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A Globally Convergent Numerical Metho d
for Some Coe cient Inverse Problems
With Resulting Second Order Elliptic

Equations

Larisa Beilina® , Michael V. Klibanov

Decenber 18,2007

A new globally corvergernt numerical method is dewveloped for some multi-
dimensional Coe cien t Inverse Problems for hyperbolic and parabolic PDEs
with applications in acoustics, electromagneticsand optical medical imaging.
On ead iterativ e step the Dirichlet boundary value problem for a secondorder
elliptic equation is solved. The global corvergenceis rigorously proven and
numerical experimerts are preserted.

1 Intro duction

We presen a new globally corvergent numerical method for multidimensional Coe cien t
InverseProblems (CIPs) for somehyperbolic and parabolic Partial Di erential Equations
(PDEs) with the data resulting from a single measuremeh evert. The term single mea-
suremen meansthe boundary data obtained either from a single position of the point
sourceor a single direction of the initializing plane wave. We describe this method, prove
its convergenceand presert numerical results. In our de nition globally corvergence en-
tails: (1) arigorous convergenceanalysisthat doesnot depend on the quality of the initial
guess,and (2) numerical simulations that con rm the advertised cornvergenceproperty.
The fundamental and commonly known obstaclefor the developmert of numerical meth-
ods for CIPs is that residual least squaresfunctionals are plagued by the phenomenonof
multiple local minima and ravines. Therefore, any gradien-lik e minimization method for
sud a functional will likely corvergeto a wrong solution represetied by a local minimum
or even to almost any solution, in the caseof a ravine. Furthermore, becauseof the ill-
posednessthat functional might have many global minima, and there is no guarartee that
any of them is closeto the correct solution. Becauseof the above obstacle, corvertional
numerical methods for multidimensional CIPs, like, e.g., Newton-like methods, are locally
corvergert ones,see,e.g., [2, 3, 13, 27] and referencescited there. This meansthat their
corvergenceis rigorously guararteed only if the starting point is located in a small neigh-
borhood of the correct solution. Howewver, in many applications a good initial guessis
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unknown. The above meansthat solutions of multidimensional CIPs, provided by locally
corvergeri methods, are fundamerntally unreliable, see,e.g.,[10] for a similar statemert.

The dewelopmen of globally corvergent numerical methods for multidimensional CIPs
has started recerily from the so-called convexi cation algorithm [15, 17, 29]. The con-
vexi cation is a globally convergent numerical method of the rst generation. It usesa
stable layer stripping procedure with respect to a spatial variable z and the projection
method with respect to the rest of spatial variables. z-dependert Carleman Weight Func-
tions (CWFs) are involved in the corvexi cation. Becauseof this, the corvexi cation can
use boundary conditions only at one part of the boundary, i.e. at a side of a rectangular
prism, which is orthogonal to z.

In this paper we dewelop a globally corvergeri numerical method for multidimensional
CIPs of the secondgeneration. It is radically dierent from the corvexi ciation. Unlike
the corvexi cation, the current method is not using neither the projection with respect
to somespatial variables, nor the layer stripping with respect to a spatial variable. We
usethe layer stripping procedurewith respect to the pseudo-frequencys > 0; wheres the
parameter of the Laplace transform of a hyperbolic/parab olic PDE. On ead thin s-layer
the Dirichlet boundary value problem for a nonlinear secondorder elliptic PDE is solved.
This enablesone to usethe Dirichlet boundary condition at the ertire boundary of the
domain of interest. This condition in turn is the trace of the solution of the forward problem
in a wider domain. s-dependert CWFs are presen in our numerical scheme, which is one
of essetially new elemerts here. This presenceis important, becauseit enablesone to
weaken the in uence of the nonlinear term in ead of those elliptic PDEs on ead s-layer,
thus solving a linear problem on ead iteration.

An important elemen of our method is a procedure of working with tails. We refer to
section4 of [27] for a similar treatment of tails for a locally corvergent method. In [27] a
layer stripping algorithm with respectto the sourceposition X running alonga straight line
was deweloped for an inverseproblem for the equation u a(x)u= (X Xg);x2R®
with the unknown coe cient a(x):

Beginning from the remarkable paper of T. Carleman [9], weight functions carrying his
name have been widely used for proofs of unique corntinuation and conditional stability
results for ill-p osedCaudchy problemsfor PDEs, aswell asfor multidimensional CIPs with
the single measuremen data, see,e.g. [16, 17, 20Q]. In this capacity CWFs were dependen
on spatial variables, sincethey have provided weighted estimatesfor di erential operators.
Howewer, CWFs of the current paper are usedfor integral Volterra-like operators, they are
involvedin the numerical schemeand depend on the pseudofrequencys > 0; rather than on
a spatial variable. Sincethe Dirichlet boundary value problem is solved for ead s-layer by
the Finite Elemert Method (FEM), the method of this paper to rather generaldomains. We
note that both the corvexi cation and the current method are only generalframeworks of
corresponding speci ¢ algorithms. This meansthat ead new speci ¢ CIP requiresa major
time consuminge ort of re-programming of ead of these methods, although within the
sameframework. Becauseof this, a straightforward numerical comparisonof our current
method with the cornvexi cation is outside of the scope of this publication. In our numerical
experiments we image a medium with small inclusionsin it, although we do not assume
that the surrounding of inclusionsis known. We refer to [1] and referencescited there for
another approad to imaging of small inclusions.

A substartially dierent layer stripping procedurewith respectto the frequency (rather
than pseudofrequency)waspreviously developedin [10],in which corvergencegheoremwas
not proven, however (remark 1.1 in [10]), and also CWFs were not used. The work [10] is
treating the Fourier transform of the hyperbolic equationc(x) ug = u with the unknown



coe cient c(x): The iterative processof [10] starts from a low value of the frequency
Unlik e this, we start from a high value of the pseudofrequency becausewe can prove that
by cutting o the high pseudofrequency range, which is commonly done in physics and
engineering, we introduce only a small error. Unlike our technique, the method of [10]
is not covering an important application to medical optical imaging. In the latter case
the governing equationis cuy = u a(x)u; wherec= D ;D isthe diusion coe cient
(usually D  const:) and a(x) is proportional to the absorption coe cient. The coe cient
a(x) is of the main interest in this application, see,e.g., the review paper [2].

