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A Globally Convergent Numerical Metho d
for Some Coe�cient Inverse Problems
With Resulting Second Order Elliptic

Equations

Larisa Beilina5 , MichaelV. Klibanov�

December 18,2007

A new globally convergent numerical method is developed for somemulti-
dimensional Coe�cien t InverseProblems for hyperbolic and parabolic PDEs
with applications in acoustics,electromagneticsand optical medical imaging.
On each iterativ e step the Dirichlet boundary value problem for a secondorder
elliptic equation is solved. The global convergenceis rigorously proven and
numerical experiments are presented.

1 Intro duction

We present a new globally convergent numerical method for multidimensional Coe�cien t
InverseProblems (CIPs) for somehyperbolic and parabolic Partial Di�eren tial Equations
(PDEs) with the data resulting from a single measurement event. The term �single mea-
surement� meansthe boundary data obtained either from a single position of the point
sourceor a single direction of the initializing plane wave. We describe this method, prove
its convergenceand present numerical results. In our de�nition �globally convergence�en-
tails: (1) a rigorous convergenceanalysisthat doesnot depend on the quality of the initial
guess,and (2) numerical simulations that con�rm the advertised convergenceproperty.

The fundamental and commonly known obstaclefor the development of numerical meth-
ods for CIPs is that residual least squaresfunctionals are plagued by the phenomenonof
multiple local minima and ravines. Therefore, any gradient-lik e minimization method for
such a functional will likely convergeto a wrong solution represented by a local minimum
or even to almost any solution, in the caseof a ravine. Furthermore, becauseof the ill-
posedness,that functional might have many global minima, and there is no guarantee that
any of them is closeto the correct solution. Becauseof the above obstacle, conventional
numerical methods for multidimensional CIPs, like, e.g.,Newton-like methods, are locally
convergent ones,see,e.g., [2, 3, 13, 27] and referencescited there. This meansthat their
convergenceis rigorously guaranteed only if the starting point is located in a small neigh-
borhood of the correct solution. However, in many applications a good initial guessis
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unknown. The above meansthat solutions of multidimensional CIPs, provided by locally
convergent methods, are fundamentally unreliable, see,e.g., [10] for a similar statement.

The development of globally convergent numerical methods for multidimensional CIPs
has started recently from the so-called�convexi�cation� algorithm [15, 17, 29]. The con-
vexi�cation is a globally convergent numerical method of the �rst generation. It usesa
stable layer stripping procedure with respect to a spatial variable z and the projection
method with respect to the rest of spatial variables. z-dependent Carleman Weight Func-
tions (CWFs) are involved in the convexi�cation. Becauseof this, the convexi�cation can
useboundary conditions only at one part of the boundary, i.e. at a side of a rectangular
prism, which is orthogonal to z.

In this paper we develop a globally convergent numerical method for multidimensional
CIPs of the secondgeneration. It is radically di�eren t from the convexi�ciation. Unlike
the convexi�cation, the current method is not using neither the projection with respect
to somespatial variables, nor the layer stripping with respect to a spatial variable. We
usethe layer stripping procedurewith respect to the pseudo-frequencys > 0; where s the
parameter of the Laplace transform of a hyperbolic/parab olic PDE. On each thin s-layer
the Dirichlet boundary value problem for a nonlinear secondorder elliptic PDE is solved.
This enablesone to use the Dirichlet boundary condition at the entire boundary of the
domain of interest. This condition in turn is the trace of the solution of the forward problem
in a wider domain. s-dependent CWFs are present in our numerical scheme,which is one
of essentially new elements here. This presenceis important, becauseit enablesone to
weaken the in�uence of the nonlinear term in each of those elliptic PDEs on each s-layer,
thus solving a linear problem on each iteration.

An important element of our method is a procedureof working with tails. We refer to
section 4 of [27] for a similar treatment of tails for a locally convergent method. In [27] a
layer stripping algorithm with respect to the sourceposition x 0 running alonga straight line
was developed for an inverseproblem for the equation � u � a (x) u = � � (x � x 0) ; x 2 R3

with the unknown coe�cien t a (x) :
Beginning from the remarkable paper of T. Carleman [9], weight functions carrying his

name have been widely used for proofs of unique continuation and conditional stabilit y
results for ill-p osedCauchy problemsfor PDEs, as well as for multidimensional CIPs with
the singlemeasurement data, see,e.g. [16, 17, 20]. In this capacity CWFs weredependent
on spatial variables,sincethey have provided weighted estimatesfor di�eren tial operators.
However, CWFs of the current paper are usedfor integral Volterra-like operators, they are
involved in the numerical schemeand dependon the pseudofrequencys > 0; rather than on
a spatial variable. Sincethe Dirichlet boundary value problem is solved for each s-layer by
the Finite Element Method (FEM), the method of this paper to rather generaldomains. We
note that both the convexi�cation and the current method are only generalframeworks of
corresponding speci�c algorithms. This meansthat each new speci�c CIP requiresa major
time consuming e�ort of re-programming of each of these methods, although within the
sameframework. Becauseof this, a straightforward numerical comparisonof our current
method with the convexi�cation is outsideof the scopeof this publication. In our numerical
experiments we image a medium with small inclusions in it, although we do not assume
that the surrounding of inclusions is known. We refer to [1] and referencescited there for
another approach to imaging of small inclusions.

A substantially di�eren t layer stripping procedurewith respect to the frequency(rather
than pseudofrequency)waspreviously developed in [10], in which convergencetheoremwas
not proven, however (remark 1.1 in [10]), and also CWFs were not used. The work [10] is
treating the Fourier transform of the hyperbolic equation c(x) u tt = � u with the unknown



coe�cien t c(x) : The iterativ e processof [10] starts from a low value of the frequency.
Unlike this, we start from a high value of the pseudofrequency, becausewe can prove that
by cutting o� the high pseudofrequency range, which is commonly done in physics and
engineering,we introduce only a small error. Unlike our technique, the method of [10]
is not covering an important application to medical optical imaging. In the latter case
the governing equation is cut = � u � a(x)u; where c = D � 1; D is the di�usion coe�cien t
(usually D � const:) and a(x) is proportional to the absorption coe�cien t. The coe�cien t
a(x) is of the main interest in this application, see,e.g., the review paper [2].

There are also someother numerical methods for multidimensional CIPs, which do not
require a good �rst guess. They are non-iterative ones, since they construct unknown
coe�cien ts via a series of steps. Unlike the current paper, they work for some CIPs
with the data resulting from multiple measurements, rather than a single one. Because
of multiple measurements, the applicabilit y of these techniques is mostly limited to the
over-determinedCIPs, with the only exception of the 2-dimensionalelliptic equation with
a �xed frequency, which is non-over-determined. In computations the over-determination
introducesan extra dimension,which is more expensive. We now cite only thosemethods,
which are con�rmed by published numerical results. Methods of [23], [24] and [22] were
developed for CIPs for someelliptic equations with �xed frequency, and their numerical
implementations in 2-D can be found respectively in [8] and [21]. Methods of [6] and
[14] were developed for over-determined CIPs for some hyperbolic equations, and their
numerical implementations can be found respectively in [7] and [14].

2 Statements of Forward and Inverse Problems

As forward problems, we consider Cauchy problems for some hyperbolic and parabolic
PDEs. The caseof a boundary value problem in a �nite domain is not consideredin our
theoretical derivations only becausean analogueof asymptotic behavior (2.12) is not proved
in this case,since(2.12) is actually derived from Theorem4.1 of [25]. That theorem estab-
lishesa certain asymptotic behavior of the fundamental solution of a hyperbolic equation
near the characteristic cone. Consider the Cauchy problem for a hyperbolic equation

c(x) utt = � u � a(x)u in R3 � (0; 1 ) ; (2.1)

u (x; 0) = 0; ut (x; 0) = � (x � x0) : (2.2)

In parallel, considerthe Cauchy problem for a parabolic equation

c(x) eut = � eu � a(x)eu in R3 � (0; 1 ) ; (2.3)

eu (x; 0) = � (x � x0) : (2.4)

Equation (2.1) governs, e.g., propagation of acoustic and electromagneticwaves. In the
acoustical case1=

p
c(x) is the sound speed. In the caseof EM waves propagation in a

non-magnetic medium the dimensionlesscoe�cien t c(x) is c(x) = (�� ) (x) ; where � and
� are respectively the magnetic permeability and the electric permittivit y of the medium.
In the caseof medical optical imaging, using propagation of the near infra red light, one
usesparabolic equation (2.3), in which c = D � 1 = const > 0; D is the di�usion coe�cien t
(usually the di�usion coe�cien t changesslowly in biological media) and a(x) = cl � a(x);
wherecl = const: is the speedof light and � a(x) is the absorption coe�cien t of the medium,
whoseimage is of an interest in this application, see,e.g., [2].

In principle, we can poseinverseproblemsfor each of the equations(2.1) and (2.3) in the
time domain. However, sinceour numerical method works with the Laplace transforms of
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theseequations, it is more convenient to poseinverseproblems for the equation obtained
by this transform. Statements in the time domain are similar. In the caseof a �nite
time interval, on which measurements are performed, oneshould assumethat this interval
is large enough and thus, the t-integral of the Laplace transform over this interval is
approximately the sameas one over (0; 1 ) : Consider the Laplace transforms of each of
functions u and eu: We obtain

w(x; s) =

1Z

0

u(x; t)e� st dt =

1Z

0

eu(x; t)e� s2 tdt; for s > s = const: > 0; (2.5)

wheres is a certain number. In principle, it is su�cien t to chooses such that integrals (2.5)
would converge. However, we chooses experimentally in our numerical studies, because
it is involved in our algorithm. We assumethe positivit y of the parameter s, becausewe
needto make sure that the function w(x; s) > 0 by the maximum principle. We call this
parameter pseudofrequency.

