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Abstract

We present a new class of integration methods for differential equations on manifolds,
in the framework of Lie group actions. Canonical coordinates of the second kind is used
for representing the Lie group locally by means of its corresponding Lie algebra. The
coordinate map itself can, in many cases, be computed inexpensively, but the approach
also involves the inversion of its differential, a task that can be challenging. To succeed,
it is necessary to consider carefully how to choose a basis for the Lie algebra, and the
ordering of the basis is important as well. For semisimple Lie algebras, one may take
advantage of the root space decomposition to provide a basis with desirable properties.
The problem of ordering leads us to introduce the concept of an admissible ordered basis
(AOB). The existence of an AOB is established for some of the most important Lie
algebras. The computational cost analysis shows that the approach may lead to more
efficient solvers for ODEs on manifolds than those based on canonical coordinates of the
first kind presented by Munthe-Kaas. Numerical experiments verify the derived properties
of the new methods.

AMS' Subject Classification: 651.05

Key Words: geometric integration, numerical integration of ordinary differential equations on
manifolds, numerical analysis, Lie algebras, Lie groups, canonical coordinates of the second
kind, root space decomposition.

1 Introduction

The adaptation of Runge-Kutta methods to homogeneous manifolds proposed by Munthe-
Kaas in [11] is based on canonical coordinates of the first kind. The methods use a Lie
algebra action and a Lie group action on a manifold, the two actions being related through
the exponential mapping from the Lie algebra to the Lie group. There is also a variety of other
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methods which are based on this mapping, for instance those by Crouch and Grossman [4, 14],
and the ones by Zanna [18]. Even if one, in most applications of these methods, assumes that
the Lie algebra is of finite dimension, it may still be a challenging computational task to
evaluate the exponential map for an arbitrary member of the algebra. If, for instance, the
Lie algebra is realized by means of n x n matrices, one can use general purpose software
for computing the matrix exponential, but typically the cost will then be Cn* floating point
operations where C' can be fairly large, say 20-30. A possible remedy for this is to replace
exp by a map that approximates the exponential mapping, but which is cheaper to compute.
For certain Lie algebras, one can use the Cayley transform, which under the circumstances
above, still costs Cn® flops, but where C' can be made much smaller. Another problem is
that alternative maps may be hard to find. Certain negative results for specific Lie algebras
support this observation. A typical one concerns the special linear algebra s[(V) of trace-free
endomorphisms of a linear space V, and its corresponding Lie group SL(V) of automorphisms
of V with unit determinant. It is proved in [7] that if a function W, analytic at 0, maps sl(V)
into SL(V), dim(V) > 2, and satisfies ¥(0) = ¥/(0) = 1, then W = exp. In a recent paper by
Celledoni and Iserles [2] the authors propose to approximate the exponential map by means
of splitting techniques. Suppose we need to exponentiate @ € g C gl(V) and let « = )" a; with
each a; € g. It was observed that if the rank @; (as an endomorphism of V) is small, then
its exponential can be computed at low cost. Moreover, their compositions can be computed
inexpensively as well.

In this work, we shall consider a fixed basis, say ey,...,eq, for the Lie algebra, g, and for
the corresponding Lie group G, we shall use canonical coordinates of the second kind. This
means that in some neighborhood U of 0 in g, we define the map

vl — G, v = Zviei — exp(viey) - exp(vgez) - - -exp(vgeq). (1)
K3
In some parts of the exposition, it would have cost us little extra effort to replace the function
exp in (1) by an arbitrary smooth map from U C g to GG, but to maintain a convenient
notation, we shall use the exponential mapping in what follows. We note that the approach
with canonical coordinates of the second kind has recently been used by Celledoni and Iserles
[3] for approximating the matrix exponential.

The coordinate choice will together with the Lie algebra action on the manifold M, serve
to transform the differential system from M to a corresponding system of ODEs in the Lie
algebra g. An implementation of this transformation involves the computation of the inverse
of the (trivialized) tangent mapping of W, denoted dW;!. This amounts to inverting a d x d
linear system in each evaluation of the right hand side of the transformed system, where
d = dimg. Thus, using general software for this purpose, we must expect a complexity
of order d®. However, comparing with the Munthe-Kaas approach for several of the most
interesting Lie algebras, one finds that the extra cost related to the inversion of the tangent
mapping should not have arithmetic complexity of higher order than d®/2. To overcome this
challenge, we have found that the Chevalley basis, known from the structure theory of Lie
algebras, can be used. This choice must be combined with a certain ordering of the basis.
We will start by considering how the differential equations can be transformed from M to g,
reviewing some results from [11] and [5], in particular we will derive the expression for d¥,
involved in this transformation. Next, we consider a criterion on the ordering of the Chevalley
basis which allows us to cheaply invert d¥,. We can then study, in particular, the case when



g is a semisimple Lie algebra over C. We also consider solvable Lie algebras, recalling that
any Lie algebra can be decomposed into the semidirect product of a semisimple subalgebra
of g and the radical of g, by the Levi decomposition [17, p. 224]. Finally, we will present
numerical examples which support our claims, and we will make comparisons in terms of
flops and accuracy of the derived methods with those of Munthe-Kaas [11].

2 Preliminaries

Suppose that GG is a Lie group with Lie algebra g, and that both are acting on the manifold M
through A : G X M — M and A : gx M — M, respectively. Furthermore, suppose that there
is a coordinate map ¥ : g — G such that the two actions are related through the equation

AMv,p) = A(¥(v),p), veEg peM.

Munthe-Kaas [11] introduces what he calls the generic presentation of ODEs on manifolds in
terms of the lie algebra action A. His assumption is that the vector field F', which defines
the differential equations on M, is related to a map f: R x M — g such that

y'=F(ty) = \(f(t ) (y)- (2)

Here A, is a map from g to the set of vector fields on M. For v € g it is defined as

AO0)= | M),

For our purposes, it is sufficient that A (and thereby A.) is defined locally, but the reader
should consult both [11] and [5] for a more detailed discussion of this setting.