There are also someother numerical methods for multidimensional CIPs, which do not
require a good rst guess. They are non-iterative ones, since they construct unknown
coe cients via a seriesof steps. Unlike the current paper, they work for some CIPs
with the data resulting from multiple measuremets, rather than a single one. Because
of multiple measuremets, the applicability of these techniques is mostly limited to the
over-determined CIPs, with the only exception of the 2-dimensionalelliptic equation with
a xed frequency which is non-over-determined. In computations the over-determination
intro ducesan extra dimension, which is more expensive. We now cite only those methods,
which are con rmed by published numerical results. Methods of [23], [24] and [22] were
deweloped for CIPs for someelliptic equationswith xed frequency and their numerical
implemertations in 2-D can be found respectively in [8] and [21]. Methods of [6] and
[14] were deweloped for over-determined CIPs for some hyperbolic equations, and their
numerical implemertations can be found respectively in [7] and [14].

2 Statements of Forward and Inverse Problems

As forward problems, we consider Caudchy problems for some hyperbolic and parabolic
PDEs. The caseof a boundary value problem in a nite domain is not consideredin our
theoretical derivations only becausean analogueof asymptotic behavior (2.12)is not proved
in this case,since(2.12) is actually derived from Theorem4.1 of [25]. That theorem estab-
lishesa certain asymptotic behavior of the fundamertal solution of a hyperbolic equation
near the characteristic cone. Considerthe Cauchy problem for a hyperbolic equation

c(X)ug = u ax)uinR® (0;1); (2.1)
ux;0)=0u(x;0)= (x Xp): (2.2)
In parallel, considerthe Caudy problem for a parabolic equation
c(x)e;= B a(x)ein R® (0;1); (2.3)
g(x;0)= (X Xp): (2.4)

Equation (2.1) gogerns, e.g., propagation of acoustic and electromagneticwaves. In the
acoustical casel= c(x) is the sound speed. In the caseof EM waves propagation in a
non-magnetic medium the dimensionlesscoe cient c(x) isc(x) = () (x); where and

are respectively the magnetic permeability and the electric permittivit y of the medium.
In the caseof medical optical imaging, using propagation of the near infra red light, one
usesparabolic equation (2.3), in which c= D ! = const> 0;D is the diusion coe cien t
(usually the diusion coe cient changesslowly in biological media) and a(x) = ¢ a(X);
wherec, = const: isthe speedof light and ;(x) is the absorption coe cien t of the medium,
whoseimageis of an interest in this application, see,e.g., [2].

In principle, we can poseinverseproblemsfor eah of the equations(2.1) and (2.3) in the
time domain. Howewer, sinceour numerical method works with the Laplace transforms of



these equations, it is more corveniert to poseinverseproblemsfor the equation obtained
by this transform. Statemerts in the time domain are similar. In the caseof a nite
time interval, on which measuremets are performed, one should assumethat this interval
is large enough and thus, the t-integral of the Laplace transform over this interval is
approximately the sameas one over (0;1 ): Consider the Laplace transforms of ead of
functions u and &: We obtain

A A
w(x;s) = u(x;t)e Stdt=  e(x;t)e Stdt; for s> s= const: > 0; (2.5)
0 0

wheres is a certain number. In principle, it is su cien t to chooses sud that integrals(2.5)
would corverge. Howewer, we chooses experimertally in our numerical studies, because
it is involved in our algorithm. We assumethe positivity of the parameter s, becausewe
needto make surethat the function w(x;s) > 0 by the maximum principle. We call this
parameter pseudofrequency

As to the coe cien ts of equations(2.1) and (2.3), we assumethat

c(x) 2 (2dq;2dy) ; whered;;d, = const: > O (2.6)
c(x)2C? R® ;c(x) = cg= const: 2d; forx 2 R® ; (2.7)
a(x)2C%2 R® ;a(x) Oa(x)=ap=const: Oforx2R® ; (2.8)
where R2 is a bounded domain. The equation for the function w is
w  s’c(x)+ a(x) w= (X Xg);8s s= const.> 0: (2.9)

Naturally, we imposethe following condition at the in nit y

J_XIJ_i'rln w(x;s) = 0;8s s= const:> 0: (2.10)
Condition (2.10) can be easily justi ed as follows. Classic estimatesfor the fundamertal
solution of the parabolic equation (2.3) actually estimate the function g(x;t) from the
above via the solution of the sameequation but with constart coe cien ts [18], Chapter 4,
Y13.Next, the Laplacetransform for the latter solution can be calculatedin a closedform
and it satis es (2.10). Using the classictechnique for elliptic equations,one can prove that
for every s s there exists unique solution w(x;s) 2 C3 R® fjx Xgj< rg ;8r > 0 of
the problem (2.9), (2.10). Furthermore, by the maximum principle

w(x;s) > 0;8s s: (2.11)

To justify the asymptotic behavior of the function w(x;s) at s! 1 ; we needto formulate
Lemma 2.1 [17].