As to the coe�cien ts of equations(2.1) and (2.3), we assumethat

c(x) 2 (2d1; 2d2) ; where d1; d2 = const: > 0: (2.6)

c(x) 2 C2 �
R3�

; c(x) = c0 = const: � 2d1 for x 2 R3� 
 ; (2.7)

a(x) 2 C2 �
R3�

; a(x) � 0; a(x) = a0 = const: � 0 for x 2 R3� 
 ; (2.8)

where 
 � R3 is a boundeddomain. The equation for the function w is

� w �
�
s2c(x) + a(x)

�
w = � � (x � x0) ; 8s � s = const: > 0: (2.9)

Naturally, we imposethe following condition at the in�nit y

lim
jx j!1

w(x; s) = 0; 8s � s = const: > 0: (2.10)

Condition (2.10) can be easily justi�ed as follows. Classicestimates for the fundamental
solution of the parabolic equation (2.3) actually estimate the function eu (x; t) from the
above via the solution of the sameequation but with constant coe�cien ts [18], Chapter 4,
Ÿ13.Next, the Laplace transform for the latter solution can be calculated in a closedform
and it satis�es (2.10). Using the classictechnique for elliptic equations,onecan prove that
for every s � s there exists unique solution w(x; s) 2 C3

�
R3� f jx � x0j < r g

�
; 8r > 0 of

the problem (2.9), (2.10). Furthermore, by the maximum principle

w(x; s) > 0; 8s � s: (2.11)

To justify the asymptotic behavior of the function w(x; s) at s ! 1 ; we needto formulate
Lemma 2.1 [17].

Lemma 2.1. Let the function w(x; s) 2 C3
�
R3� f jx � x0j < "g

�
; 8" > 0 be the solution

of the problem(2.9), (2.10). Supposethat conditions (2.6)-(2.8) are satis�ed. Assumethat
geodesic lines, generated by the eikonal equation corresponding to the function c(x) are
regular, i.e. any two points in R3 can be connected by a singlegeodesic line (this is true, of
course, if c � const: > 0): Let l (x; x0) be the length of the geodesic line connecting points
x and x0: Then the following asymptotic behavior of the function w and its derivatives
takesplace for j� j � 2; 
 = 0; 1; x 6= x0

D �
x D 


s w(x; s) = D �
x D 


s

�
exp[� sl (x; x0)]

f (x; x0)

�
1 + O

�
1
s

���
; s ! 1 ; (2.12)



where f (x; x0) > 0 is a certain su�ciently smooth function for x 6= x0:
Note that a certain over-smoothnessof coe�cien ts is usually assumedfor a CIP. Actually,

this is a certain consequenceof the fundamental Tikhonov theorem [28]. This theorem
claims the continuity on a compact set of an operator, which is an inverse to a one-
to-one continuous operator. That compact set should be a priori known, becauseof a
priori knowledge of the range of parameters for a speci�c applied inverse problem. In
applications this compact set is often called the �set of admissibleparameters�. However,
in our particular case, the C2� smoothness required by Lemma 2.1 is also becauseof
Theorem 4.1 of [25], which implies the asymptotic behavior (2.12). Note that Theorem
4.1 of [25] actually requires a higher smoothness of coe�cien ts. This is becauseit is
concernedwith many terms of the asymptotic behavior of the fundamental solution of the
hyperbolic equation near the characteristic cone. However, since (2.12) is dealing only
with the �rst term of this behavior, then it follows from the proof of that theorem, that
the C2� smoothnessis su�cien t (also, seeAcknowledgment). Still, we do not actually use
the C2� smoothnessassumption in our computations. Instead we verify the asymptotic
behavior (2.12) computationally, seesubsection7.3.

Weformulate the inverseproblem for the elliptic equation (2.9) with the condition (2.10).
In verse Problem. Let 
 � R3 be a convex bounded domain: Suppose that one of

coe�cien ts of the equation (2.9) is unknown in 
 ; the other one is known, and both
coe�cien ts have known constant valuesoutside of 
 : Determine that unknown coe�cien t
for x 2 
 ; assumingthat the following function ' (x; s) is known for a singlesourceposition
x0 =2 


w (x; s) = ' (x; s) ; 8 (x; s) 2 @
 � [s; s] ; (2.13)

where s > s is a number, which should be chosenexperimentally in numerical studies.
The question of uniquenessof this InverseProblem is a well known long standing open

problem. However, in the casewhenthe function � (x � x0) above is replacedwith a �close�
function f (x) 6= 0; 8x 2 
 ; it is addressedpositively via the method of Carlemanestimates,
see,e.g., [16, 17]. It seemsthat such a replacement of the function � (x � x 0) should not
a�ect signi�cantly the quality of numerical results, although we have not investigated this
issue. It is an opinion of the authors that becauseof applications, it makes senseto
develop numerical methods, assumingthat the question of uniquenessof this problem is
addressedpositively. In addition, the question of uniquenessof the transformed equation
(3.8) with the Cauchy data (3.9) was addressedpositively, in Theorem 6.5.1 in [15] under
the assumption that the function V (x; s) is known.

3 Nonlinea r Integral Di�erential Equation Without the
Unkno wn Coe�cient

Following one of ideasof the convexi�cation, which actually has roots in the above men-
tioned method of Carleman estimatesfor CIPs [16, 15], we �rst transform our problem to
the Cauchy problem for a nonlinear elliptic integral-di�erential equation, in which the un-
known coe�cien t is not present. Becauseof (2.11), we can considerthe function v = ln w:
Then (2.9) and (2.13) lead to

� v + jr vj2 = s2c(x) + a(x) in 
 ; (3.1)

v (x; s) = ' 1 (x; s) ; 8 (x; s) 2 @
 � [s; s] ; (3.2)
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where ' 1 = ln ': Consider, for example the casewhen the coe�cien t c(x) is unknown.
The idea is to eliminate c(x) from equation (3.1) via the di�eren tiation with respect to s,
since@sc(x) = 0: Introduce a new function ev by

ev =
v
s2 : (3.3)

Assuming that conditions of Lemma 2.1 hold, we obtain

D �
x (ev) = O

�
1
s

�
; D �

x Ds(ev) = O
�

1
s2

�
; s ! 1 : (3.4)

By (3.1)
� ev + s2 (r ev)2 = c(x) + s� 2a(x): (3.5)

Denote
q(x; s) = @sev (x; s) : (3.6)

By (3.4) and (3.6)

ev (x; s) = �

1Z

s

q(x; � ) d� :

We truncate this integral as

ev (x; s) � �

sZ

s

q(x; � ) d� + V (x; s) ; (3.7)

where s > s0 is a large number which should be chosen in numerical experiments, see
subsection6.3 for somediscussion. We call the function V (x; s) in (3.7) the �tail�, and
this function is unknown. By (3.4) the tail is small for the large valuesof s: In principle,
therefore, one can set V (x; s) := 0: However, our numerical experience,as well as section
4 of [27], show that it would be better to somehow approximate the tail function via
updating it in an iterativ e procedure,and we describe this procedurein section5. We call
this procedure�iterations with respect to tails�.

Below we set a (x) := 0 for brevity. We note that in the casewhen the coe�cien t a (x)
is unknown, rather than c(x) ; one should replacefunctions v and q above with

bv = v + sl (x; x0) ; bq(x; s) = @sv + l (x; x0) ;

which will guarantee a direct analogueof the proper asymptotic behavior (3.4). The rest
of the method of this article will remain almost the samewith a few insigni�cant changes.

Thus, we obtain from (3.5)-(3.7) the following (approximate) integral nonlinear di�er-
ential equation

� q � 2s2r q �

sZ

s

r q(x; � ) d� + 2s

2

4
sZ

s

r q(x; � ) d�

3

5

2

(3.8)

+2s2r qr V � 2sr V �

sZ

s

r q(x; � ) d� + 2s (r V )2 = 0



In addition, (3.2), (3.3) and (3.6) imply that the following Dirichlet boundary condition is
given for the function q

q(x; s) =  (x; s) ; 8 (x; s) 2 @
 � [s; s] ; (3.9)

where

 (x; s) =
1

s2'
�

@'
@s

�
2ln '

s3 :

Supposefor a moment that the function q is approximated together with its derivatives
D �

x q; j� j � 2: Then a corresponding approximation for the target coe�cien t can be found
via (3.4) as

c(x) = � ev + s2 (r ev)2 ; (3.10)

where the function ev is found from (3.4). Although any value of the pseudo frequency
s 2 [s; s] can be used in (3.10), but we found in our numerical experiments that the best
valueis s := s: An equation, similar with (3.8), waspreviously derivedin the convexi�cation
method [15], although with both Dirichlet and Neumann data given only at a part of @
 .
Regardlesson the di�erence in the data setting, the major di�erence betweenthe current
method and the convexi�cation is in the procedure of solving equation (3.8). Indeed,
(3.8) is a nonlinear elliptic integral di�eren tial equation, in which the integration is carried
out with respect to a parameter, which is not involved in the di�eren tial operator. If
integrals would be absent and the tail function would be known, then this would be a
simple Dirichlet boundary value problem for the Poissonequation. However, the presence
of integrals implies the nonlinearity, which is the main di�cult y here. Thus, below we are
mostly concernedwith the following question: How to solvenumerically the problem(3.8),
(3.9)?

4 Layer Stripping With Respect to the Pseudo Frequency

We approximate the function q(x; s) as a piecewiseconstant function with respect to the
pseudofrequencys: That is, we assumethat there exists a partition

s = sN < sN � 1 < ::: < s1 < s0 = s;si � 1 � si = h

of the interval [s; s] with su�cien tly small grid step sizeh such that

q(x; s) = qn (x) for s 2 (sn ; sn� 1] :

Hence
sZ

s

r q(x; � ) d� = (sn� 1 � s) r qn (x) + h
n� 1X

j =1

r qj (x) ; s 2 (sn ; sn� 1] : (4.1)

We approximate the boundary condition (3.9) as a piecewiseconstant function,

qn (x) =  n (x) ; x 2 @
 ; (4.2)

where

 n (x) =
1
h

sn � 1Z

sn

 (x; s) ds: (4.3)
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Hence,equation (3.8) can be rewritten as

eL n (qn ) := � qn � 2
�
s2 � 2s (sn� 1 � s)

�
0

@h
n� 1X

j =1

r qj (x)

1

A � r qn

+2
�
s2 � 2s (sn� 1 � s)

�
r qn � r V (x; s)

= 2(sn� 1 � s)
�
s2 � s (sn� 1 � s)

�
(r qn)2 � 2sh2

0

@
n� 1X

j =1

r qj (x)

1

A

2

(4.4)

+4sr V (x; s) �

0

@h
n� 1X

j =1

r qj (x)

1

A � 2s [r V (x; s)]2 ; s 2 (sn� 1; sn ]

Equation (4.4) is nonlinear and it dependson the parameters; whereasthe function qn (x)
is independent on s. This discrepancyis dueto the approximation of the function q(x; s) by
a piecewiseconstant function. Although it seemsthat equation (4.4) is over-determined
becausethe function qn (x) is not changing withe the change of s; but variations of s-
dependent coe�cien ts of (4.4) are small over s 2 [sn ; sn� 1) ; becausethis interval is small.
This discrepancyis helpful for the method, becauseit enablesus to �mitigate� the in�uence
of the nonlinear term (r qn )2 in (4.4) via introducing the s-dependent CWF.