The derivative of ¥ at u is a map ¥/, : g — Ty(u)G. We will rather prefer to work with the
right trivialized map d¥,, : g — g, related to W/ through

lIJ{u - R,\V(u) o) d\pu
Here R, is the right translation map R,(h) = h-g, g,h € G, and R, = T|.R, : g — TG|,.

An elementary modification of a theorem in [11], whose proof can be found in [13], leads to
the following theorem.

Theorem 2.1 Let the circumstances be as described above. For any pointp € M, set A\, (u) =
A(u,p). Define the vector field f : R X g — g relative to p € M as

.f(ta ?1,) = dlII;l(f(t’ )‘('"’ap)))'
Then
Ap 0 f=TFo),

where the composition applies to the second argument of .



An implication of this theorem is that one can replace the differential system on M by the
equation u' = f(t,u) on g, and the solution of the original equation 3’ = F(t,y) is obtained
simply as y(t) = Ap(u(t)). One needs to be concerned with finding efficient methods for
computing the action A,(u) = A(¥(u),p) as well as the inverse tangent map dW¥;*(v) for
arbitrary u,v € g. We now assume that W is given by (1), introduce the basis ey, ...e4 for g,

and compute, for v = uie; + -+ + ugeq and v = vieg + - - + vgeq,

d
dlIlu(v) = 7 R/\T/(u)_l o lIl(u + t’U)
t=0
= 5 exp((uy + tvy)eq) ---exp((ud—l—tvd)ed)lll(u)_l
t=0
d—1
= uve+ Z v; Ad gurer -+ Ad guimreia (ei)- (3)
=2

Here, for any g € (G, the operator Ad , : g — g is defined as
Ady=L'y o R 1,

where Ly : h— g-h and Ry : h — h-g. In (3) and throughout this paper, we will omit
the symbol o in compositions whenever it is convenient, thus composition of operators will
be signified by juxtaposition.

Let (e1,...,eq) be an ordered basis for a Lie algebra g, and let (gq,...,24) be the dual basis
for g*, ie. gi(e;) = &5, 1 < 4,5 < d. For any linear operator A : g — g, we denote by
A* 1 g* — g* the transpose, such that for any ¢ € g* and v € g,

(A7¢) (v) = ¢(Av).
For each i =0, ... ,d, we define the subspaces
Vi = span{ey,..., e}, Vi =span{egt1,..., €4},
where we take Vy =V = {0}, and V; = Vy = g. We also define the projector P, : g — V° by

d

d
Pk: E Vi€; E Uj€j,

i=1 i=k+1

and we let Fy and P; equal the identity and zero operator on g, respectively. For each
u=>_ ue; €g, wedefine the linear operators Ad curex : g — g by

K—(Teukek:]—Pk—I—AdeukekP]m k:177d

Definition 2.2 We shall say that the ordered basis (ey, ... ,eq) is an admissible ordered basis

(AOB) if, for each v =) uje; € g and for eachi=1,...,d— 1, we have

Ad grer -+ Ad guies Py = Ad gmier + - Ad gwies P (4)

Since P_1(e;) =e€;, i=1,...,d—1, and Ad euici (e;) =€, 7 <1, we obtain



Proposition 2.3 If the basis (e1,...,eq) is an AOB, it holds that

dq}u = nguvﬂ . 'Xge"d—led—l, fOT all u e ga.

This result serves as a motivation for the above definition of an AOB. Each of the operators

p—

Ad euper, k=1,...,d—1, are invertible whenever u = > u;e; belongs to a sufficiently small
neighborhood of 0 € g, in which case we have

1

d@;l = ng_uld_led—l -+ Ad eu1el -

Suppose that the ordered basis can be chosen such that for some d. < d, V; is an abelian
subalgebra of g. Then the restriction of Ad euiei, @ > di, to V; is the identity operator on

Vi, and it follows that ﬁeuiei, 1 > d,, is the identity operator on all of g. Thus, for an AOB
with this property, we have

1 1
AU = Ad grayea -+ Ad ey (5)

Considering Definition 2.2 it may seem difficult to find an AOB for a Lie algebra g, or even
to verify whether a given ordered basis is an AOB. For this reason we give the following tool
for determining an AOB for an arbitrary Lie algebra g.

Theorem 2.4 Let (e1,...,eq) be an ordered basis for g and suppose that for all pairs of
integers (i, m) such that 1 <m < i< d—1 and for all u="73", u;e; € g, either

PrAdfue;em =0,
or
[em,en] =0, m < n<i.
Then (ey,...,eq) is an AOB for g.

Proof: We use the shorthand notation A; = Ad _4;¢; and //4\]- = ﬁeu]e“ and set Q; =1 — P;.
Thus, A; = A; + ({ — A;)Q;, and we compute, for any w € g,

i—1

A\l o A\ZRU} = A A Pw+ Z A\l e 'A\j—l([ — Aj)QjAj+1 A Pw.
7=1
Set
r—1 R R
Zr = AlAj—l(]_A])QjAj-l-lArPTa 1S7"Sl—1

1

J

We wish to prove, by induction on ¢, that Z; vanishes on all of g, for each 1 < ¢ < d -1,
under the assumptions of the theorem. This holds trivially for : = 1. Suppose that for some
1>1,7, =0, 1 <r <i¢—1. Then set

d
A Piw = Z Em (A Piw) ey,

m=1



so that

d i—1
Zi’UJ = Z €m(442'})z"w) Al N A] 1( )QJ JH1 42'_1€m.

1

m=1 7

i—1 d
We now split the outer sum into two parts Z + Z In the latter sum, we may replace e,

m=1 m=¢
by P;_ie, and discard the last term of the inner sum, j = ¢ — 1, since Q;_1€, = 0, m > 1.

Thus we can invoke the induction hypothesis, Z;_; = 0, and conclude that
i—1 i—1 N N
Zz-w = Z Sm(4ZHw) Z Al e Aj_l(l — Aj)QjAj-l-l e 442'_167”.

Let 1 <m' <i—1 be any integer such that ,,/(A;P;w) # 0 for some w € g, or equivalently,
P*Afen # 0. The assumption [e,r, e,] =0, m’ <n <i—1, implies that A,e,, = e, so if
we split the inner sum in two pieces for m = m/, we get

Z A] 1 [ A; )Qy 741 m’ 1€m! + Z Al ] 1 [ A; )Q]em’

j=m!