Lemma 2.1. Letthefunction w(x;s) 2 C® R® fjx Xoj < "g ;8" > 0 hbethe solution
of the problem(2.9), (2.10). Suppsethat conditions (2.6)-(2.8) are satis ed. Assumethat
gedesic lines, geneated by the eikonal equation correspnding to the function c(x) are
regular, i.e. any two points in R2 can be connected by a single geodesicline (this is true, of
course, if ¢ const: > 0): Let | (X; Xg) be the length of the geadesic line connecting points
x and Xg: Then the following asymptotic behavior of the function w and its derivatives
takesplace for j j 2, = 0;1;x 6 Xg

exp[ sl (x; xo)]

DXDSW(X; S) = DXDS f (X' XO)

1
1+ 0O s sl 1 (2.12)



wheee f (x; Xg) > 0 is a certain su ciently smaoth function for x 6 Xg:

Note that a certain over-smathnessof coe cien ts is usually assumedor a CIP. Actually,
this is a certain consequencenf the fundamertal Tikhonov theorem [28]. This theorem
claims the cortinuity on a compact set of an operator, which is an inverseto a one-
to-one cortinuous operator. That compact set should be a priori known, becauseof a
priori knowledge of the range of parametersfor a speci ¢ applied inverse problem. In
applications this compact set is often called the set of admissible parameters . Howewer,
in our particular case,the C? smoothness required by Lemma 2.1 is also becauseof
Theorem 4.1 of [25], which implies the asymptotic behavior (2.12). Note that Theorem
4.1 of [25] actually requires a higher smoothness of coe cients. This is becauseit is
concernedwith many terms of the asymptotic behavior of the fundamertal solution of the
hyperbolic equation near the characteristic cone. Howewer, since (2.12) is dealing only
with the rst term of this behavior, then it follows from the proof of that theorem, that
the C2 smoothnessis su cien t (also, seeAcknowledgmert). Still, we do not actually use
the C2 smoothnessassumptionin our computations. Instead we verify the asymptotic
behavior (2.12) computationally, seesubsection7.3.

We formulate the inverseproblem for the elliptic equation (2.9) with the condition (2.10).

Inverse Problem. Let R3 be a convex bounded domain: Supposethat one of
coe cien ts of the equation (2.9) is unknown in ; the other one is known, and both
coe cien ts have known constart valuesoutside of : Determine that unknown coe cien t
forx 2 ;assumingthat the following function ' (x; s) is known for a singlesourceposition
Xo Z -

w(x;s) =" (x;9);8(x;8)2 @ [s;5]; (2.13)

wheres > s is a number, which should be chosenexperimentally in numerical studies.

The question of uniquenessof this InverseProblem is a well known long standing open
problem. However, in the casewhenthe function (x Xg) aboveisreplacedwith a close
function f (x) 6 0;8x 2 ; it is addressedositively via the method of Carleman estimates,
see,e.qg., [16, 17]. It seemsthat such a replacemen of the function (x Xxg) should not
a ect signi cantly the quality of numerical results, although we have not investigated this
issue. It is an opinion of the authors that becauseof applications, it makes senseto
dewelop numerical methods, assumingthat the question of uniquenessof this problem is
addressedpositively. In addition, the question of uniquenessof the transformed equation
(3.8) with the Caudy data (3.9) was addressedpositively, in Theorem 6.5.1in [15] under
the assumptionthat the function V (x;3) is known.

3 Nonlinear Integral Dierential Equation Without the

Unknown Coe cient
Following one of ideas of the corvexi cation, which actually hasroots in the above men-
tioned method of Carleman estimatesfor CIPs [16, 15], we rst transform our problem to
the Caudhy problem for a nonlinear elliptic integral-di erential equation, in which the un-

known coe cien t is not presen. Becauseof (2.11), we can considerthe function v = Inw:
Then (2.9) and (2.13) lead to

v+ jr vjiZ = sc(x) + a(x) in (3.1)

v(x;s)="1(x;8); 8(x;8)2 @ [s;S]; (3.2)



where' 1 = In". Consider, for example the casewhen the coe cient ¢(x) is unknown.
The ideais to eliminate c(x) from equation (3.1) via the di erentiation with respectto s,
since@c(x) = 0: Introduce a new function e by

%
e = ?: (3.3)

Assumingthat conditions of Lemma 2.1 hold, we obtain

D,(e)=0 % ;DyDs(e) = O 5_12 ;s 1 (3.4)

By (3.1)
e+ s2(r @)?=c(x)+s 2a(x): (3.5)

Denote
q(x;s) = @e(x;s): (3.6)

By (3.4) and (3.6)
A
e(x;s) = q(x; )d:

We truncate this integral as

75
e(X;s) q(x; )d +V (x;35); (3.7)

S

wheres > sg is a large number which should be chosenin numerical experiments, see
subsection 6.3 for some discussion. We call the function V (x;3) in (3.7) the tail, and
this function is unknown. By (3.4) the tail is small for the large valuesof 3. In principle,
therefore, onecan setV (x; 35) := 0. However, our numerical experience,as well as section
4 of [27], show that it would be better to somehev approximate the tail function via
updating it in an iterativ e procedure,and we descrike this procedurein section5. We call
this procedure iterations with respect to tails .

Below we seta(x) := 0 for brevity. We note that in the casewhen the coe cient a(x)
is unknown, rather than c(x) ; one should replacefunctions v and q above with

b= v+ sl(x;X0);0(x;8) = @Qv+ |(X;Xo0);

which will guarariee a direct analogueof the proper asymptotic behavior (3.4). The rest
of the method of this article will remain almost the samewith a few insigni cant changes.

Thus, we obtain from (3.5)-(3.7) the following (approximate) integral nonlinear di er-
ential equation

7s ZZ§ 32

q 2s°rq raq(x; )d +2s4 rq(x )d>S (3.8)
S S
7s
+2srqr V. 2sr V. rq(x; )d +2s(r V)2=0



In addition, (3.2), (3.3) and (3.6) imply that the following Dirichlet boundary condition is
given for the function q

axs)= (xs); 8(x;s)2@ [s;8]; (3.9)
where 1 @ 2
n
%9 e @ &

Supposefor a momert that the function q is approximated together with its derivatives
D,qg;j j 2 Then a correspnding approximation for the target coe cien t can be found
via (3.4) as

c(x)= e+ s2(r e?; (3.10)

where the function e is found from (3.4). Although any value of the pseudofrequency
s 2 [s;5] can be usedin (3.10), but we found in our numerical experimerts that the best
valueis s ;= s: An equation, similar with (3.8), waspreviously derivedin the convexi cation
method [15], although with both Dirichlet and Neumann data given only at a part of @ .
Regardlesson the di erence in the data setting, the major di erence betweenthe current
method and the corwvexi cation is in the procedure of solving equation (3.8). Indeed,
(3.8) is a nonlinear elliptic integral di erential equation, in which the integration is carried
out with respect to a parameter, which is not involved in the dierential operator. If
integrals would be absert and the tail function would be known, then this would be a
simple Dirichlet boundary value problem for the Poissonequation. Howewer, the presence
of integrals implies the nonlinearity, which is the main di cult y here. Thus, belov we are
mostly concernedwith the following question: How to solvenumerically the problem(3.8),
(3.9)?