In addition, we add the term � "qn to the left hand side of equation (4.4), where " > 0
is a small parameter. We are doing this because,by the maximum principle, if a function
p(x; s) is the classicalsolution of the Dirichlet boundary value problem

eL n (p) � "p = f (x; s) in 
 ; p j@
 = pb(x; s);

then [19] (Chapter 3, Ÿ1)

max



jpj � max
�
max

@

jpbj ; " � 1 max



jf j

�
; 8s 2 (sn� 1; sn ] : (4.5)

On the other hand, if " = 0; then the analogousestimate would be worse becauseof the
involvement of someconstants depending on max
 jr qj j : Therefore, it is anticipated that
the introduction of the term � "qn should provide a better stabilit y of our process,and we
indeedobserve this in our computations (subsection7.3).

Introduce the s-dependent Carleman Weight Function Cn� (s) by

Cn� (s) = exp[� � js � sn� 1j] ; s 2 (sn ; sn� 1] ; (4.6)

where � >> 1 is a parameter. In real computations this parameter should be chosen
experimentally (subsection7.3). Theorem 6.1 establishesthat it is possibleto choosean
appropriate value of �; and the proof of this theorem provides a recipe for such a choice.
Multiply both sidesof (4.4) by this CWF and integrate with respect to s over the interval
[sn ; sn� 1] : We obtain

L n (qn) := � qn � A1;n

 

h
n� 1X

i =1

r qi

!

� r qn + A1n r qn � r V � "qn

= 2
I 1;n

I 0
(r qn)2 � A2;n h2

 
n� 1X

i =1

r qi (x)

! 2

(4.7)



+2A1;n r V �

 

h
n� 1X

i =1

r qi

!

� A2;n (r V )2 ;

where

I 0 := I 0 (�; h) =

snZ

sn � 1

Cn� (s) ds =
1 � e� �h

�
;

I 1;n := I 1;n (�; h) =

snZ

sn � 1

(sn� 1 � s)
�
s2 � s (sn� 1 � s)

�
Cn� (s) ds;

A1;n := A1;n (�; h) =
2
I 0

snZ

sn � 1

�
s2 � 2s (sn� 1 � s)

�
Cn� (s) ds;

A2;n := A2;n (�; h) =
2
I 0

snZ

sn � 1

sCn� (s) ds:

An important observation is that

jI 1;n (�; h)j
I 0 (�; h)

�
C
�

; for �h � 1; (4.8)

whereC > 0 is an absoluteconstant independent on �; h; n: Therefore, by taking � >> 1;
we mitigate the in�uence of the nonlinear term with (r qn)2 in (4.6), and we use this in
our iterativ e algorithm via solving a linear problem on each iterativ e step.

Remark 4.1. In computations the above integrals with the CWF should be calculated
in closedforms. This is becausefor large � the function Cn� (s) is changing rapidly and,
therefore,the integration stepsizeshouldbe taken too small. In principle, onecandecrease
the step sizeh in the s-direction instead of using the CWF. However, the introduction of
the CWF provides more �exibilit y for the choice of parameters for computations, since
parametersh and � are independent, as long as �h � 1. In addition, taking h too small
would increaseof the computational time, becauseonewould needto computesequentially
too many functions qn : Finally, our computational experienceshows that oneshouldchoose
di�eren t parameters� := � n for di�eren t valuesof n, seesubsection7.3. Hence,the absence
of CWFs would mean the choice of a variable step size h, which would only introduce
additional complications in the algorithm.

5 The Algo rithm

The above considerationslead to the algorithm described in this section. Below C k+ �
�



�

are H®lderspaces,wherek � 0 is an integer and � 2 (0; 1) [19]. In particular, we describe
here an important procedure for updating tails, which we call �iterations with respect to
tails�. In our numerical experiments the starting value for tails V1;1 := 0, which corresponds
well with the asymptotic behavior (3.4) and alsore�ects the fact that wedo not havea good
�rst guessabout the solution. In the convergencetheorem we assumethat kV1;1kC2+ � (
 )
is su�cien tly small.

Since in an applied scenariothe boundary data for an inverseproblem are given from
real measurements, then one does not need to solve the forward problem in this cas to
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generate the data. In our case, however, we �rst need to generate the data from the
solution of the forward problem (2.1), (2.2) and to work with the boundary data (4.2)
then, pretending that we have �forgotten� about the coe�cien t c(x); as it is always done
in computational simulations for inverseproblems. Hence,we assumein this section that
the forward problem is already solved and the data (4.2) are generated.We assumein this
and next sectionsthat 
 � R3 is a convex boundeddomain and @
 2 C3:

Remark 5.1. Note that we needR3 rather than R2 in our derivations only to justify
the asymptotic behavior (3.4), becauseof Lemma 2.1. However, if assumingthat such a
behavior holds, then we can considerboth R3 and R2: In our numerical experiments, which
are in 2-D, we verify this asymptotic behavior computationally.

Remark 5.2. In our algorithm we reconstruct iterativ e approximations cn;k (x) 2
C �

�



�
only inside the domain 
 : On the other hand, to iterate with respect to tails, we

needto solve the forward problem (2.9), (2.10) in the entire spaceR3 with c(x) := cn;k (x)
and a (x) = 0: To do so, we need to extend each function cn;k (x) outside of the domain

 in such a way that the resulting function bcn;k 2 C �

�
R3

�
and bcn;k = 2d1 outside of 
 .

This can be donein a standard way via consideringa bigger �transitional� convex bounded
domain 
 0 � 
 and using such a function � (x) 2 C1

�
R3

�
that

� (x) =

8
<

:

1 in 
 ;
between1 and 2d1 in 
 0� 
 ;

2d1 outside of 
 0:

9
=

;
:

The existenceof such functions � (x) is well known from the Real Analysis course. The
resulting function in this caseis � (x) cn;k (x) := bcn;k (x) 2 C �

�
R3

�
and bcn;k (x) = const: =

2d1 outside of 
 0. So, everywherebelow we assumewithout further mentioning that this
procedure is applied to each function cn;k (x) : In our numerical experiments we simply
extend each function cn;k (x) outside of our speci�c domain 
 as bcn;k (x) = 1: This is
becauseour correct target function equals1 near the boundary of 
 :

Step 11. Choosean initial tail function V1;1 (x; s) 2 C2+ �
�



�
. Choosea largeparameter

� >> 1 and a small parameter " 2 (0; 1) : To compute the �rst approximation q1;1 for the
function q1 for this tail, solve the following Dirichlet boundary value problem

� q1;1 + A1;1r q1;1 � r V1;1 � "q1;1 = � A2;1 (r V1;1)2 ; (5.1)

q1;1 =  1 (x) ; x 2 @
 ; (5.2)

By the Schauder's theorem (seebeginning of subsection6.2) the problem (5.1), (5.2) has
unique solution q1;1 2 C2+ �

�



�
: Reconstruct an approximation c1;1 (x) 2 C �

�



�
for

the unknown coe�cien t c(x) using the function q1;1 (x) and formulas (3.7), (3.10) with
V (x; s) := V1;1 (x; s) ; s := s1.

Step 1k , k � 2: Solve the forward problem (2.9), (2.10), in which c(x) := c1;k � 1 (x),
a(x) = 0; s = s: We obtain the function w1;k (x; s) this way: Update the tail function as

V1;k (x; s) =
1
s2 ln w1;k (x; s) 2 C2+ � �



�

: (5.3)

Next, solve the boundary value problem for equation

� q1;k + A1;1r q1;k � r V1;k � "q1;k = 2
I 1;1

I 0
(r q1;k � 1)2 � A2;1 (r V1;k )2 (5.4)

with the boundary condition (4.2) (at n = 1). We obtain the function q1;k 2 C2+ �
�



�
:

Reconstruct a new approximation c1;k 2 C �
�



�
for the unknown coe�cien t using the

function q1;k (x) and formulas (3.7), (3.10) with



V (x; s) := V1;k (x; s) ; s := s1. Make several steps 11; 12; ::; 1m1 : As a result, we obtain
functions q1 2 C2+ �

�



�
; c1 2 C �

�



�
; where

q1(x) := q1;m 1 (x) ; c1(x) := c1;m 1 (x) : (5.5)

Step n1: Having functions q1; :::; qn� 1 2 C2+ �
�



�
and the tail function

Vn� 1;m n � 1 (x; s) 2 C2+ �
�



�
; set

Vn;1 (x; s) := Vn� 1;m n � 1 (x; s) ; (5.6)

qn;0 := qn� 1: (5.7)

Solve the following elliptic boundary value problem for the function qn;1

� qn;1 � A1n

0

@h
n� 1X

j =1

r qj

1

A � r qn;1 � "qn;1 + A1;n r qn;k � r Vn;1 =

2
I 1;n

I 0
(r qn;0)2 � A2;n h2

0

@
n� 1X

j =1

r qj (x)

1

A

2

(5.8)

+2A2;n r Vn;1 �

0

@h
n� 1X

j =1

r qj (x)

1

A � A2;n (r Vn;1)2 ;

qn;1 (x) =  n (x) ; x 2 @
 : (5.9)

Hence,we obtain the function qn;1 2 C2+ �
�



�
: Reconstruct an approximation cn;1 (x) 2

C �
�



�
for the unknown c(x) using the function qn;1 (x) ; as well as functions q1; :::; qn� 1

and formulas (3.7), (3.10), where V (x; s) := Vn;1 (x; s) ; s := sn .
Step nk , k � 2: Solve the forward problem (2.9), (2.10), in which c(x) := cn;k � 1 (x),

a(x) = 0; s = s: We obtain the function wn;k (x; s) this way: Update the tail function as

Vn;k (x; s) =
1
s2 ln wn;k (x; s) 2 C2+ � �



�

: (5.10)

Next, solve the boundary value problem

� qn;k � A1;n

0

@h
n� 1X

j =1

r qj

1

A � r qn;k � "qn;k + A1;n r qn;k � r Vn;k

= 2
I 1n

I 0
(r qn;k � 1)2 � A2;n h2

0

@
n� 1X

j =1

r qj (x)

1

A

2

(5.11)

+2A2;n r Vn;k �

0

@h
n� 1X

j =1

r qj (x)

1

A � A2;n (r Vn;k )2 ;

qn;k (x) =  n (x) ; x 2 @
 (5.12)

Reconstruct a new approximation cn;k (x) for the unknown coe�cien t, using (3.7) and
(3.10) with V (x; s) := Vn;k (x; s) ; s := sn . Make several stepsn1; n2; ::; nmn : As a result,
we obtain the following functions

qn := qn;m n 2 C2+ � �



�
; cn := cn;m n 2 C � �



�

: (5.13)

If the functions cn (x) did not yet converge,then proceedwith Step (n + 1)1 ; provided that
n < N . However, if either functions cn (x) converged,or n = N; then stop.
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6 Global Convergence Theo rem

Below we follow the conceptof Tikhonov for ill-p osedproblems[28], which is one of back-
bonesof this theory. By this concept, one should assume�rst that there exists an �ideal�
exact solution of the problem with the exact data. Next, one should assumethe presence
of an error in the data of the level � ; where � > 0 is a small parameter. Supposethat an
approximate solution is constructed for each su�cien tly small � . This solution is called
a �regularized solution�, if the � � dependent family of these solutions tends to the exact
solution as � tends to zero. Hence,one should prove this convergence(Theorem 6.1).