The first sum vanishes by the induction hypothesis, Z,,/_; = 0, since e,,; = P/1_1€,,,. In the
second sum we note that since j > m/, Qe = €., and (I — A;)e, = 0 since [e;, e,,0] = 0.
This concludes the proof. |

When the basis can be chosen such that ad ¢, is nilpotent for many of the basis elements e;,
it is useful to recall the relation Ad  ;¢; = exp(ad u]e])a and we can rephrase Theorem 2.4 as
follows

Corollary 2.5 Let (ey,...,eq) be an ordered basis for g and suppose that for all 1 < m <

1 <d-1, k € N, either
*
P <ad f;) em =0,

or
[em,€n] =0, m < n<i.

Then (ey,...,eq) is an AOB for g.

3 The semisimple case

In this section we consider semisimple Lie algebras over C. Most of the tools we use are valid
for any algebraically closed field. We will use, without proofs, several well known results from
the structure theory of semisimple Lie algebras, the reader may consult the texts [10, 17, 8]
for details and proofs, and also [1] which gives a good introduction without too many details.



We start by recalling that for any Lie algebra, the Killing form is defined as the bilinear form
k(u,v) = Tr(ad , o ad ), for u,v € g. A Lie algebra is semisimple if and only if x is nonde-
generate. Every semisimple Lie algebra contains semisimple elements (z € g is semisimple
if ad , is diagonalizable). A subalgebra f is toral if all its elements are semisimple. More-
over, if fj is not properly contained in any other toral subalgebra, it is called a mazimal toral
subalgebra (MTS). For semisimple Lie algebras, an MTS always exists. A toral subalgebra
of g is abelian, and the eigenspace of each ad, h € hj, equals all of g. Thus, the operators
adp, h € b, form a commuting family of linear transformations of g and are therefore simul-
taneously diagonalizable. In other words, there exists a full set of eigenvectors shared by all
adp, h € bh. For each such eigenvector z € g, there is an element « in the dual space h*
of f such that [h, 2] = a(h)z for each h € §. In particular, the O-functional corresponds to
{z € g:[h,2] =0V h € b}, the centralizer of f in g. It can be proved that fh equals its
centralizer in g. The o # 0 in h* defined as above are called roots, we denote by ® the set of
roots. For each a € h*, we let g, = {z € g: [h,z] = a(h)z, YV h € b}, and we can thus write
down the root space decomposition or Cartan decomposition of g as a direct sum

=08 ][] g0
The reader should note that the elements of ® are not generally linearly independent in h*.

For future use we define ® = ® U {0}.

We summarize some properties of the roots, the proofs can be found in [10] and [8].
Theorem 3.1

a. Fach go, a € ®, is one-dimensional.
b. If x € g, then ad .. is nilpotent.

c. For arbitrary o, € b*, we have [go, 85 C gatp. Moreover, if o, f, a + 3 € ®, then
[gon gﬁ] = Ba+p4-

d. ac® = —acd.

e. The restriction of the Killing form to fy is nondegenerate.

A choice of basis for g known as the Chevalley basis is obtained by choosing one basis vector
for each subspace g, along with a particular basis for .

The existence of a base is significant for our further use of roots. A subset A of ® is a base if

1. A =(ay,...,a) is a basis of h*.

2. Each root o € ® can be written as

£

o= E ro;

i=1

with integer coefficients r; that are all nonnegative or nonpositive.



A base exists for any system of roots. The above properties of a base, together with d. of
Theorem 3.1, allow us to split ® into two disjoint subsets, ®* and ®~ of the same cardinality,
® = &t UP~. The positive roots ®* are those which can be written as a nonnegative linear
combination of the elements of A.

The fact that the Killing form is nondegenerate on f gives us a way to identify  and bh* in a
unique way. We may associate ¢ € h* with £, € hif ¢(h) = k(tg, h) for all A € h. In this way,
we also obtain a bilinear form on h*, defined for any o, 8 € h* as (o, 3) = k(ts,tz). Given
a base A = (aq,..., ) this identification determines a basis for fj, we take it to be the set

(hayy -y ha,)

U,

hy = ———.
. H(tantai)

(6)
We may now express any basis for hh to be used in the AOB as a linear combination of the
hea;. The choice which is optimal with respect to computational cost may depend on the Lie
algebra, we may in each case use Proposition 3.2 below to search for an optimal basis for h.
First, with a given base for a semisimple Lie algebra, the numbers

2(042', Otj)

Cij = (ap,a;) = (a5, )
7 g

y 1<,5 <,

are called the Cartan numbers. It can be shown that they are all integers, and C =
(Ci,j)f,]‘:l € Z% is called the Cartan matrix. Tt turns out that, up to isomorphisms, C
determines the Lie algebra completely. The structure of Lie algebras in terms of their root
systems is of course studied extensively in the literature to which we refer for more details.
However, we just remark here that the number of possible root systems are limited, and in
the sequel we shall study the most important of them. Before we proceed to this point, we
shall prove some general results which will be useful later.

Proposition 3.2 Let § = Ele rio; € ® and let 0 # eg € gg. Then, for any basis element
ho, under the above identification, we have

£
ad es (haj) = — Z rZ-Cm-eg.

=1

Proof: We compute

l /
2
ad eg(haj) = —ﬂ(haj)eﬁ = — Zrioxi(ha])eﬁ = — Zrimm(ta])eﬁ
=1 =1 Qg oy
/ /
2(0&{,0@‘)
= — r; = — r;C; je
; (o), vj) ; 7

We are now in a position to characterize an AOB in terms of the root system.