4 Layer Stripping With Respect to the Pseudo Frequency

We approximate the function q(x; s) as a piecewiseconstart function with respect to the
pseudofrequencys: That is, we assumethat there exists a partition

S= Sy <Sy 1<::<S51<5=65;S5i1 S=h
of the interval [s; 3] with su cien tly small grid step sizeh sudc that

a(x;s) = oh (x) for s2 (sn;sn 1l:

Hence

VA X 1
raqx; )d =(sn 1 S)row(X)+h rg(x);s2(sn;Sh 1l: (4.1)
s j=1

We approximate the boundary condition (3.9) as a piecewiseconstart function,

h(X)= ,(X);x2@; (4.2)
where
12
Ca(x) = 0 (x;s)ds: (4.3)

Sn



Hence,equation (3.8) can be rewritten as

0 1
1

X
Bn(h):= G 2s* 2s(sh1 S) @ rg (A 1o
j=1

+2 s> 25(Sp 1 S) r oy rV(xs)

0 1,
1

X
=2(sn 1 9) §* s(sn1 S (ra)® 2h*@ rg (A (4.4)
j=1

0 1
g(l

+4sr V (X;3) @h rg (xX)A  2s[r V (x; §)]2;32 (sn 1;Sn]
j=1

Equation (4.4) is nonlinear and it dependson the parameters; whereasthe function gy (x)
isindependen ons. This discrepancyis dueto the approximation of the function q(x; s) by
a piecewiseconstart function. Although it seemsthat equation (4.4) is over-determined
becausethe function g, (x) is not changing withe the change of s; but variations of s-
dependert coe cien ts of (4.4) are small over s 2 [sh; Sy 1) ; becausethis interval is small.
This discrepancyis helpful for the method, becausédt enablesusto mitigate the in uence
of the nonlinear term (r qn)2 in (4.4) via introducing the s-dependert CWF.

In addition, we add the term "g, to the left hand side of equation (4.4), where" > 0
is a small parameter. We are doing this because by the maximum principle, if a function
p(x; s) is the classicalsolution of the Dirichlet boundary value problem

En(p "p=f(9)in ;pje= pu(Xs);
then [19] (Chapter 3, Y1)

" ITmaxjfj ;852 (sn 1;Snl: (4.5)

maxjpj max m@axjpbj ;
On the other hand, if " = 0; then the analogousestimate would be worse becauseof the
involvement of someconstarts depending on max—jr ¢ j: Therefore,it is anticipated that
the introduction of the term "qn should provide a better stability of our process,and we
indeed obsene this in our computations (subsection7.3).
Introduce the s-dependert Carleman Weight Function C, (s) by

G (s)=exp[ js sn 1j]:S2 (Snisn 1ls (4.6)

where >> 1 is a parameter. In real computations this parameter should be chosen
experimentally (subsection7.3). Theorem 6.1 establishesthat it is possibleto choosean
appropriate value of ; and the proof of this theorem provides a recipe for sud a choice.
Multiply both sidesof (4.4) by this CWF and integrate with respect to s over the interval
[Sn;sn 1]: We obtain

I

Lh(h):= oh Agn h 1 g roh+Amrch rvV "o

!
(r ¢)? Apph? D(1r 2
2 G (x) (4.7)
i=1

2|l;n
lo



where
2n
o=lo(ih= G (9ds= 2
Sn 1
2n
l1n =10 (5 D)= (Sn 1 ) s? s(sn1 5) G (s)ds;
Sn 1
) &
Ain = Apn(; h) = 0 s> 2s(sn 1 S) G (s)ds;
Sn 1
o &
Azn = Aza (i )= = SG (9)ds:
Sn 1
An important obsenation is that
Jlll(:((ihr)m 9; for h 1, (4.8)

where C > 0 is an absolute constart independent on ; h;n: Therefore, by taking >> 1;
we mitigate the in uence of the nonlinear term with (r qn)2 in (4.6), and we usethis in
our iterativ e algorithm via solving a linear problem on ead iterativ e step.

Remark 4.1. In computations the above integrals with the CWF should be calculated
in closedforms. This is becausefor large the function G, (s) is changing rapidly and,
therefore, the integration step sizeshould be takentoo small. In principle, onecandecrease
the step sizeh in the s-direction instead of using the CWF. Howewer, the introduction of
the CWF provides more exibilit y for the choice of parameters for computations, since
parametersh and are independer, aslong as h 1. In addition, taking h too small
would increaseof the computational time, becauseonewould needto compute sequetially
too many functions g, : Finally, our computational experienceshownsthat oneshould choose
di erent parameters := | for di erent valuesof n, seesubsection7.3. Hence,the absence
of CWFs would mean the choice of a variable step size h, which would only introduce
additional complicationsin the algorithm.

5 The Algorithm

The above considerationslead to the algorithm described in this section. Below Ck*
are H®lderspaceswherek 0Oisanintegerand 2 (0;1) [19]. In particular, we describe
here an important procedurefor updating tails, which we call iterations with respect to
tails . In our numerical experimerts the starting value for tails V1.1 := 0, which correspnds
well with the asymptotic behavior (3.4) and alsore ects the fact that we do not have a good
rst guessabout the solution. In the corvergencetheorem we assumethat kVi:1Ke.. ®
is su cien tly small.