6.1 Exact solution

First, we introduce the de�nition of the exact solution. We assumethat there exists an
exact coe�cien t function c� (x) 2 C �

�



�
; � = const: 2 (0; 1) ; which is a solution of our

InverseProblem. Let the function

w� (x; s) 2 C2+ � �
R3� f jx � x0j < � g

�
; 8� > 0; 8s > s

be the solution of the problem (2.9), (2.10) with c(x) := c� (x). Also, let

ev� (x; s) =
ln [w� (x; s)]

s2 ; q� (x; s) =
@ev� (x; s)

@s
; V � (x; s) = ev� (x; s) :

By (3.10)
c� (x) = � ev� + s2 (r ev� )2 : (6.1)

Also, the function q� satis�es the following analogueof equation (3.8)

� q� � 2s2r q� �

sZ

s

r q� (x; � ) d� + 2s

2

4
sZ

s

r q� (x; � ) d�

3

5

2

(6.2)

+2s2r q� r V � � 2sr V � �

sZ

s

r q� (x; � ) d� + 2s (r V � )2 = 0; (x; s) 2 
 � [s; s] ;

with the boundary condition (see(3.9))

q� (x; s) =  � (x; s) ; (x; s) 2 @
 � [s; s] ; (6.3)

where by (2.13)

 � (x; s) =
1

' � s2 �
@' �

@s
�

2ln ' �

s3 ;

where ' � (x; s) = w� (x; s) jx2 @
 :
De�nition . We call the function q� (x; s) the exact solution of the problem (3.8), (3.9)

with the exact boundary condition  � (x; s). Naturally, the function c� (x) from (6.1) is
called the exact solution of our InverseProblem.

Therefore,
q� (x; s) 2 C2+ � �



�

� C1 [s; s] : (6.4)

We now approximate the function q� (x; s) via a piecewiseconstant function with respect
to s 2 [s; s] : Let

q�
n (x) =

1
h

sn � 1Z

sn

q� (x; s) ds;  �
n (x) =

1
h

sn � 1Z

sn

 � (x; s) ds



Then

q� (x; s) = q�
n (x) + Qn (x; s) ;  � (x; s) =  �

n (x) + 	 n (x; s) ; s 2 [sn ; sn� 1] ; (6.5)

where by (6.4) functions Qn ; 	 n are such that for s 2 [sn ; sn� 1]

kQn (x; s)kC2+ � (
 ) � C � h; k	 n (x; s)kC2+ � (
 ) � C � h; n = 1; :::; N ; (6.6)

where the constant C � > 0 dependsonly on C2+ �
�



�
� C1 [s; s] and

C2+ � (@
) � C1 [s; s] norms of functions q� and  � respectively. Hence,

q�
n (x) =  

�
n (x) ; x 2 @
 (6.7)

and the following analogueof equation (4.7) holds

� q�
n � A1;n

 

h
n� 1X

i =1

r q�
i (x)

!

� r q�
n + A1;n r q�

n � r V � (x; s)

= 2
I 1;n

I 0
(r q�

n)2 � A2;n h2

 
n� 1X

i =1

r q�
i (x)

! 2

(6.8)

+2A2;n hr V � (x; s) �

 

h
n� 1X

i =1

r q�
i (x)

!

� A2;n [r V � (x; s)]2 + Fn (x; h; � ) ;

where the function Fn (x; h; � ) 2 C �
�



�
and

max
�h � 1

kFn (x; h; � )kC � (
 ) � C � h: (6.9)

We also assumethat the data ' (x; s) in (2.13) are given with an error. This naturally
producesan error in the function  (x; s) in (3.9). An additional error is introduced due
to the averaging in (4.3). Hence,it is reasonableto assumethat






  

�
n (x) �  n (x)








C2+ � (@
)
� C1 (� + h) ; (6.10)

where � > 0 is a small parameter characterizing the level of the error in the data  (x; s) ;
and the constant C1 > 0 is independent on numbers � , h and n.

Remark 6.1. It should be noted that usually the data ' (x; s) in (2.13) are given with
a random noiseand the di�eren tiation of the noisy data is an ill-p osedproblem, seesection
7 for our way of handling it.

6.2 Convergence theorem

First, we reformulate the Schauder's theorem in a way, which is convenient for our case,
see[26], and Chapter 3, Ÿ1in [19] for this theorem. Denote

B = max
1� n� N

�
2; max

�h � 1
(A1;n (�; h) ; A2;n (�; h))

�
:

Introduce the positive constant M � by

M � = B
��

max
1� n� N

�
kq�

nkC1+ � (
 )

�
+ kV � kC1+ � (
 ) + 1

�
; 2C; C � ; C1

�
;
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whereC and C � are constants from (4.8), (6.9) and (6.10) respectively. Sincethe constant
B dependson s and s; then

M � = M �
�

max
1� n� N

kq�
nkC1+ � (
 ) ; kV � kC1+ � ( 
 ) ; s; s

�
:

Consider the Dirichlet boundary value problem

� u +
3X

j =1

bj (x)ux j � d(x)u = f (x) , x 2 
 ;

u j@
 = g(x) 2 C2+ � (@
) ;

where functions

bj ; d; f 2 C � �



�
; d (x) � 0; max

�
kbj kC � (
 ) ; kdkC � ( 
 )

�
� M � :

By the Schauder theorem there exists unique solution u 2 C2+ �
�



�
of this problem and

with a constant K = K (M � ; 
) > 0 the following estimate holds

kukC2+ � (
 ) � K
h
kgkC2+ � (@
) + kf kC � (
 )

i
:

Theorem 6.1. Let 
 � R3 be a convexbounded domain with the boundary @
 2 C3: Let
the exactcoe�cient c� 2 C2

�
R3

�
; c� 2 (2d1; 2d2) and c� (x) = const: � 2d1 for x 2 R3� 
 :

For any function c(x) 2 C �
�
R3

�
suchthat c(x) � d1; c(x) = 2d1 for x 2 R3� 
 consider

the solution wc (x; s) 2 C3
�
R3� f jx � x0j < r g

�
; 8r > 0 of the problem(2.9), (2.10) with

a (x) = 0: Let Vc = s� 2 ln wc (x; s) 2 C2+ �
�



�
be the corresponding tail function. Suppose

that the cut-o� pseudofrequency s is so large that for any such function c(x) satisfying
the inequality kc � c� kC � (
 ) � d1 the following estimateshold

kV � kC2+ � (
 ) � � ; kVckC2+ � ( 
 ) � � ; (6.11)

where � 2 (0; 1) is a su�ciently small number. Let V1;1 (x; s) 2 C2+ �
�



�
be the initial tail

function and let
kV1;1kC2+ � ( 
 ) � � : (6.12)

Denote � = h + � + � + ": Let N � N be the total number of functions qn calculated by
the above algorithm. Supposethat the number N = N (h) is connected with the step size h
via N (h) h = � ; where the constant � > 0 is independent on h. Let � be so small that

� � min
�

1
2M � ;

1
16K M �

�
: (6.13)

Then there exists a su�ciently small number � 0 = � 0 (K (M � ; 
) ; M � ; s; s;d1; d2) 2 (0; 1)
and a su�ciently large number � = � (K (M � ; 
) ; M � ; � ) > 1 such that for all � 2 (0; � 0)
and for every integer n 2

�
1; N

�
the following estimateshold

kqn � q�
nkC2+ � (
 ) � 2K M �

�
1

p
�

+ 3�
�

; (6.14)

kqnkC2+ � (
 ) � 2M � ; (6.15)



kcn � c� kC � (
 ) � 10K (M � )2 �
1 + s2�

�
1

p
�

+ 3�
�

: (6.16)

Remarks 6.2:
1. The parameter � characterizesthe error both in the data and in our mathematical

model. One should have � ! 0: However, sincein the reality it is o� its limiting value and
we also have someother parameters, it is important to conduct numerical experiments,
which would verify this theorem.

2. Truncating integrals at a high pseudofrequencys is a natural thing to do, becausein
physicsand engineeringone routinely truncates high frequencies.By truncating integrals,
we actually come up with a di�eren t, although a quite reasonablemathematical model.
Consider now the in�uence of this truncation on the accuracyof the reconstruction. Let,
for example h = " = � = � ; and � � 1=2 = � : Then estimates (6.14)-(6.16) imply that the
error of our reconstruction is O (� ) for � ! 0: In other words, one of claims of Theorem
6.1 is that the error of the reconstruction of the unknown coe�cien t is mainly determined
by the truncation error, which means the error in our new mathematical model. This
conclusionis going along well with our numerical experiments, seesubsection7.4.

3. Conditions (6.11), (6.12) with a small number � are natural ones,becausethe number
s is supposed to be su�cien tly large, and by (3.4) the function ev (x; s) tends to zero
together with its x-derivatives as s ! 1 : Therefore, the condition (6.12) does not imply
the assumptionof the closednessof the �rst guessto the correct solution. For example,one
can simply choosethe initial tail function V1;1 = 0; which we do numerically, and (6.12)
would still hold for a large s.