Theorem 3.3 Let {f1,...,084,}, d« = d — L, be the set of roots ® for a semisimple Lie
algebra g. Suppose that a Chevalley basis is ordered as

T A PR (TR 7))
where eg, € gg;, and (b1, ..., hy) is a basis for . Such an ordered basis is an AOB if

kBi4 s = Pm, m<i<s<duke€N = [n+0,€P m<nli-1l. (7)

Proof: We may check that the conditions in Corollary 2.5 are satisfied. We use the convention
e :=eg;, 1 <1< dy, and eq,4; == h;, 1 < j < /L, whenever it is convenient. For e; € b,
ad I;,PZ- = 0 for all £ € N, so the first condition of the corollary applies for all m < ¢. Next,
suppose that e; € gg;, for some root ;. We compute for arbitrary w € g, k € N, and m <1

d da
sm(ad];PZ-w) = Z ss(w)sm(adfies) = Z ss(w)sm(ad];es).
s=1+1 s=1+1

The last equality results from the fact that whenever s > d,, we have e; € b, and thus
[ei, 5] € gp; and ad fies = 0 for £ > 1. From property c. in Theorem 3.1 we conclude that
the only cases in which v := ad {;es # 0 are when v := kf; + 35 € ®. If vy = 0, then v € b,
thus €,,(v) = 0. In fact, we obtain a nonzero term in the above sum if and only if there
is an s, with ¢ < s < d, such that 38,, = k8; + 85 € ®. In other words, this condition
corresponds precisely to P (ad l;)* em # 0. In such a case, we need to impose the condition
that [em, e,] =0, m < n < 4, and this means that 8,, + 5, € ¢, m < n < i. O

Note that since all ey, ..., eq4, are ad -nilpotent, it suffices to check that (7) holds for integers
1 <k < ks, where k, is the smallest integer such that ad ’;,*"'1 =0.

Proposition 3.4 If an AOB (e1,... ,eq) for g is ordered as above, and if e; € gg,, B; € ®,
then

—1 K (_u.)k
Ad ey =T+ kf adf P,
k=1 .

where ad ! = 0 for m > k..
Proof: Note that with the ordering above, ad ];R ad; P = ad fi""“B-. Now
— ki ok
Adeuies = (I = ) +exp(ad y,e) ) P = 1 + Z ﬁad ];PZ
k=1 "

By direct computation we get the required result. a

In the discussion that follows, we shall always assume that A = (ay,...,ay) is a base, and
we define the elements of 3; ; of h* as

J
Bij=) an, 1<i<j<t
k=1



3.1 The Lie algebra A,

This Lie algebra is commonly represented as the set of trace free complex (¢4 1) x (£ + 1)
matrices and is denoted s[(¢ + 1,C). The MTS is the /-dimensional subalgebra of diagonal
matrices. The set of positive roots is [17, p. 296]

{Bi,1 <i<j <4}

It is obtained from the Cartan matrix

2 -1
-1 2 -1

-1 2 -1
-1 2

Letting e, be the rth canonical unit vector in C**+!, we find that 95, , is spanned by ez-e]-T_I_17 1<
t < j < L. For the negative roots —f3; ;, we have ej+1eZ-T € g-p,,- Finally, as a basis for f), we
may for instance take the elements eZ-eZT - ez-+1eZT+1, 1 <7 < /. In particular, we immediately
obtain a real realization sl[(¢ + 1,R) where all the roots belong. In consequence, everything

we do here with sl(£+ 1, C) also holds for the corresponding representation of sl(¢ + 1, R).

We consider how the basis can be ordered such that an AOB results. With the convention
€ € g3, B € @, h=span(ep,,...,ep,), let

B = (eﬁiml O T . Y iy MR VPR 1 €hy )

where iy < iy < -+ < iy and m = (¢ — 1)/2. We claim that B is an AOB for sl({ + 1, C),
and prove it by using Theorem 3.3. Let ® be ordered in correspondence with B and consider
first a positive root 3; ; = «a;, + -+ ;. If @ € ® is such that vy = k3; ; + o € ® with
Bi, . < @, k € N, then v = 3;_; with ¢, > ¢,. Thus, either v > 3; . or i, =1i,, but in the
latter case, v+ 3;, ; € ® for all j > 4,. Similarly, for negative roots, —3;, ; = —a;,
Again, if vy = —f; ; +a € ® with a > 3; ; then v = -0, ; with i; > i, and we conclude
that B above is an AOB for g.

_.-.—Otjr.

In computing dW;'(v), we may apply (5) together with Proposition 3.4 with k. = 2. In fact,
since the coefficient of oy in the expansion of any root is either 0,1 or —1, it is clear that
ka+ 3, a € ®, 3 € ®, is neither 0 nor contained in ® if & > 2. In particular, we notice
that rank(ad?) = 1 whenever ¢; corresponds to a root (3 (e; € gg), since the only root a
satisfying 28+ a € ® is @ = —3. We next consider the computational complexity involved in
computing dW¥;!(v) for sl(£+ 1,C). We split the computation into smaller tasks, and begin
by studying the cost involved in computing, for arbitrary w € g, the expression

—1

1 .
Ad gupep (w) = w — ug [er, w] + §ui ler, [ex, w]], 1 <1i<d,, (8)

where we assume that w is given in the form w = E;-lzl w;e;. Suppose that e := eg € gg,
where 8 € ® is of the form 3 = £4; ;. We identify the basis vectors that do not commute
with eg, since only those will affect w. We begin by choosing as a basis for b, the vectors

10



hi = ha;y, t =1,...,n, defined by (6). By Proposition 3.2 and the Cartan numbers, we see
that [eg, hy,] = 0 unless n = j,j — 1,4, — 1 (otherwise the coefficient multiplying eg is 0).
Thus, we obtain at most 4 updates caused by the elements of fj, the cost is one addition and
one multiplication for each. Next consider ad ]e“ﬁ (e—g), k =1,2. Note that, due to the ordering
of the basis, this case only occurs when 8 € ®*. From a result in [10, p. 37] we conclude that
leg,e—g] = hg € 0, hg = 2tg/k(tz,t3) under the identification of h and h* introduced above.

J J
Hence, since 8 = 3; ; = Zan, we deduce that hg = Zhan. So 7 — i 4+ 1 updates result,

n=z n=t
requiring each one addition and one multiplication. When k£ = 2, we compute

leg, hg] = —B(hg) eg = —(B, B) g = —2 ep.