Sincein an applied scenariothe boundary data for an inverse problem are given from
real measuremets, then one does not needto solve the forward problem in this casto



generatethe data. In our case,howewer, we rst needto generatethe data from the
solution of the forward problem (2.1), (2.2) and to work with the boundary data (4.2)
then, pretending that we have forgotten about the coe cient c(x); asit is always done
in computational simulations for inverseproblems. Hence,we assumein this section that
the forward problem is already solved and the data (4.2) are generated. We assumein this
and next sectionsthat R3 is a convex boundeddomainand @ 2 C*3:

Remark 5.1. Note that we needR3 rather than R? in our derivations only to justify
the asymptotic behavior (3.4), becauseof Lemma 2.1. Howewer, if assumingthat suc a
behavior holds, then we can considerboth R? and R?: In our numerical experimerts, which
are in 2-D, we verify this asymptotic behavior computationally.

Remark 5.2. In our algorithm we reconstruct iterative approximations cpx (X) 2
C  only inside the domain : On the other hand, to iterate with respect to tails, we
needto solve the forward problem (2.9), (2.10) in the ertire spaceR?® with ¢(x) := Cqyx (X)
and a(x) = 0: To do so, we needto extend ead function ¢k (x) outside of the domain

in sudh a way that the resulting function b, 2 C R3 and b,k = 2d; outside of
This canbe donein a standard way via consideringa bigger transitional corvex bounded

domain © and using sud a function (x) 2 C! R?® that
8 ) 9
< lin ; =
(x)= betweenland2d;in ° ;

2d; outside of ¢ '

The existenceof such functions (x) is well known from the Real Analysis course. The
resulting function in this caseis  (x) Chk (X) = buk (X) 2 C R® and by (x) = const: =
2d; outside of © So, everywhere belov we assumewithout further mertioning that this
procedure is applied to ead function cnk (X): In our numerical experimerts we simply
extend ead function cnk (x) outside of our specic domain  as bk (X) = 1: This is
becauseour correct target function equalsl near the boundary of

Step 1. Chooseaninitial tail function Vi.1 (x;3) 2 C>* . Choosea large parameter

>> 1 and a small parameter" 2 (0;1): To compute the rst approximation qi.; for the
function g for this tail, solve the following Dirichlet boundary value problem

Qui+ Anal Gur ' Var "Qua= A1 (r Vi) (5.1)

Q1= 1(x);x2@; (5.2)

By the Sdauder's theorem (seebeginning of subsection6.2) the problem (5.1), (5.2) has
unique solution g1 2 C?*  : Reconstruct an approximation cp1(x) 2 C ~ for

the unknown coe cient c(x) using the function g;.1 (x) and formulas (3.7), (3.10) with
V (X;8) = V1.1 (X;5) ;S = s1.

Step 1%, k  2: Solwe the forward problem (2.9), (2.10), in which ¢(x) = ¢k 1(X),
a(x) = 0;s = s: We obtain the function wy.(x; S) this way: Update the tail function as

Vi (X;3) = g—lzln wik(x;35) 2 C?* T (5.3)
Next, solve the boundary value problem for equation
wy_ ol1a 2 2
Ok + Azal Gk T Vik  "duk = ZK (r gk 1)° Aza(r Vix) (5.4)
with the boundary condition (4.2) (at n = 1). We obtain the function gy 2 C?*

Reconstruct a new appraximation ¢;x 2 C  for the unknown coe cient using the
function gp.x (x) and formulas (3.7), (3.10) with



V (X;5) := Vik (X;5);s := s1. Make seweral steps 11:12::::1M1: As a result, we obtain

functonsq 2 C>* ~ ;c12C  ; where
Qi (X) = O:m, (X);C1(X) = Crim, (X): (5.5)
Step nl: Having functions o1;:::;¢h 12 C?* —  and the tail function
Vo 1m, ;(X;35)2C?"  ;set
Vhi1(X;8) = Vi 1m, ,(X;5); (5.6)
Oh;0 := Oh 1: (5.7)
Solwve the following elliptic boundary value problem for the function gy.1
0
1
Oh;r Ain @n r CIjA r' ;1 "On;at Agnl Ghik T Vn1 =
j=1
0 1,
I'1;n 2 Xt
zﬁ (r th;o) Ao h2@ r G (X)A (5.8)
j=1
0 1
X 1
j=1
h1(x) = (X):x2@: (5.9)
Hence,we obtain the function g,.1 2 C?* ~ : Reconstruct an approximation cy:1 (X) 2
C  for the unknown c(x) using the function .1 (x) ; aswell as functions o;:::;0h 1

and formulas (3.7), (3.10), whereV (X; 5) := Vp.1(X;S) ;S = Sp.
Step nX, k  2: Solwve the forward problem (2.9), (2.10), in which ¢(x) := Cnk 1(X),
a(x) = 0;s = s: We obtain the function wy (X; S) this way: Update the tail function as

1 _
Vi (X;3) = = In wnk (X; ) 2 C2* : (5.10)
Next, solve the boundary vglue problerln
1
Ok Arn @n r QjA I hk  "Onk * Aznl Ok T Vik
j=1
0 1,
1
_ Sl 2 2 @X (VA
= ZK (r hik 1) Aznh rg (x) (5.11)
j=1
0 1
K 1
j=1
Gk (X) = L (X);x2@ (5.12)

Reconstruct a new approximation c, (x) for the unknown coe cient, using (3.7) and
(3.10) with V (X;3) := Vak (X;3);s := s,. Make seweral stepsnt;n?;::;n™n: As a result,
we obtain the following functions

th = Ghm, 2C* 7 = Cm, 2C (5.13)

If the functions ¢, (x) did not yet converge,then proceedwith Step(n + 1)1; provided that
n < N. Howewer, if either functions c,(x) corverged,or n = N; then stop.
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6 Global Convergence Theorem

Below we follow the conceptof Tikhonov for ill-p osedproblems[28], which is one of badk-
bonesof this theory. By this concept, one should assumerst that there exists an ideal
exact solution of the problem with the exact data. Next, one should assumethe presence
of an error in the data of the level ; where > 0is a small parameter. Supposethat an
approximate solution is constructed for ead su cien tly small . This solution is called
a regularized solution, if the  dependent family of these solutions tends to the exact
solution as tendsto zero. Hence,one should prove this corvergence(Theorem 6.1).