4. One of basic ideasof the theory of ill-p osedproblemsis that the number of iterations
can be chosen as a regularization parameter, see, e.g., page 157 of [11]. In principle,
therefore,wehavea vector

�
N ; m1; :::; mN

�
of regularization parameters.However, wework

in a simpler way in our computations: we take in our computations m1 = m2 = ::: = mn0 =
4 up to a certain number n0 and then we take mn0+1 = mn0+2 = ::: = mN = 7; seedetails
in subsection7.3. Setting N (h) h = � = const: > 0 is in an agreement with, e.g.� Lemma
6.2 on page156of [11], sincethis lemma shows a connectionbetweenthe error in the data
and the number of iterations (that lemma is proven for a di�eren t algorithm). In our case
h can be consideredas a part of the error in the data, sincewe have replaceda smooth s-
dependent function with a piecewiseconstant one. In our computations h = 0:05, N � 12;
and N = 15: The fact that in somecomputations N h = 0:6 indicates that the estimate
(6.13) is probably a more pessimisticone than it is actually required by computations, as
it is often the casein numerical methods for ill-p osedproblems.

5. It seemsto be at the �rst glance that becauseof (6.16), one can stop the iterativ e
processat n = 1. However, our numerical experienceshows that this way one cannot
obtain good images.Here is a qualitativ e explanation of this. Equation (4.7) at n = 1
actually doesnot contain �a su�cien t nonlinearity� if the parameter � is su�cien tly large
(see(4.8)). It is known, on the other hand, that linearized inverseproblems rarely image
well high inclusions/background contrasts. The increaseof n brings more nonlinearity in
the process,becauseof terms with r qi in (4.7). This nonlinearity, in turn enablesone to
image those contrasts well.

6. In terms of Remark 5.1 one can replace in Theorem 6.1 R3 with R2 and the proof
will remain unchanged.
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6.3 Proof of Theorem 6.1

This proof basically consists in estimating di�erences between our constructed functions
qn;k ; Vn;k and functions q�

n ; V �
n : We are doing this using the Schauder theorem, (6.11) and

(6.12). Since coe�cien ts at lower order terms of our elliptic equations (5.4), (5.8) and
(5.11) are changing with iterations, we needthe condition (6.13) in order to have bounds
for those coe�cien ts for n � N : First, we estimate the di�erences between functions q1;k

and q�
1; k = 1; :::; m1: Denote

eqn;k = qn;k � q�
n ; eVn;k = Vn;k � V � ; e n =  n �  

�
n :

By (6.11) and (6.12) 




 eV1;1








C2+ � ( 
 )
� 2� � M � : (6.15)

Substituting n = 1 in (6.8) and subtracting it from (5.1) and also subtracting (6.7) from
(5.2), we obtain

� eq1;1 � " eq1;1 � A1;1r V1;1r eq1;1 = � 2
I 1;1

I 0
(r q�

1)2 (6.16)

� A1;1r eV1;1 � r q�
1 � A2;1r eV1;1 (r V1;1 + r V � ) � "q� � F1;

eq1;1 (x) = e 1 (x) ; x 2 @
 : (6.17)

Hence,combining Schauder theorem with (4.8), (6.9), (6.10) and (6.15)-(6.17), we obtain

keq1;1kC2+ � ( 
 ) �
K M �

�
kr q�

1k2
C � (
 ) + 3K M � � : (6.18)

First, let k = 1. Sincekr q�
1kC � (
 ) � M � ; then (6.18) implies that

keq1;1kC2+ � (
 ) � K M �

"
(M � )2

�
+ 3�

#

:

Choose� so large that
(M � )2

p
�

� 1: (6.19)

Hence,

keq1;1kC2+ � (
 ) � K M �
�

1
p

�
+ 3�

�
; (6.20)

kq1;1 + q�
1kC2+ � (
 ) � keq1;1kC2+ � ( 
 ) + 2kq� kC2+ � ( 
 ) (6.21)

� K M �
�

1
p

�
+ 3�

�
+ 2M � � 3M � :

Using (3.10) and updating the tail as in Step 11 (section 5), we obtain from (6.20) and
(6.21) that if � 0 = � 0 (K (M � ; 
) ; M � ; s; s;d1) 2 (0; 1) is su�cien tly small and � 2 (0; � 0) ;
then the estimate (6.16) holds for the function c1;1;

kc1;1 � c� kC � (
 ) � 10K (M � )2 �
1 + s2�

�
1

p
�

+ 3�
�

:

Since� is small and c� � 2d1; then c1;1 � d1 in R3 (seeRemark 5.2): Therefore by (6.11)

and (5.3)





 eV1;2








C2+ � (
 )
� 2� :



Estimate now keq1;2kC2+ � (
 ) : Substituting k = 2 in (5.4) and n = 1 in (6.8), subtracting

(6.8) from (5.4), as well as (6.7) from (5.2) and using (5.3), we obtain

� eq1;2 � A1;1r V1;2r eq1;2 � " eq1;2

= � 2
I 1;1

I 0
(r eq1;1) (r q1;1 + r q�

1)

� A1;1r eV1;2r q�
1 � A2;1r eV1;2 (r V1;2 + r V � ) � "q�

1 � F1:

Hence,(6.20) and (6.21) imply that

keq1;2kC2+ � ( 
 ) �
3K (M � )2

�
K M �

�
1

p
�

+ 3�
�

+ 3K M � � : (6.22)

Choose� such that in addition to (6.19)

6K (M � )2

�
< 1: (6.23)

Then (6.22) leadsto

keq1;2kC2+ � (
 ) � 2K M �
�

1
p

�
+ 3�

�
; (6.24)

and similarly with (6.21)
kq1;2 + q�

1kC2+ � (
 ) � 3M � : (6.25)

Hence,similarly with the above, (6.16) holdsfor the function c1;2 and, therefore,





 eV1;3








C2+ � (
 )
�

2� :
Considernow eq1;3: Using (6.23) and (6.24), we obtain similarly with (6.22)

keq1;3kC2+ � (
 ) �
6K (M � )2

�
K M �

�
1

p
�

+ 3�
�

+ 3K M � � (6.26)

� 2K M �
�

1
p

�
+ 3�

�
:

Hence,similarly with (6.25)

kq1;3 + q�
1kC2+ � (
 ) � 3M � : (6.27)

Sincethe right hand sidesof estimates(6.26) and (6.27) coincidewith the right hand sides
of estimates(6.24) and (6.25) respectively, then repeating this processm1 times, we obtain
using (5.5)

kq1;m 1 � q�
1kC2+ � (
 ) = kq1 � q�

1kC2+ � ( 
 ) = keq1kC2+ � ( 
 ) � 2K M �
�

1
p

�
+ 3�

�
;

kq1;m 1 kC2+ � ( 
 ) = kq1kC2+ � (
 ) � 2M � ;

kc1 � c� kC � ( 
 ) � 10K (M � )2 �
1 + s2�

�
1

p
�

+ 3�
�

:

Supposethat for j = 1; :::; n � 1 and for n < N the estimates(6.14)-(6.16) hold, i.e.,




 qj � q�

j






C2+ � (
 ) = keqj kC2+ � (
 ) � 2K M �
�

1
p

�
+ 3�

�
; (6.28)
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kqj kC2+ � (
 ) � 2M � ; (6.29)

kcj � c� kC � (
 ) � 10K (M � )2 �
1 + s2�

�
1

p
�

+ 3�
�

: (6.30)

We now prove that the sameestimates are valid for j := n. Consider the function qn;1:
Subtracting (6.8) from (5.11) and (6.7) from (5.12), we obtain

� eqn;1 � A1;n

0

@h
n� 1X

j =1

r qj (x)

1

A � r eqn;1 + A1;n r Vn;1 � r eqn;1 � " eqn;1

= 2
I 1;n

I 0
[r eqn;0 (r qn0 + r q�

n )]

+

2

4A1;n r q�
n � A2;n h

n� 1X

j =1

�
r qj + r q�

j

�
+ 2A2;n r Vn;1

3

5

0

@h
n� 1X

j =1

r eqj

1

A (6.31)

+

2

42A2;n h
n� 1X

j =1

r q�
j � A1;n r q�

n � A2;n (r Vn;1 + r V � )

3

5 r eVn;1;

eqn;1 j@
 = e n (x): (6.32)

Estimate the secondand third terms in the right hand sideof (6.31). Using the de�nition
of the number M � , as well as (6.29), we obtain for the �rst part of the secondterm
�
�
�
�
�
�
A1;n r q�

n � A2;n h
n� 1X

j =1

�
r qj + r q�

j

�
+ 2A2;n r Vn;1

�
�
�
�
�
�

� M � + 3M � � + M � = 2M �
�

1 +
3
2

�
�

:

On the other hand, by (6.28)

h
n� 1X

j =1

jr eqj j � 2K M �
�

1
p

�
+ 3�

�
N h = 2K M �

�
1

p
�

+ 3�
�

� :

Hence, �
�
�
�
�
�
A1;n r q�

n � A2;n h
n� 1X

j =1

�
r qj + r q�

j

�
+ 2A2;n r Vn;1

�
�
�
�
�
�

�
�
�
�
�
�
h

n� 1X

j =1

r eqj (x)

�
�
�
�
�
�

(6.33)

� 4K (M � )2
�

1 +
3
2

M � �
� �

1
p

�
+ 3�

�
� :

Estimate now the third term in the right hand side of (6.31). Similarly with the above we
obtain using (6.11)

�
�
�
�
�
�

2

42A2;n h
n� 1X

j =1

r q�
j � A1;n r q�

n � A2;n (r Vn;1 + r V � )

3

5 r eVn;1

�
�
�
�
�
�

� M � (1 + � ) � :

Combining this with (6.33), we obtain
�
�
�
�
�
�
A1;n r q�

n � A2;n h
n� 1X

j =1

�
r qj + r q�

j

�
+ 2A2;n r Vn;1

�
�
�
�
�
�

�
�
�
�
�
�
h

n� 1X

j =1

r eqj (x)

�
�
�
�
�
�



+

�
�
�
�
�
�

2

42A2;n h
n� 1X

j =1

r q�
j � A1;n r q�

n � A2;n (r Vn;1 + r V � )

3

5 r eVn;1

�
�
�
�
�
�

(6.34)

� 4K M �
�

1 +
3
2

M � �
�

� M �
�

1
p

�
+ 3�

�
+ M � (1 + � ) � :

Choose� such that in addition to (6.19) and (6.23)

1
p

�
� � : (6.35)

Then using (6.13), we obtain

4K M �
�

1 +
3
2

M � �
�

� M �
�

1
p

�
+ 3�

�
� 16K M �

�
1 +

3
2

M � �
�

� M � � �
3
2

M � � :