This —2 cancels the factor 1/2 in (8), thus in this update, we need two multiplications and
one addition. Finally, consider [eg, €,], where o = —f3 is an arbitrary root. If 3 = 3;; € ®7,
then « is of the form

Bitim, J+1<m <L, { — j elements,
—Bim, 1<m< L m#j, {—1elements,
~Bmj, 1<m<j, m #1, j—1 elements.

If 3=-p3;; € @7, then o € @ is of the form o = —f;41.m, 7+1 < m < L, thus there are {—j
noncommuting elements. Each of these updates costs one addition and one multiplication.

For this particular Lie algebra, the above analysis will lead to the precise computational cost
of computing d¥ ;' in terms of arithmetic operations. However, for other Lie algebras this
counting process is more complicated, especially since there may or may not be a constant

2

multiplying the u; (u? resp.) in each update, thereby in some cases adding to the number

of multiplications. We therefore choose to give the number of updates required for each
evaluation of d¥; ', and we divide the updates into categories as described in Table 1. The

1
result in each category is obtained by summing up the updates for all operators Ad .u;¢; that
occur in the expression for dW;!.

Elements of h 44?2
Reflected root éES + %€2 + %E

ad?, VY,
All other roots 3 — ¢
Total %EB + 502 — éﬁ

Table 1: Number of updates needed in the computation of dW¥ ! (v) for A,

Note in particular, that the £3 terms come from the categories “All other roots” and “Reflected
root”, where the cost is one addition and one multiplication for each update.
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3.2 The Lie algebra Cy, [ >3

The symplectic Lie algebra sp(2¢,C) has the root system of Cy and a usual representation is

1
sp(20,C) = {u € gl(n,C) :u'J +Ju=0}, J= [ 0[ Oe ] .
—4y
One easily checks that such matrices # must be of the form
Q M
u= [ N o7 | M=MT N=NT.
We let, as before, aq, ..., ay be a base. The positive roots in Cy are obtained from the Cartan
matrix
2 -1
-1 2 -1
CC( = e . 9
-1 2 -1
-2 2

they can be characterized in terms of 3; ; = Ej - v, as follows [17, p. 301]

ot ={B;;, 1<i<j < | J{Biu+Bium, 1<i<j<e—1}

Thus, the dimension of sp(2¢,C) equals 2¢ + ¢. Note in particular that all roots are of the
form o = ;sz'a TanOn With each r, , # 0 having the same sign. We use this notation to
introduce an ordering of ® according to the following rules.

1. ar €07 a_ €97 = ay <a-

Ja J8
2. Ifa= Z FanQn, 3= Z g, @, 3 € ®F (&7 resp.) then
N=ig n=ig

a<f & ja> s

There always exist orderings satisfying 1 and 2, but generally more than one. We claim that
the corresponding ordering of the basis leads to an AOB. Note first that if a coefficient r, , is
such that |rq,| > 1 then n < £ and |r,| = 1. We suppose that o € ®* and use Theorem 3.3.
If v = ka+ 3 with 8 > a, then either v € @7, thus v > a or else, j, < j,. In the latter case,
either 4 > a, or j, = ja, but then all § € ® satisfying v < § < a are such that v+ ¢ ®. The
argument for & € &~ is similar, and we conclude that the ordering above leads to an AOB.

As a choice of basis for fj in the case, we recommend to use the vectors (hy, ..., hy), obtained
as linear combinations of the f,, defined in (6), as follows:

£
Z 1 .

h’L: ha]_ihalﬁzzl’""f'
=i

12



This particular choice causes, for all § € @, [eg, h;] = 0 for a minimum of ¢ — 2 members of
{h1,...,hy}, according to Proposition 3.2.

It is easy to check that if @ € ®, then the corresponding basis element e, satisfies ad ]e“a = 0 for

k > 2. Thus, we can use Proposition 3.4 with k, = 2 for computing ﬁ;uliei. Moreover, one can
prove that rank(ad ?_) is either 1 or 3 for each v € ®. Certainly, 0 # ad 2_(e_,) € span(e,) for
any a € ®. We proceed by making the change of variables a; = A; —Aj4q, 1 <i</l—-1, 0y =
2X;. Then, the roots have the form £(X\; —A;), 1 <i<j</lyand £(A,+A;), 1<p<g< L.
Thus, the remaining possibilities for obtaining 2a+8 € ® are: If a = £(X;—A;), 1 < i < j <,
then § = £2X; or f = F2X. Ifa=£(A, + Ay), 1 < p < q <L, then = F2X, or F2A,.
When a = 2),, 1 < p < ¢, we get rank(ad éa) = 1. We shall omit the details about the cost
of computing d¥;!(v). The situation is similar, although somewhat more complicated than
for sl(¢41,C). It is for instance no longer true that whenever v = a+ g € ®, [e,, €g] = *e,,
in other words, one sometimes needs to multiply the result with an appropriate factor. This
complicates the counting of arithmetic operations. We will give more precise results about the
computational cost of computing d¥;'(v) in the numerical experiment section. The number
of updates is given in Table 2. Depending on the type of root, an update costs one addition
and 1-3 multiplications.

Elements of j 442 — 2/
Reflected root 202 — ¢

ad?,. 52— 3y
All other roots 4¢3 — 602 + 24
Total 403 + %EQ — %E

Table 2: Number of updates needed in the computation of d¥;'(v) for Cp

Note, in particular, that the dominant term, 4¢3, comes from the category “All other roots”,
where the cost is one addition and one multiplication for each update.

3.3 The Lie algebra By, { >1

The orthogonal Lie algebra so(2¢ + 1,C), has the root system of B, and can be represented
as matrices in C(2+1)X(2441) of the form

0 o BT
b Q M |, abeC, M\N,QeC* MT=-M, NT=-N.
—a N -Q7

It is also possible to represent elements of s0(2¢ 4 1, C) as complex skew-symmetric (2¢+ 1) X
(2+1) matrices, but it leads to a more complicated form of the basis vectors e, corresponding
to roots.

