh = 2 + fmi)ug, i=1,...,N; (3.24)

and boundary conditions ug(t) = un+1(t) = 0. In the matrix form the system (3.24) can be
presented as

u' = Apu + Bpu, u=(u,... un)?, (3.25)

where Ay, = diag(f(z;)) and By, is the tridiagonal matrix

—2 1
1 -2 1

1 -2 1
1 -2
Of course, we can apply the order behavior analysis developed in Section 2 directly to the system
(3.24) in order to find its order reduction. The result will be the same as for the order behavior
which we got the PDE (3.19).
The matrix B, has the set of eigenvalues and eigenvectors

Ao = = (—2+2co8(s4)), o\ =sin(ksd),  é=1/(N+1)

TR
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The matrix S, constructed from eigenvectors S = [z(1),2(?) ... z(M)] has the elements S; ; =
sin(ij¢). For our purpose it is important that the matrix S is symmetric and that S—! = N2+15
since it implies that |SQS™||r = [|Q|| for any matrix Q € RN*N. ) R

Thus, we can conclude that the system (3.24) ||E[|r = [|E||lr. In its turn ||El|r ~ ||E1||F is
expected to have the same reduced order as the order of ||Ef||r. Consequently, we should observe
experimentally the order reduction results obtained in the Examples 3.1 and 3.2.

The results of numerical experiments fully support our theoretical predictions for the equation
(3.20), see Figures 7 and 8, and the equation (3.23), see Figures 9 and 10. The problems were
discretized in space with N = 50, providing us with the ODE systems of the form (3.24). The
computations were performed with the help of MATLAB package. The MATLAB function expm
was chosen to compute the exponentials of the matrices.
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Figure 7: Frobenius norm of the error matrix E for the discretization of the problem (3.20). The
solid line stands for BAB splitting, the dashed line for ABA (AB+BA) and the dash—dot line
for the splittings AB and BA.

The figures show that for substantially small time steps the operator splitting methods show
the classical orders 2 and 3. While the step size is getting larger, it reaches a break point. After
this point we observe a reduced order until the step size gets too large to keep precision of the
computations. The main difference between the PDE (3.1) and its semi-discretization is that
for an applied splitting method the continuous equation is always “stiff” and the order is always
reduced. For ODEs it is so. We have some range of step sizes for which the order of a splitting is
reduced. If we decrease the step size, at some moment it will become small enough to provide the
classical order of the splitting.

4  Conclusions

We have considered order reductions of the five splitting methods named AB, BA, ABA, BAB
and AB+BA in the introduction. The splitting methods were applied to two types of problems:
linear ODE systems (2.1) and linear PDEs (3.1). Using expansions for the exact solution and
the splitting methods valid for moderate stepsizes, we obtained the principal error terms. These
expressions explain the order reduction phenomena observed in numerical experiments.

The analysis given here does not apply to arbitrary problems, it is in fact hard to obtain precise
results for the order behavior without making assumptions about the eigenspace structure of the
given problem. Nevertheless, we believe that the general ideas can be used to analyze a number
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Figure 8: The order of the local error for the discretization of the problem (3.20). The same
notations as in Figure 7 are used.
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Figure 9: Discretized problem (3.23). The norm of the error matrix E. The notations are the
same as in Figure 7.

of interesting applications like air pollution modeling, combustion, reactive flows, etc. (references
can be found, for example, in [6]).

As a future extension of this work, we would like to consider also nonlinear problems, in which
case, the expansions should be replaced by Lie series.
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