Also, M � (1 + � ) � � 3=2M � � : Hence,we obtain from (6.34) and (6.35)
�
�
�
�
�
�
A1;n r q�

n � A2;n h
n� 1X

j =1

�
r qj + r q�

j

�
+ 2A2;n r Vn;1

�
�
�
�
�
�

�
�
�
�
�
�
h

n� 1X

j =1

r eqj (x)

�
�
�
�
�
�

+

�
�
�
�
�
�

2

42A2;n h
n� 1X

j =1

r q�
j � A1;n r q�

n � A2;n (r Vn;1 + r V � )

3

5 r eVn;1

�
�
�
�
�
�

� 3M � � : (6.36)

Recall that Vn;1 = Vn� 1;m n � 1 : Hence,by (6.11), (6.13) and (6.28)-(6.30) coe�cien ts at eqn;1

in equation (6.31) do not exceedM � : Hence,applying Schauder theorem to the Dirichlet
boundary value problem (6.31), (6.32) and using (6.10) and (6.36), we obtain

keqn;1kC2+ � (
 ) �
K M �

�
keqn;0kC � ( 
 )

�
kqnkC � ( 
 ) + M �

�
+ 3K M � � : (6.37)

Sinceby (5.7) qn;0 = qn� 1; then (6.28)-(6.30), (6.37) and (6.23) lead to

keqn;1kC2+ � (
 ) �
6K (M � )2

�
K M �

�
1

p
�

+ 3�
�

+ 3K M � � (6.38)

� 2K M �
�

1
p

�
+ 3�

�
:

Hence,
kqn;1 + q�

nkC2+ � (
 ) � 3M � : (6.39)

Sincethe right hand sidesof estimates(6.38) and (6.39) are the sameas onesof estimates
(6.26) and (6.27), from which estimates for functions q1; eq1 and c1 � c� were derived, we
obtain that estimates (6.28)-(6.30) are valid at j = n. This establishesestimates (6.14)-
(6.16). To �nish the proof, we note that only three conditions (6.19), (6.23) and (6.35)
were imposedon the parameter �: �

7 Numerical Study

We test our algorithm for the problem in two dimensions.
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(a) GF D M (b) G = GF E M [ GF D M (c) GF E M

Figure 1: The hybrid mesh(b) is a combinations of a structured mesh(a), where FDM is
applied, and a mesh(c), whereweuseFEM, with a thin overlapping of structured
elements.

7.1 The Forward Problem

We now consider the above inverseproblem for the time-dependent scalar wave equation
modeling either acoustic or electric wave propagation (section 2) in a squareG � R2 with
the boundary @G = @G1 [ @G2 [ @G3 (Figure 1). Here @G1 and @G2 are respectively top
and bottom sidesof the largest squareof Figure 1 and @G3 is the union of left and right
sidesof this square. The forward problem is

c(x)
@2u
@t2 � 4 u = 0; in G � (0; T);

u(�; 0) = 0;
@u
@t

(�; 0) = 0; in G;

@nu
�
�
@G1

= f (t) ; on @G1 � (0; t1];

@nu
�
�
@G1

= @t u; on @G1 � (t1; T);

@nu
�
�
@G2

= @t u; on @G2 � (0; T);

@nu
�
�
@G3

= 0; on @G3 � (0; T);

(7.1)

where T is the �nal time. When calculating the Laplace transform (2.5) of the boundary
data, we integrate for t 2 (0; T), thus calculating an approximation of this transform.
The plane wave f is initialized at the top boundary @G1 of the computational domain
G, propagatesduring the time period (0; t1] into G, is absorbed at the bottom boundary
@G2 for all times t 2 (0; T) and it is also absorbed at the top boundary @G1 for times
t 2 (t1; T). Here

f (t)
�
�
� 1

=
(sin (st� � =2) + 1)

10
; 0 � t �

2�
s

; (7.2)

We are interested in the reconstruction of the coe�cien t c(x), which is the wave speed
1=

p
c(x) in the caseof acousticsand the product (�� ) (x) = c(x) of magnetic permeability

and electric permittivit y in the EM case. The asymptotic behavior (2.12) will be veri�ed
computationally.

The computational domain in all our testsG = GF E M [ GF D M is setasG = [� 4:0; 4:0]�
[� 5:0; 5:0]. This domain is split into a �nite element domain GF E M = [� 3:0; 3:0] �
[� 3:0; 3:0] and a surrounding domain GF D M , seeFigure 1. The spacemesh in 
 F E M

consistsof triangles and in 
 F D M of squares,with mesh size in the overlapping regions
~h = 0:125. We apply the hybrid �nite element/di�erence method presented in [5] where



(a) GF E M 1 (b) GF E M 2 (c) GF E M 3

Figure 2: Computational domains

�nite elements are usedin GF E M and �nite di�erences in GF D M . At the top and bottom
boundariesof G we use �rst-order absorbing boundary conditions [12] which are exact in
this particular case. At the lateral boundaries, mirror boundary conditions allow us to
assumean in�nite spacedomain in the lateral direction.

In real applications the data are generated by emitting waves on the surface of the
investigated object and are then recorded on parts of the surface of the object. In this
paper, we work with the computationally simulated data. That is, the data are generated
by computing the forward problem (7.1) with the given function c(x). The corresponding
solution is recordedat the entire boundary then. Next, the coe�cien t c(x) is �forgotten�,
and the goal is to reconstruct this coe�cien t from the Dirichlet boundary data given at
the boundary of the subdomain GF E M � G, which are computed along with the solution
of the forward problem. We assumethat c = 1 in 
 F D M . Thus, we need to reconstruct
the coe�cien t c(x) only in GF E M .

7.2 A hybrid �nite element/di�erence metho d for the forward problem (7.1)

To solve the forward problem (7.1), we use the hybrid FEM/FDM method described in
[4] and [5]. This method usescontinuous space-timepiecewiselinear �nite elements on a
partially structured mesh in space. The computational domain G is decomposed into a
�nite element domain 
 FEM (the sameas GF E M above) with an unstructured meshand
a �nite di�erence domain 
 FDM (the sameas GF E M above) with a structured mesh, see
Figure 1. In 
 FDM we use quadrilateral elements in R2 and hexahedrain R3. In 
 FEM

we use a �nite element mesh K h = f K g with elements K consisting of triangles in R2

and tetrahedra in R3. We associate with K h a mesh function eh = eh(x) representing the
diameter of the element K containing x. For the time discretization we let J k = f J g be a
partition of the time interval I = (0; T) into time intervals J = (t k� 1; tk ] of uniform length
� = tk � tk� 1.

7.3 Results of reconstruction

In this subsectionwe present results of our reconstructions. We have usedsolution of the
forward problem (7.1) in the domain G to generatethe data at the boundary of the square

 := 
 F E M . We have performednumerical experiments to reconstruct the medium, which
is homogeneouswith c(x) = 1 except of either two small squaresor a single square, see
Figure 2. But we have not assumeda priori knowledge of neither the structure of this
medium nor of the background constant c(x) = 1 outside of those squares. To produce
updates for tails, we have solved on each iterativ e step the forward problem (7.1) instead
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of solving the problem (2.9), (2.10). Next, we have calculated the Laplace transform (2.5)
of the solution to obtain the function w (x; s) :

In all our numerical experiments we have chosenthe step sizewith respect to the pseudo
frequencyh = 0:05, the s-interval [s; s]= [6:7; 7:45]. Hence,N = 15 in our case. We have
chosentwo sequencesof regularization parameters � := � n and " = "n for n = 1; :::; N .
Both the formulation and the proof of Theorem6.1 remain almost unchangedfor this case.
The reasonof choosing di�eren t valuesof � n and "n is that valuesof functions q1 and q2

and their gradients are very small. Hence,in order not to eliminate totally the in�uence of
the nonlinear term (r qn;k � 1)2 ; n = 1; 2 in (5.4), (5.8) and (5.11), the valuesof � 1 and � 2

should not be too large. Next, the valuesof nonlinear terms start to grow, and we balance
them via taking a larger value of � n for n = 3; 4; 5: For n > 5 the valuesof nonlinear terms
becomeeven bigger, and we balancethem via taking increasingagain the value of � n : This
onceagain points towards the importance of the introduction of CWFs in the numerical
scheme,as comparedwith the decreaseof the step sizeh. The considerationsfor choosing
di�eren t valuesof " n are similar. In all Tests1-4 the valuesof the parameters� n and "n

were:

� n = 20; n = 1; 2; � n = 200; n = 3; 4; 5; � n = 2000; n � 6;

"n = 0; n = 1; 2;"n = 0:001; n = 3; 4; 5;" n = 0:01; n = 6; 7;

"n = 0:1; n � 8:
(7.3)

Once the function qn;k is calculated, we update the function c := cn;k using formulas
(3.7), (3.10). To �nd secondderivatives in (3.10), we use the standard �nite di�erence
approximations of both the Laplacian and the gradient on a structured Cartesian mesh.
More precisely, in two dimensionswe use following approximation to �nd c(x) at point
(i; j ):

ci;j =
~vi +1 ;j � 2~vi;j + ~vi � 1;j

dx2 +
~vi;j +1 � 2~vi;j + ~vi;j � 1

dy2

+ s2

 �
~vi +1 ;j � ~vi;j

dx

� 2

+
�

~vi;j +1 � ~vi;j

dy

� 2
!

;
(7.4)

wheredx and dy are grid step sizesof the discrete�nite di�erence meshin the directions x
and y respectively. We enforcethat the parameterc(x) belongsto the set of the admissible
parametersCM = f c 2 C

�



�
j 0:5 � c(x) � 7g as follows: if cn;k (x0) < 0:5 for a certain

point x0 2 
 and a certain pair (n; k); then we set cn;k (x0) := 1 by putting the box
constrains on the computed parameters. We also usethe smoothnessindicator in update
valuesof c(x) by local averaging over the neighboring elements.

Thus, the resulting computed function is c(x) := cN (x): Recall that the number of
iterations is the vectorial regularization parameter in our case(seeRemarks 6.2). One of
the backbonesof the theory of ill-p osedproblemsis that regularization parametersdepend
on the range of parameters for a speci�c problem one considers. Thus, our choice of
regularization parameters is in an agreement with this concept. For the above values of
h; s; s and the range of the target coe�cien t c(x) 2 [1; 4] we have usedmn = 4 iterations
with respect to tails for n � n0 and mn = 7 for n = n0 + 1; :::; N , where numbers n0 and
N are chosenon the basisof an objective stopping rule described below. Hence,while the
pairs

�
n0; N

�
di�er in our tests, the rule of their choice (i.e., the stopping rule) remains

the same.As it is always the casein ill-p osedproblems,the choiceof proper regularization
parametersand of a proper stopping rule wastime consuming. However, we point out that



our stopping rule, as well as regularization parameters� n ; "n ; mn ; oncechosen,remained
the same for all our numerical experiments described in Tests 1-4 below. Hence, results
were not �conveniently adjusted� for each speci�c test in order to obtain the best possible
image for that test.