13



The Cartan matrix is

2 -1

which yields the positive roots [17, p. 304]
ot = {5, 1<i<j<O [ J{Bie+Bis 1<i<i< )

We therefore see that the dimension of so(2f+ 1,C) is 22 4 £. Also in this case, any root «
can be written in the form o = ff‘zia Tan0pn With each r, , # 0 having the same sign. With

this notation we propose the following ordering of ®.

1. ay €T, a_ €d” = ap <a-

Ja i
2. If = Z FanOn, = Z e, @, 3 € ®F (&7 resp.) then
n=ta n:ig

a<f & jo<js

One can prove that such an ordering corresponds to an AOB, the argument is almost identical

to that for sp(2¢, C).

As basis (h1, ..., hs) for h, we recommend to use
£
hi=> hay, i=1,... L
j=i

This leads again to maximum two updates for each § € ® when we consider [eg, h;], i =
..., 4.

The cost analysis for By is almost identical to that of Cy, we obtain precisely the same number
of updates. We find again that for all « € ¢, ad ’ga = 0 whenever £ > 2, so that Proposition 3.4
holds with k. = 2. And rank(ad? ) is either 1 or 3 for @ € ®. The update counts for the
computation of d¥;!(v) is identical to those in Table 2.

3.4 The Lie algebra D,

The Lie algebra so0(2¢, C) can be represented as matrices in the form
[ ]% _ng ] , M,N,QecC”™ MT"=-M, NT=-N.

Alternatively, we can use 2¢ x 2{ skew-symmetric complex matrices as representation.

14



The Cartan matrix is

2 -1
-1 2 -1
Cp, = -1 2 -1 ;
-1 2 -1 -1
-1 2 0
-1 0 2

and the positive roots are [17, p. 298]
Ot = {85, 1<i <j <O} (B2t Bjuy 1<i<j <Y,

where 3, , is ignored when p > ¢. The dimension of s0(2¢, C) is thus 2¢? — ¢.

Now all roots can be written in the form g = Effzm ramn, where at least rg ., # 0, 73, # 0,
and where all rg,, are either nonnegative or nonpositive. One can use the same approach as

for Cy to argue that if the roots are ordered according to the rules

. ap€edt a_€®” = a; <a_

Jou 7B
2. If a= Z FanOn, = Z e, @3 € ®F (&~ resp.) then
’)’L:ia ’)’L:iﬁ

a < ﬁ <~ joz > jﬁa
then the corresponding ordered basis is an AOB.

As basis for fj, we choose (hq,...,hs), where

£
1 . 1
hi:Zha]__(haZ—l-l_hO%)?1SZ§£_17 he = 5 (=hay_y + hay)-
j=t

2 2
Again, we can use k. = 2 in Proposition 3.4, and in this case rank(ad 25) =1 forall g € ®.
We omit the details of computational cost, the main results are given in Table 3.

Elements of § 4% — 44
Reflected root 202 — 2¢

ad iﬁeﬁ 02—y
All other roots 4¢3 — 1202 + 8¢
Total 403 — B2+ ¢

Table 3: Number of updates needed in the computation of dW;'(v) for D,
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3.5 Other semisimple Lie algebras

Apart from the Lie algebras A; — D, there exists only a finite number of semisimple Lie
algebras with irreducible root systems, meaning that the base A cannot be partitioned into
two disjoint subsets which are orthogonal with respect to the Killing form (alternatively,
the Cartan matrix is an irreducible matrix). In the case of Lie algebras with reducible root
systems, we can divide them into irreducible subsystems and treat each of them separately.

The remaining root systems are Go, Iy, Fg, 7 and Fg. In principle, one can do the same
type of analysis for these cases as discussed above, but we shall only give a few details for the

2 -1
e[ 2 1]

The dimension of G is 14, thus there are 6 positive roots, namely

case (G2, having Cartan matrix

ag, a1 + ag, 3aq + 2, 201 + @z, 3oy + ag, ay.

In fact, if the corresponding basis is ordered with the positive roots first as above, then
followed by the negative roots in the same order and finally a basis for fj, then an AOB
results.

For (G4, one needs to use k, = 3 in Proposition 3.4.

4 The solvable case

In a solvable Lie algebra, there exists an ascending series of ideals, gr with dim gz = k£ such
that g1 C g2 C ++- C gg = g. In this case, it is particularly easy to settle the existence of
an AOB, for instance by letting span(eq—g+1,...,€q4) = gg. In particular, this implies that
for each 4, V/° is stable under ad ., and this implies that P (ad ifz)*sm =0forall m <iin
Corollary 2.5. However, in general, this may not be the most efficient choice of basis. Keeping
in mind that [g, g] is nilpotent for any solvable Lie algebra, we may hope that a significant
number of the ad ., are nilpotent. Even so, we cannot, in the above situation, be guaranteed
the pleasant properties of the Chevalley basis used in the semisimple case, for instance that
[ei,€;] € span(e,) for some r. For solvable Lie algebras, there may not exist any MTS. A
tempting modification could therefore be to replace the M'TS by a Cartan subalgebra, which is,
by definition, a nilpotent selfnormalizing subalgebra of g, guaranteed to exist at least for Lie
algebras over C or R. But in our setting, the Cartan subalgebras have certain unfavourable
properties, for instance, they are not necessarily abelian, and their elements need not be
semisimple. We believe that, in general, a more satisfactory solution is obtained if a toral
subalgebra can be identified. Unfortunately, such subalgebras do not necessarily exist, but
we shall present an example where such an approach can be used.

4.1 The solvable Lie algebra t(n,F)

Let F be either R or C. The Lie algebra t(n, F) can be represented as a subalgebra of gl(n, F),
consisting of upper triangular matrices. The dimension of t(n,F) is clearly d = n(n 4+ 1)/2.
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The diagonal matrices form a toral n-dimensional subalgebra f of t(n,F). In particular, this
subalgebra is a Cartan subalgebra for t(n, F). The root system leads to a basis of the type

ez-e]-T, 1 <3< m.

This basis yields an AOB if for instance ej_,4; = eZ-eZT,i = 1,...,n, and the remaining
elements are ordered such that eZ-le]T1 < e, e]-T2 whenever 71 < i5. With this basis, we find that

ad? =0if r < d—n and we can derive a particularly simple form of dW !, namely
d—n
AU =1-> ady., P,
r=1

d
where u =377, we;.