6.1 Exact solution

First, we introduce the de nition of the exact solution. We assumethat there exists an
exact coe cien t function ¢ (x) 2 C ;= const: 2 (0;1); which is a solution of our
InverseProblem. Let the function

w (x;s)2C% R® fjx xg< g:8 >08s>s
be the solution of the problem (2.9), (2.10) with c(x) := ¢ (x). Also, let

e ()= 2 (65) [ngx’ AN g (5= LI g v 9 =e (x9:
By (3.10)
c(x)= e +5°(re): (6.1)
Also, the function q satis es the following analogueof equation (3.8)
7 2 3,
q 2s°rq rg(x )d +2s4 rq(x; )d?3 (6.2)
S S
Zs

+2s’r qr V. 2sr V rgx )d +2s(rV )2: 0;(x;s) 2 [s;3];
S

with the boundary condition (see(3.9))

q(xs)= (x9:(x5)2@ [s3; (6.3)
where by (2.13)
1 @ 2In"
(Xs) = i—5 G o

where' (x;8) = w (X;9) jx2@ :

De nition . We call the function q (Xx; s) the exact solution of the problem (3.8), (3.9)
with the exact boundary condition  (x;s). Naturally, the function ¢ (x) from (6.1) is
called the exactsolution of our InverseProblem.

Therefore,

q(xs)2c?®* — c!Is3: (6.4)

We now approximate the function g (x; s) via a piecewiseconstart function with respect
tos2 [s;S]: Let
1 F 1 K1
Gh(x)= 5  a(xs)ds; ,(x)

Sn Sn

Ol

(x;s)ds



Then
q (Xs)=0,(X)+Qn(x;s); (X8)= (X)+ n(X8);s2[sn;sn 1l; (6.5)
where by (6.4) functions Q,;  are sud that for s 2 [sp;Sh 1]
KQn (X; S)Kc 2 ® C hik n (X s)kear ® C h;n= 1;::;N; (6.6)

wherethe constart C > 0 dependsonly onC?* ~  ClJs;s] and
C* (@ C![s;s] norms of functions @ and  respectively. Hence,

h(X)= ,(x);x2@ (6.7)

and the following analogueof equation (4.7) holds
X 1 !
0, Ain h rg (X) rag,+Amrg, rv (x;s)
i=1

I
1 © 2

X
(r 4)° Agnh? r g (x) (6.8)
i=1

— 2ll;n
lo

|
X 1 .
+2A20hr V (x;3)  h 1 g (x) Aon[r V (3% + Fn (X h; );
i=1

wherethe function F, (x;h; )2C  and

rg]a?an (x;h; ke ) C h: (6.9)

We also assumethat the data ' (x;s) in (2.13) are given with an error. This naturally
producesan error in the function (x;s) in (3.9). An additional error is introduced due
to the averagingin (4.3). Hence,it is reasonableto assumethat

a0 ), @ CrCrh; (6.10)

where > 0 is a small parameter characterizing the level of the error in the data (Xx;s) ;
and the constart C; > 0 is independert on numbers , h and n.

Remark 6.1. It should be noted that usually the data ' (x; s) in (2.13) are given with
arandom noiseand the di erentiation of the noisy data is an ill-p osedproblem, seesection
7 for our way of handling it.

6.2 Convergence theorem

First, we reformulate the Sdauder's theorem in a way, which is conveniert for our case,
see[26], and Chapter 3, Y1in [19 for this theorem. Denote

B= max 2 rpa>§(A1;n(; h);Azn (5 )
Introduce the positive constart M by

M =B ln}]a)f\l kanCl+ (*) + kV kC1+ (*) +1 :2C;:C ,Cl ;
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whereC and C are constarts from (4.8), (6.9) and (6.10) respectively. Sincethe constart
B dependson s and s; then

M =M ,max KbhKei (7) 1KV keae ()88
Considerthe Dirichlet boundary value problem

X3
u+ B (X)uy, dxju=f(x),x2 ;
j=1

uje=9(x)2C* (@ ;

where functions

b;dif 2C ~ ;d(x) 0; max kbke (—);kdkC O) M :
By the Schauder theorem there exists unique solution u 2 C2* —  of this problem and
with a constart K = K (M ;) > 0 the following estimate holds

h i

Theorem 6.1. Let R2 be a convexboundel domain with the boundary @ 2 C3: Let
the exactcoe cient ¢ 2 C2 R3 ;¢ 2 (2d1;2dy) and ¢ (x) = const:  2d; for x 2 R3
For any function ¢(x) 2 C R® suchthat c(x) di;c(x) = 2d; for x 2 R®  consider
the solution w¢ (x;3) 2 C3 R® fjx Xgj < rg ;8r > 0 of the problem(2.9), (2.10) with
a(x)= 0:Let Vo =35 ?2Inwe(x;3) 2 C%*  be the correspnding tail function. Supmse
that the cut-o pseudofrequency S is so large that for any such function c(x) satisfying
the inequality kc ¢ kg ) d; the following estimateshold

kV k02+ (7) ;kVCkCZ+ (7) ; (6.11)
whee 2 (0;1) is asuciently small numker. Let V1.1 (x;3) 2 C?*  — betheinitial tail
function and let

kV1;1k02+ ) : (6.12)
Denote = h+ + + " Let N N be the total numker of functions g, calculated by
the above algorithm. Supmsethat the number N = N (h) is connected with the stepsize h
via N (h)h = ; wheew the constant > 0 is independenton h. Let be sosmall that
min 1.t (6.13)
2M 16K M '

Then there existsa su ciently small numker o= o(K (M ;) ;M ;s;5;d;;ds) 2 (0;1)
andasuciently largenumker = (K (M ;) ;M ; ) > 1suchthat for all 2 (0; o)
and for everyinteger n 2 1;N the following estimateshold

Kthkeze () 2M (6.15)



ken Cke (-y 10K (M )2 1+ %2 pl—_+3 : (6.16)

Remarks 6.2:
1. The parameter characterizesthe error both in the data and in our mathematical
model. One shouldhave ! 0: Howewer, sincein the reality it is o its limiting value and

we also have someother parameters, it is important to conduct numerical experimerts,
which would verify this theorem.