The Dirichlet boundary valueproblemsin the square
 FEM for functions qn;k weresolved
by the FEM, in which the same�nite elements were usedas onesin the forward problem
(7.1) in the domain 
 FEM . The �inversecrime� was avoided becausethe forward problem
was solved for the hyperbolic equation, whereaswe solve an elliptic equation on each
step of the reconstruction algorithm. In addition, we have added a random noise to the
boundary data. The FEM cannot guarantee that resulting functions qn;k 2 C2+ �

�



�
;

as it is required by Theorem 6.1. And also the above �adjustment� of computed values
cn;k (x0) by box constraint does not guarantee that the resulting function cn;k 2 C �

�



�
:

Such discrepanciesquite often take place in computations and are, thereforeacceptablein
numerical studies. Nevertheless,an analogueof Theorem6.1 can be proved for the discrete
casewhen the FEM analoguesof equationsfor functions qn;k are used,and alsothe domain

 with @
 2 C3 is replacedrespectively with either a rectangular prism in R3 or a rectangle
in R2; as in our numerical examples. To prove this analogue,one needsto use the weak
formulations of these equations and the Lax-Milgram theorem instead of the Schauder
theorem. Next, becauseof the equivalency of norms in �nite dimensional spaces,the rest
of the proof of Theorem 6.1 remains almost the same. However, the latter development
is outside of the scope of this publication and might be consideredin our future works.
Another interesting question here is about the changeof reconstructed imagesdue to the
increaseof the number of �nite elements, becausethat equivalency of norms �worsens�
with the increaseof the dimension of the space.This question might also be addressedin
future publications.

In all our tests we compute multiplicativ e random noise in the boundary data, u � , by
adding relative error to computed data uobs using expression

u�
�
x i ; t j � = uobs

�
x i ; t j �

�
1 +

� j (umax � umin )�
100

�
: (7.4)

Here, uobs
�
x i ; t j

�
= u

�
x i ; t j

�
; x i 2 @
 FEM is a meshpoint at the boundary @
 FEM ; t j 2

(0; T) is the meshpoint in time, � j is a random number in the interval [� 1;1], umax and
umin are maximal and minimal values of the computed data uobs, respectively, and � is
the noiselevel in percents. Next, we make the Laplace transform (2.5) of the data, which
helpsto both �smooth out� and decreasethe noise,due to the integration. Becauseof that,
we have successfullyusedthe following formula for the s� derivative of the boundary data
' (x; s) in (2.13) to obtain the function  (x; sn ) in (3.9)

 (x; sn ) �
' (x; sn� 1) � ' (x; sn )

h
; h = 0:05:

In all our tests 1-4 we have veri�ed numerically the asymptotic behavior (3.4). To do
this, we have consideredfunctions g1 (s) and g2 (s) ; for s 2 [6:5; 7:5] � [s; s] = [6:7; 7:45];
where

g1 (s) = skr ev (x; s)kL 2 (
 F E M ) ; g2 (s) = skr q(x; s)kL 2 (
 F E M ) ;

where functions ev (x; s) and q(x; s) are taken from the solution of the forward problem.
Their graphs (not shown) have shown that thesefunctions are very closeto constants for
s 2 [6:5; 7:5] ; which corresponds well with (3.4). We have also veri�ed numerically in all
our examples1-4 that the function w (x; s) > 0; which justi�es the introduction of the
function ev (x; s) = ln w (x; s) =s2:
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q1;1 q1;2 q1;3 q1;4

q2;1 q2;2 q2;3 q2;4

q6;1 q6;2 q6;3 q6;4

q8;1 q8;2 q8;3 q8;4

q9;1 q9;2 q9;3 q9;4

q12;2 q12;3 q12;4 q12;7

Figure 3: Test 1: spatial distribution of ch after computing qn;i ; n = 1; 2; 6; 8; 9; 12;, where
n is number of the computed function q.
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Figure 4: Test 1: the one-dimensionalcross-sectionsof the image of the function ccomp

along the vertical line connecting the points (� 1:5; � 3) and (� 1:5; 3) computed
for corresponding functions qn ; n = 1; :::; 12.
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Figure 5: Test 1: the one-dimensionalcross-sectionsof the image of the function ccomp

along the vertical line connecting the points (� 2:5; � 3) and (� 2:5; 3) computed
for corresponding functions qn ; n = 1; :::; 12.
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Figure 6: Test 1: Computed relative L 2-norms: a) of the jjr Vn;k �r Vn;k � 1 jj
jjr Vn;k jj ; b) of the

jj cn;k � cn;k � 1 jj
jj cn;k jj

Test 1. We test our numerical method on the reconstruction of the structure given
on Figure 2-c). We take c = 4 in the left small squareof Figure 2-c), c = 3 in the right
squareand c = 1 everywhere else. We take the starting value for the tail V1;1 (x; s) � 0:
We introduce � = 10% of the multiplicativ e random noise in the boundary data uobs by
the formula (7.4).

Figure 3 displays isosurfacesof resulting imagesfor qn;k ; n = 1; 2; 6; 8; 9; 12;k = 1; :::; 4.
Figure 4 presents the one-dimensionalcross-sectionsof the imageof the computedfunctions
cn;k along the vertical line passingthrough the middle of the left small square. Comparison
of imagesof functions cn;k for di�eren t valuesn and k shows that the inclusion/background
contrasts grow with the grow of n and k. In particular, these contrasts are very low for
n = k = 1 and do not exceed1.006/1. On the last three imagesof Figure 4 the computed
functions cn;k for n = 10; 11; 12 are superimposedwith the correct one.

Figure 5 displays the one-dimensionalcross-sectionsof the image of the functions cn;k

along the vertical line passingthrough the middle of the right small squaresuperimposed
with the correct one. One can seethat the 4 : 1 contrast in the left square is imaged
accurately. As to the right square,wegot the 3:5 : 1 contrast. The function c(x) = 1 outside
of these squaresis also imaged accurately. Locations of imaged inclusions are somewhat
shifted upwards.

We now explain our stopping criterion . Figure 6-a) shows computed relative L 2-norms
of gradients of tails

jjr Vn;k � r Vn;k � 1jj
jjr Vn;k jj

(7.5)

and Figure 6-b) - shows relative L 2-norms of the target coe�cien t

jjcn;k � cn;k � 1jj
jjcn;k jj

: (7.6)

We use thesenorms as the stopping rule for computation in our iterativ e algorithm. We
stop our iterativ e algorithm for computing of the newfunction qn whenboth relative norms
(7.5) and (7.6) are stabilized. Here is how we do this. First, we observe on Figure 6-a) that
relative L 2-norms (7.5) of the computed gradients of tails grow until n = 10: For n � 10
norms (7.5) change slowly. Thus, we conclude that at q9 tails are stabilized. However,
norms (7.6) still grow for n > n0 = 9, seeFigure 6-b). We repeat our iterativ e procedure
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for n = 10; 11; 12; 13. And for n � 10 we alsoincreasethe number of iterations with respect
to tails: we now take 7 iterations instead of 4. We observe that at n = 12 both relative
norms (7.5) and (7.6) are stabilized. Thus, we set N = 12 and we take c12;7(x) asour �nal
reconstructedimage. On the Figure 6 we alsopresent results for n = 13; asa con�rmation
that norms (7.5) and (7.6) are stabilized.

Remark 7.1. At the same time, we have observed that for n = 14; 15 norms (7.6)
abruptly grow, which was re�ected in an abrupt move of positions of imaged inclusions
upwards (not shown). This con�rms that our choice of N ; which is one of regularization
parameters here (see item 4 in Remarks 6.2) was correct one. A similar behavior was
observed in Tests 2 and 3. We use exactly the same stopping criterion in Tests 2,3,4.
However, the number N is di�eren t for each of these examples,so as the number n0 at
which relative norms(7.5) of gradients tails arestabilized. The fact that thesetwo numbers
changefrom one exampleto another one points towards robustnessof our stopping rule.

Test 2. We now test our numerical method on the reconstruction of the structure given
on Figure 2-b). We take the starting value for the tail V1;1 (x; s) � 0: We compute � = 5%
of the multiplicativ e random noise in the boundary data uobs by the formula (7.4). We
take c = 4 for both small squaresof Figure 2-b) and c = 1 outside of thesesquares.Hence,
the inclusion/background contrast is 4 : 1, which is quite high in inverseproblems. Figures
7 - 8 present isosurfacesof resulting imagesof the functions cn;k after computing functions
qn;k ; n = 1; 2; :::; 12. Figure 9 presents the one-dimensionalcross-sectionof the image of
the function cn;k along the vertical line passingthrough the middle of the left small square.
The imagedfunction c(x) is superimposedwith the correct one. One can seethat the value
of the function c(x) both inside and outside of the inclusion is imagedcorrectly (including
the 4 : 1 contrast), although the location of the inclusion is somewhatshifted to the top.

We have used the samestopping rule as above and thus discovered that n0 = 9 and
N = 12: The behavior of norms (7.5) and (7.6) (not shown) wassimilar with oneon Figure
6. The last imageon Figure 8 represents the �nal c12;7 imageof the target coe�cien t c(x).

Test 3. We now consideronly a single small squareof Figure 2-a), the left one, with
c = 3 in it, leaving all other parameters the sameas above. Again we take the starting
value for the tail V1;1 (x; s) � 0: Now we perform computations with � = 5; 15% of the
multiplicativ e random noisein the boundary data uobs:

Figure 10 displays isosurfacesof imagesfor qn;k ; n = 2; 5; 7; 8; 10 with 5% noise in the
boundary data. Figure 11 displays isosurfacesof imagesfor q10;k with 15% noise in the
boundary data. Figure 12 presents one-dimensionalcross-sectionsof the imageof functions
cn;k computed with q9; q10 and q11 along the vertical line passingthrough the center of this
square. The imaged function c(x) is superimposedwith the correct one. We observe that
we obtain the 3:2 : 1 contrast of the reconstructedfunction c(x) := c10;7 (x) ; which is quite
accurate,sincethe correct contrast is 3 : 1.