5 Numerical methods based on canonical coordinates of the
second kind

We now suppose that a differential equation on the manifold M is given in the form (2), and
that we are solving, according to Theorem 2.1, the equation

u' = dW(f(t, M(u,p))) (9)

by a classical integration method in some neighborhood of p € M. The most popular integra-
tion methods can be divided into two classes, the linear multi-step methods and the one-step
methods, first and foremost represented by the Runge—Kutta methods. Also, recently the
general linear methods have increased their popularity, and offer a third alternative. The fact
that the coordinate chart centered at p only yields a local representation of M implies that
one generally needs to switch charts throughout the integration, this amounts to altering p
in (9). In the case of multi-step methods, this may cause some difficulty, since they carry
approximations to the solution and its derivative in several points, and they all have to be
transferred to the new coordinate chart whenever a switch is taking place. There are several
possibilities in handling this, and we refer to [6] for details. With Runge-Kutta methods
the situation is simpler, one can change coordinate chart in each step without problems. All
numerical results presented in the next section will be based on the use of Runge-Kutta
methods. The algorithm we obtain is, apart from the coordinate map, the same as the one
presented by Munthe-Kaas in [11]. Let (a;;), 1 < 4,j < s, be the elements of the Butcher
matrix, and let (b;), 1 < i < s, be the weights. These coefficients can be taken from any
classical Runge—Kutta method, no special requirements need to be imposed.

Algorithm 5.1
Yo =D
fori=1,2,...,s
’Ll,j = h 2;21 a¢7jkj
kj == f(hei, Auis yo))
kj = d\I’;il (k])
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end
vi=hyi_ bik;
= )‘(vao)

where PyYo, Y1 € M; ui7ki7[~€iav c€g.

If the coefficients (a;;) come from an explicit Runge-Kutta method, i.e. a;; = 0, i < j,
then the above algorithm is explicit. In principle, the algorithm may also be used when the
coefficients come from an implicit Runge-Kutta method, but the resulting computational
costs may then be high.

As opposed to the methods in [11], the cost of computing the correction k; = d¥; ! (k;) does
not depend on the order of the Runge-Kutta method, see tables 1-3 for details regarding
the classical Lie algebras. It is difficult to make precise comparisons between the cost of
computing the corrections in the above methods and the Munthe-Kaas methods, because the
latter make use of Lie brackets as part of the correction, whose computational cost may be
hard to quantify. However, an upper bound for cost of computing the commutator between
two m x m matrices is 2n° additions and 2n® multiplications, thus even one commutator
computed in this way is far more costly than the computation of dW;' as proposed for the
classical Lie algebras A, — Dy presented here.

Still, we believe that the major difference between the cost of the Munthe-Kaas methods
and those presented here, lies in computing the coordinate map as a part of the action A.
To perform a comparison, one again needs to make certain assumptions. Suppose that a
matrix representation is used for the elements of the Lie group/Lie algebra, and that the
coordinate maps are realized as the matrix exponential (composition of matrix exponentials,
respectively). Assume furthermore that we use the matrix representations discussed for the
Lie algebras A, — D,. Then the cost of computing the map (1) is for each case approximately
1-7n? additions and 1-»® multiplications. In comparison, our experience with the MATLAB
function expm for computing the corresponding map for canonical coordinates of the first kind
is typically a total of C'-n” additions and multiplications. The constant C' depends on the
size of the matrix elements, but in our experience it usually lies in the range 20-30.

6 Numerical experiments

With the purpose of the numerical simulations merely being to illustrate and verify the
above theory, we have chosen to only consider real matrix Lie groups G C GL(n,R), with
corresponding Lie algebra g, and let the manifold M be G itself. We use the obvious real
realizations of the representations of A, — D, presented in Section 3. In the setting of Section 2
the Lie group acts on itself by multiplication A(g,p) = ¢ - p. For any element y € G, we
enumerate the matrix elements column by column as yy,...,y,z2, and define in all cases Ay —
Dy, the map f: G — gin (2) as

d
fly) = (Zyzez) /Nylle, (10)
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where d < n? is the dimension of g. As initial condition we use the identity matrix and we let
the particular Lie algebras be A1q, Bs, Cs and Ds, respectively. We compare the results from
the integration methods proposed in this paper with results generated by the Munthe-Kaas
method [11] optimized using free Lie algebra techniques [12, p. 20]. We denote this method
by MK and let A — D denote the integrators based on the four classical Lie algebras. All the
numerical methods are based on the coefficients of “the classical Runge-Kutta method” [9,
p. 138] of order four.
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Figure 1: Global error for simulation of (10) on the interval [0, 10]

Figure 1 shows global error as a function of time for B and D. For a given stepsize, the global
error generated by the new methods tend to be slightly larger than the one produced by the
Munthe-Kaas method, but this depends strongly on the problem. However, when measuring
the efficiency as the number of flops required to obtain a prescribed global error, the proposed
methods are superior to the Munthe-Kaas method, as is indicated in Figure 2 for the above
problem. This observation has been supported through a number of other numerical tests
we have done. Rather than giving all the details for these tests, we have chosen to present
in Table 4 the ratio between the number of flops required by the Munthe-Kaas methods and
the new methods in order to obtain a global error of 107® for a range of problems. The

PN Pi(Ny) Pi(Ns) Py(Ny)  Py(Ny)
A 4.1 2.8 2.6 4.5 3.9
B 4.5 4.7 3.9 7.3 3.2
C 4.3 3.4 4.2 3.1 2.7
D 6.0 4.3 3.3 5.9 3.0

Table 4: Flops ratio between Munthe-Kaas methods and new methods such that the obtained

global error is 1076,

problem Py is defined by (10) and P, and P; are other similar artificial problems. Here
Ny = 10, Ny =20, N3 = 30 are related to the dimension of the problem. For cases A and
B, the problems are phrased in the Lie algebras sl(N; 4+ 1,R) and so(N; + 1, R), respectively.
For cases C and D, we have used sp(N;,R) and so(N;,R), respectively.
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We also tested a problem based on the Lie algebra t(n,R), defined in a similar way as (10),
the difference being that we replaced f(y) with f((y+y?)/2). In the case n = 10 we recorded
a flops ratio of 5.1 for a global error of 107°.