2. Truncating integrals at a high pseudofrequencys is a natural thing to do, becausen
physics and engineeringone routinely truncates high frequencies.By truncating integrals,
we actually come up with a di erent, although a quite reasonablemathematical model.
Consider now the in uence of this truncation on the accuracy of the reconstruction. Let,
for exampleh= "= = :and 2 = : Then estimates(6.14)-(6.16) imply that the
error of our reconstructionis O( ) for ! 0: In other words, one of claims of Theorem
6.1is that the error of the reconstruction of the unknown coe cien t is mainly determined
by the truncation error, which meansthe error in our new mathematical model. This
conclusionis going along well with our numerical experimers, seesubsection7.4.

3. Conditions (6.11), (6.12) with a small number are natural ones,becausethe number
S is supposedto be suciently large, and by (3.4) the function &(x;5) tends to zero
together with its x-derivativesass! 1 : Therefore, the condition (6.12) does not imply
the assumptionof the closednes®fthe rst guessto the correct solution. For example,one
can simply choosethe initial tail function Vi1 = 0; which we do numerically, and (6.12)
would still hold for a large .

4. One of basicideasof the theory of ill-p osedproblemsis that the number of iterations
can be chosen as a regularization parameter, see, e.g., page 157 of [11]. In principle,
therefore,we have a vector W;ml;:::;mN— of regularization parameters.However, we work
in asimpler way in our computations: we takein our computationsmi = my = 1 = mp, =
4 up to a certain number ng and then we take mpy+1 = Mpg42 = 0= My = 7, seedetails
in subsection7.3. Setting N (h)h = = const: > 0is in an agreemen with, e.g. Lemma
6.2 on page156 of [11], sincethis lemma shows a connectionbetweenthe error in the data
and the number of iterations (that lemma s proven for a di erent algorithm). In our case
h can be consideredas a part of the error in the data, sincewe have replaceda smaooth s-
dependert function with a piecewiseconstart one. In our computationsh = 0:05 N 12
and N = 15 The fact that in somecomputations Nh = 0:6 indicates that the estimate
(6.13) is probably a more pessimisticonethan it is actually required by computations, as
it is often the casein numerical methods for ill-p osedproblems.

5. It seemsto be at the rst glancethat becauseof (6.16), one can stop the iterative
processat n = 1. Howewer, our numerical experience shows that this way one cannot
obtain good images.Here is a qualitative explanation of this. Equation (4.7) at n = 1
actually doesnot contain a su cien t nonlinearity if the parameter is su ciently large
(see(4.8)). It is known, on the other hand, that linearized inverseproblemsrarely image
well high inclusions/badkground cortrasts. The increaseof n brings more nonlinearity in
the process,becauseof terms with r ¢ in (4.7). This nonlinearity, in turn enablesone to
image those cortrasts well.

6. In terms of Remark 5.1 one can replacein Theorem 6.1 R? with R? and the proof
will remain unchanged.
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6.3 Proof of Theorem 6.1

This proof basically consistsin estimating di erences between our constructed functions
Ohk; Vnk and functions q,; V,, : We are doing this using the Scauder theorem, (6.11) and
(6.12). Since coe cien ts at lower order terms of our elliptic equations (5.4), (5.8) and
(5.11) are changing with iterations, we needthe condition (6.13) in order to have bounds
for those coe cients for n N First, we estimate the di erences between functions g«
and q;; k = 1;::;;mq: Denote

Gk = hk Gi%k=Vak V&= _n n-

By (6.11) and (6.12)

‘91;1 cz () 2 M : (6.15)

Substituting n = 1 in (6.8) and subtracting it from (5.1) and also subtracting (6.7) from
(5.2), we obtain

[ 1.
@1 '@ Azar Viar e = 2|1—(’)l(r t)? (6.16)
Apar o1 r o Agar Ba(r Via+r V) "q  Fyg;

a1(X)= & (x);x2 @: (6.17)
Hence,combining Scauder theorem with (4.8), (6.9), (6.10) and (6.15)-(6.17), we obtain

kql.;lkc2+ (7) K M kl’ qlké (7) + 3K M . (618)
First, let k = 1. Sincekr g,k ) M ; then (6.18) implies that
n 2 #
kq1;1k02+ ) KM M) + 3
Choose solarge that
2
My (6.19)
Hence,
kql;]_ + q1k02+ ) kq1;1k02+ ) + 2kq kCZ" ) (6.21)

1
KM p=+3 +2M 3M :

Using (3.10) and updating the tail asin Step 1! (section 5), we obtain from (6.20) and
(6.20) that if o= o(K (M ;) ;M ;s;5;dy) 2 (0;1) issuciently smalland 2 (0; o);
then the estimate (6.16) holds for the function cy.1;

kera cke (y 10K (M )2 1+ 52 pl—_+3

Since issmallandc  2d;; thenci;  dg in R® (seeRemark 5.2): Therefore by (6.11)

and (5.3) ‘91;2 cz () 2



Estimate now key;2K»- ) Substituting k = 2in (5.4) andn = 1in (6.8), subtracting
(6.8) from (5.4), aswell as (6.7) from (5.2) and using (5.3), we obtain
@2 Apil Vier @2 @2

l1:1
o L1
lo

(r @) (roga+r o)

Arar Qror o Apar Bo(r Vio+r V) "g; Fi
Hence,(6.20) and (6.21) imply that

2
kenokeae () KM )M phvs +3kMm (6.22)

Choose sud that in addition to (6.19)

2
kM )" _ .. (6.23)
Then (6.22) leadsto
kQL;szzJ, ) 2KM pl: +3 (6.24)
and similarly with (6.21)
Koz + pKeos ) 3M : (6.25)
Hence,similarly with the above, (6.16) holdsfor the function c;., and, therefore, ¥.3 ()
2
Considernow @y.3: Using (6.23) and (6.24), we obtain similarly with (6.22)
2
K 3Ke 2+ ) wK M plt +3 +3KM (6.26)
1
2KM  p=+3
Hence,similarly with (6.25)
Koz + qpKeos ) M (6.27)