Figure 13 shows computed relative L 2-norms (7.5) and (7.6) with noiselevel � = 5% in
data. As in previous examples,we use these norms as the stopping rule in our iterativ e
algorithm. Using Figure 13, we analyzeresults of the reconstruction. On Figure 13-a) we
observethat relativeL 2-norms(7.5) of the computedgradients of tails grow until computing
the function q7. After that tails changeslowly, which meansthat n0 = 7. However, norms
(7.6) are not yet stabilized. Hence,we now want to stabilize norms (7.6). We repeat our
iterativ e procedurefor n = 8; 9; 10; 11 and with 7 iterations with respect to tails for these
valuesof n instead of previous 4. On Figure 13-b) we observe that at q9 both norms (7.5)
and (7.6) are stabilized, and at q10; q11 these norms almost do not change, although the
norm for q11;7 starts to grow. Thus, we conclude,that we achieve solution of our problem
at q10 = q10;7 with N = 10. We have observed a similar behavior of our solution with



q1;1 q1;2 q1;3 q1;4

q2;1 q2;2 q2;3 q2;4

q3;1 q3;2 q3;3 q3;4

q4;1 q4;2 q4;3 q4;4

q5;1 q5;2 q5;3 q5;4

Figure 7: Test 2: spatial distribution of ch after computing qn;i ; n = 1; :::5;, where n is
number of the computed function q.
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Figure 8: Test 2: spatial distribution of ch after computing qn;i ; n = 6; 7; 8; 9; 12, where n
is number of the computed function q.



0 5 10 15 20 25 30 35 40 45 50
1

1.5

2

2.5

3

3.5

4

co
e
ff
ic

ie
n
t 
a

=
1
/c

2

 

 
q

5,1

q
5,2

q
5,3

q
5,4

exact

0 5 10 15 20 25 30 35 40 45 50
1

1.5

2

2.5

3

3.5

4

 

 
q

11,1

q
11,2

q
11,3

q
11,4

q
11,5

q
11,6

q
11,7

exact

0 5 10 15 20 25 30 35 40 45 50
1

1.5

2

2.5

3

3.5

4

 

 
q

12,1

q
12,2

q
12,3

q
12,4

q
12,5

q
12,6

q
12,7

exact

q5 q11 q12

Figure 9: Test 2: the one-dimensionalcross-sectionsof the image of the function ccomp

along the vertical line connecting the points (� 1:5; � 3) and (� 1:5; 3).

the relative noise level � = 15%. Similarly with Tests 1 and 2 we have observed that
norms (7.5) and (7.6) abruptly increaseat q12: Thus we can conclude that our choice of
the iteration number N = 10 as a regularization parameter is correct one.

Test 4. The goal of this experiment is to con�rm that the error in the reconstructed
imagesis mainly determined by the truncation error, as it follows from Theorem 6.1, see
the secondremark after Theorem 6.1. We now consider the same parameters, as ones
in previous tests, except that we take the exact initial tail V1;1 (x; s) = V � (x; s) and the
noise level � = 5%. We use the same iterativ e algorithm and the sameregularization
parametersas in all previous tests. We stop our iterativ e algorithm for computation of the
new function qn after computing the function q1; sincerelative L 2-norms jj c1;k � c1;k � 1 jj

jj c1;k jj = 0

and jjr V1;k �r V1;k � 1 jj
jjr V1;k jj = 0 for all k > 1.

On Figure 14-a) c = 4 in the left small squareand c = 3 in the right small square(as in
Test 1). On Figure 14-b) c = 4 in both small squares(as in Test 2), and c = 3 in the one
small squareon Figure 14-c) (as in Test 3). One can observe that the reconstruction is
almost an ideal one,and even shapesof inclusionsresemble well the correct ones. It is not
fully ideal becauseof inevitable computational errors, the approximation of the function
q(x; s) by a piecewiseconstant function with respect to s and the 5% noise in the data.
The latter goesalong well with Theorem 6.1: seethe parameter � in it.

Test 5. We now show that without a globally convergent algorithm the sameimages
deteriorate, if the good �rst guessfor the solution is unknown. To do this, we use the
locally convergent reconstruction algorithm described in [4], where the inverseproblem is
formulated as an optimal control problem. We �nd a stationary point of a Lagrangian,
using the forward wave equation (the state equation), the backward wave equation (the
adjoint equation), and an equation, which re�ects the fact that the gradient with respect
to the parametersshould vanish. A minimizer of a corresponding least squaresobjective
functional is found via an iterativ eprocedurevia solving for the forward and backward wave
equations for each iterativ e step and updating the material coe�cien ts. We generatethe
data for the inverseproblem using the samecomputational meshand the sameparameters
as onesin Test 2. We start the optimization algorithm with di�eren t values of the �rst
guessfor the parameter cguess = const. at all points of the computational domain 
 F E M .
Figure 15 presents the images of the computed function ccomp: for the following initial
guesses:on a) cguess = 1:0, on b) cguess = 1:5, and on c) cguess = 2:0. We observe that
imagesdeteriorate if the good �rst guessfor the solution is unknown. Most likely, local
minima are achieved in all thesethree cases.
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q2;1 q2;2 q2;3 q2;4

q5;1 q5;2 q5;3 q5;4

q7;1 q7;2 q7;3 q7;4

q8;1 q8;2 q8;3 q8;4

q10;1 q10;2 q10;3 q10;7

Figure 10: Test 3: Reconstruction with 5 % relative noise in data. We present spatial
distribution of ch after computing qn;i ; n = 2; 5; 7; 8; 10; where n is number of
the computed function q.



q10;1 q10;2 q10;3 q10;7

Figure 11: Test 3: Reconstruction with 15 % relative noise in data. We present spatial
distribution of ch after computing q12;i .
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Figure 12: Test 3: the one-dimensionalcross-sectionsof the image of the function ccomp

along the vertical line connecting the points (� 1:5; � 3) and (� 1:5; 3).
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a) b) c)

Figure 14: Test 4: spatial distribution of ch with exact tail.

a) b) c)

Figure 15: Test 5: spatial distribution of ch .

7.4 Conclusions from numerical studies

We have tested our algorithm for three di�eren t structures of the medium. In all cases
we have not assumedany advancedknowledgeof the medium, including the background
medium. Our regularization parameterswere: the sequencesf � ngN

n=1 and f "n gN
n=1 ; aswell

as iteration numbers n0 and N , where n0 is the iteration number at which relative norms
(7.5) of gradients of tails are stabilized and N 2 (n0; N ) is the total number of functions
qn we have computed. The number N is such that the relative norms (7.6) of the unknown
coe�cien t are stabilized. We have usedm1 = ::: = mn0 = 4; mn0+1 = ::: = mN = 7 for the
number of iterations with respect to tails. Numbers n0 and N were chosenon the basis
of an objective stopping rule. So, although they were di�eren t for di�eren t tests, but the
stopping rule remained the same. On the other hand, for n 2

�
N + 2; N

�
norms (7.5) and

(7.6) were abruptly growing. This indicates that our choice of the number of iterations
N as a regularization parameter was correct one and was in a good agreement with the
classicregularization theory, seep. 157 of [11].

It is important that our numerical experiments have consistently demonstrated good
reconstruction results for the same sequencesf � ngN

n=1 and f "ngN
n=1 of regularization pa-

rameters, for the sameobjective stopping rule and for two di�eren t noiselevels of 5% and
15%. This points towards robustnessof our numerical method.

An interesting conclusioncanbedrawn from the comparisonof Figure 6awith Figure 6b,
and similarly from the comparisonof Figure 12awith Figure 12b. Onecanobserve that the
relative errors in �nal tails are about the sameas those in reconstructedcoe�cien ts. This
provides a numerical con�rmation of oneof statement of the secondremark after Theorem
6.1: that the error of reconstruction is basically O (� ) ; where � is the truncation error for
tails. Results of Test 4 demonstrate this onceagain. Results of Test 5 demonstrate that a



conventional reconstruction technique might not provide a good image,unlessa good �rst
guessfor the solution is known.

8 Summary

We have presented a new globally convergent numerical method for a classof multidimen-
sional Coe�cien t InverseProblemsfor somehyperbolic and parabolic PDEs. Theseinverse
problemsarise in applications to acoustics,electromagneticsand optical medical imaging.
The two key new ideasare: (1) solution of the boundary value problem (3.8), (3.9) for a
nonlinear integral di�eren tial equation via a layer stripping procedurewith respect to the
pseudofrequencys; and (2) weakening the in�uence of the nonlinear term (r qn )2 via the
introduction of s� dependent Carleman Weight Functions in the numerical scheme. Unlike
this, in all previous works, both theoretical and numerical ones, CWFs were dependent
only on spatial variablesand were associated with the Carleman estimatesfor certain dif-
ferential operators. We have proven a global convergenceresult, conditions of which are in
a good agreement with the classictheory of ill-p osedproblems.

We have veri�ed our convergenceTheorem6.1 on a number of numerical experiments for
an inverseproblem of the determination of the coe�cien t in the principal part of a hyper-
bolic operator, which meansthe determination of either the speedof sound, in the caseof
acoustics,or of the product of the magnetic permeability and electric permittivit y coe�-
cients in the caseof electromagnetics.In particular, theseexperiments have demonstrated
robustnessof our method, which provides good quality imageswith up to 15% relative
random noisein the data. We have alsoveri�ed numerically the asymptotic behavior (3.4)
in all our tests, as well as the positivit y of the function w.

We have observed that iterations with respect to tails are very important for the image
reconstruction, which was also observed in the previous publication [27] (seesection 4 in
[27]). In all our numerical experiments the starting value for the tail function was simply
zero,which re�ects the fact that we do not know a good �rst guessfor the solution. Numer-
ical resultsdemonstrateboth robustnessof this method and a good quality of reconstructed
images,including good quality reconstructionsof high contrasts inside of inclusions. The
latter is hard to achieve by locally convergent methods. Shapesof inclusionsare �smeared�
due to three factors. First, the Laplacetransform actually leadsto a di�usion-lik e equation
for the function w: Second,the ill-p osednature of the original inverseproblem quite often
causessmearedshapes of reconstructed objects. Third and perhaps the most important
oneis that we do not know tails. Finally, we have demonstratednumerically that a locally
convergent algorithm might result in signi�cantly deteriorated images,unlessa good �rst
guessabout the solution is given.
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