We have used the MATLAB function expm as the exponential mapping in the Munthe-Kaas
method, and the flops function is used for counting flops. Since the cost involved in eval-
uating the right hand side function f is the same for all the numerical methods, we have
not included it in the flops count, the purpose being to remove factors disturbing the actual

comparison of the methods.
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Figure 2: Efficiency of the integrators measured as global error versus flops

As pointed out in Section 3, it is possible to count number of updates involved in computing
dVU;1(v) simply by studying the properties of the underlying root systems. However, in
practice there are other effects which come into play in an actual implementation. One aspect
which was mentioned in Section 3 is that the number of flops required for each update may
vary. Another factor is that there may be overhead costs involved, for instance in initializing

counter variables in loops.

Table 5 shows polynomials fitted to the flop counts observed from our actual implementation
of the algorithms. We see that, for B, — Dy, the leading term is 8¢*, which is twice the leading
term in Tables 2 and 3. This is consistent with the fact that the £3 term comes from updates

consisting of one multiplication and one addition.
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Ap 24112410 (3P 4+ In? — 14n +8)
Bpr 8 +802—60  (n®—n? —4n+4)

Cor 8604 B2 -8 (4 - )
PYRRI VR AR Y
t(n) %n‘o’ + n? — %n

Table 5: Computation cost measured in flops for the d¥~! mappings. The matrix represen-
tations and orderings of the basis elements are as described in Section 3.

Coordinate mapping, ¥ Inverse of d¥
10° : 10°
expm dexpinv
— ¥(©) , — d¥™(C)
- — - LIJ(D) . -1
2 2 - - -dv(D
10| 810 (0)
S ©
9] @
E E
S 10*t 510
c =
102 0 ‘ 1 2 102 0 ‘ 1 2
10 10 10 10 10 10
dimension (1) dimension (1)

Figure 3: Cost of computing coordinate mappings and the inverse of their differentials. The
dexpinv function is the fourth order approximation to dexp~™' obtained by truncating its

series.

Figure 3 shows the cost of the coordinate mappings and the inverse of their differentials. The
mappings W(Cy) and W(D,) as well as dU~1(Cy) and dW~1 (D) are computed exactly, while
the exponential function is the MATLAB expm function. The dexp~! is an infinite sum of
commutators, and since the simulation in this section have been conducted with methods using
coefficients of a fourth order scheme, we have let dexpinv be an order four approximation to
dexp~1.

Table 6 lists the cost involved in computing the coordinate mappings ¥ : U € g — . Again,
these polynomials are based on counting of operations in our implementation. For instance,
we remark that the flops count for computing ¥, depends, among other things, on whether
the composition of the exponentials is done from the left or right, i.e., whether one begins
with exp(vieq) or exp(vgeq).

In developing codes for computing d¥;! it seems necessary to make extensive use of pointers
(indirect addressing). For this reason we have not tried to analyze the cost in terms of CPU
time in our numerical experiments. The efficiency with respect to time consumption will
depend strongly on details of the implementation, as well as on the software and hardware
environment in which the code is executed. All the numerical experiments presented in this
paper are done with Matlab.
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Apr B4202 45044 (n® — n? + 4n)
Bp: 8634240 + 110+ 1 (n®+3n® —In+3)

Cp 80P+ 02 +1 (n® 4 3n* 4+ 1)
Dy 803 =50 —20+1 n®—3n? —n+1)
t(n): n®—3p? —n+41

Table 6: Computation cost measured in flops for the coordinate mappings W. The matrix
representations and orderings of the basis elements are as described in Section 3.

There exists a number of software packages for Lie group and Lie algebra computations

which may be useful tools in developing and analyzing methods of the type presented here.
We mention in particular UE [16] and GAP [15].

7 Concluding remarks and open problems

We have presented a new approach for solving ordinary differential equations on manifolds.
Our main purpose has been to demonstrate that such methods can be implemented cheaply,
and thereby constitute a worth while alternative to the methods of Munthe-Kaas [11]. There
is still a lot of work do be done in the construction and analysis of these new methods.
A natural first step will be to apply them to real problems, for instance in computational
mechanics. In such settings, it has proved useful to phrase the equations and thereby the
solution techniques by means of the coadjoint action of a Lie group on the dual of its Lie
algebra.

In this paper, we have focused on semisimple Lie algebras g over C, but we should also be
able to handle particular real forms of g. For instance, in the case of By (Dy resp.), it is
of interest to consider the compact realization of real skew-symmetric n X n matrices where
n =20+ 1 (n = 2{resp.), and it is not clear from the present paper how this is done in the
best way. Certainly, the natural choice of basis elements in this representation is the set of
rank two matrices eie; - ejeZT7 1 < i < j < n. However, one can prove that no AOB can
result from this basis if constructed in accordance with Theorem 2.4 when £ > 2. Instead one
can consider alternatives to AOBs. An attractive feature of the admissible ordered basis is
that it causes the operator dW;! to factor into d, operators as in (5), each depending only
on one coordinate of the second kind. We could relax on this requirement, and demand that
d¥;! be written as a composition of somewhat fewer factors, each depending on a “small
set” of coordinates, such that the cost of computing it would still be acceptably low. Another
natural generalization of the present approach, is to replace the exp function in (1) with some
other map ¢, but since the cost of computing the exponential of basis vectors of the type
used in our examples is already very low, we doubt that there is much to gain in terms of
computational cost by replacing exp.

Apart from what can be seen in the numerical experiments, we have not been able to quantify
the error growth in the new methods compared to that of the Munthe-Kaas methods. It is
possible to find examples where either of the method types has the smaller global error for
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a fixed stepsize. However, in all the tests we have performed, the obtained global error vs
the number of floating point operations has been significantly smaller with the new methods.
Generally, the error growth in integration methods based on actions, is an interesting subject
for further studies.
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