Sincethe right hand sidesof estimates(6.26) and (6.27) coincidewith the right hand sides
of estimates(6.24) and (6.25) respectively, then repeating this processm times, we obtain
using (5.5)

1
Kdim,  Ohkeze ()= ko Gikezr () = K@ikear () KM p=+3
kQ1;m1kCz+ (_) = kq]_kC2+ (_) 2M ,
2 2 1
kcy ckc(—) 10K (M )° 1+53 p—=+3
Supposethat forj = 1;::;;n 1 and for n < N the estimates(6.14)-(6.16) hold, i.e.,

1
9 G co ()= Kakez () KM p=+3 (6.28)
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kgj K2+ ) M ; (6.29)

kg cke () 1K (M )2 1+ 52 plt+ 3 (6.30)

We now prove that the sameestimatesare valid for j := n. Consider the function gp:1:
Subtracting (6.8) from (5.11) and (6.7) from (5.12), we obtain

0 1
1

&1 Arn @n r ()A T &1t Arnl Vir I @1 "6
j=1

1.
= 2710 @o(r Gho+ T )]

2 30 1
X 1 X 1
j=1 j=1
2 3
K 1
j=1
@uiie = En(x): (6.32)

Estimate the secondand third termsin the right hand sideof (6.31). Using the de nition
of the number M , aswell as (6.29), we obtain for the rst part of the secondterm

X 1 3

=1 2

On the other hand, by (6.28)

9(1

. . 1 — 1
h jrqf 2KM p=+3 Nh=2KM p=+3
j=1
Hence,

X 1 X 1

Apnl ¢y Azph rg+rgqg +2Anr Voa h rq (x) (6.33)
i=1 j=1

3 1
4K (M )2 1+ M p—+3

Estimate now the third term in the right hand side of (6.31). Similarly with the above we
obtain using (6.11)

2 3
9(1

42A2;nh rq Apnr 0, Aan(r Vpa+r Vv )5I’ 9n;l M 1+ ) :
j=1

Combining this with (6.33), we obtain

X 1 X 1
Ainr g, Aznh rg+rgqg +2Anr Voa h r g (x)

i=1 =1



2 3

K 1
j=1
3 1
4K M 1+§M M p=+3 +M (1+ ) :

Choose sud that in addition to (6.19) and (6.23)

1
p— : (6.35)
Then using (6.13), we obtain
3 1 3 3
4K M 1+§M M  p=+3 16K M 1+§M M EM
Also,M (1+ ) 3=2M : Hence,we obtain from (6.34) and (6.35)
X 1 X 1
Apnf 0, Aznh rg+rgqg +2Anr Voa h r g (x)
j=1 j=1
2 3
X 1
+ 42A2;nh rg Apnl & Azn(r Vop+rV )or $1 3M (6.36)

j=1

Recallthat V.1 = Vi 1:m, ,: Hence,by (6.11), (6.13) and (6.28)-(6.30) coe cien ts at .1
in equation (6.31) do not exceedM : Hence,applying Schauder theorem to the Dirichlet
boundary value problem (6.31), (6.32) and using (6.10) and (6.36), we obtain

KM
k%;lkc2+ (—) —kq~|;0kc (—) kq~| kC (—) + M + 3KM (637)

Sinceby (5.7) th.o = o 1, then (6.28)-(6.30), (6.37) and (6.23) lead to

2
Kehikeze () KM )M ghvs +3kM (6.38)
1
2KM p=+3
Hence,

Sincethe right hand sidesof estimates(6.38) and (6.39) are the sameas onesof estimates
(6.26) and (6.27), from which estimatesfor functions g:; ¢ and ¢c; ¢ were derived, we
obtain that estimates (6.28)-(6.30) are valid at | = n. This establishesestimates (6.14)-
(6.16). To nish the proof, we note that only three conditions (6.19), (6.23) and (6.35)
were imposedon the parameter :

7 Numerical Study

We test our algorithm for the problem in two dimensions.
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(@ Grpwm (b) G=Grem [ GFpwm (©) GFewm

Figure 1: The hybrid mesh(b) is a combinations of a structured mesh(a), where FDM is
applied, and a mesh(c), wherewe useFEM, with athin overlapping of structured
elemerts.

7.1 The Forward Problem

We now considerthe above inverseproblem for the time-dependert scalar wave equation
modeling either acoustic or electric wave propagation (section 2) in a squareG  R? with

the boundary @ = @5, [ @52 @53 (Figure 1). Here @s; and @5, are respectively top
and bottom sidesof the largest squareof Figure 1 and @53 is the union of left and right
sidesof this square. The forward problem is

@u .
c(x)@ 4u=0;, inG (0;T);

u(;0)=0; %( ;0) = 0; in G;
@u g, =T (1); on @51 (0;ta]; (7.1)
@U &, = @u; on @1 (t1;T);
@U g, = @Qu; on @ (0;T);
=0, on@s (0;T);

®
c

8
[

whereT is the nal time. When calculating the Laplace transform (2.5) of the boundary
data, we integrate for t 2 (0;T), thus calculating an approximation of this transform.
The plane wave f is initialized at the top boundary @5, of the computational domain
G, propagatesduring the time period (0;t1] into G, is absorbed at the bottom boundary
@s, for all timest 2 (0;T) and it is also absorbed at the top boundary @51 for times
t2 (ty;T). Here

0 t

_(sin(st =2)+ 1),
fo = 0 ,
We are interested in the reconstruction of the coe cient c(x), which is the wave speed
1= c(x) in the caseof acousticsand the product () (x) = ¢(x) of magnetic permeability
and electric permittivit y in the EM case. The asymptotic behavior (2.12) will be veri ed
computationally.

The computational domainin all ourtestsG = Ggem [ Grpwm issetasG = [ 4:0;4:0]
[ 5:0;5:0]. This domain is split into a nite elemen domain Gggy = [ 3:0;3:0]
[ 3:0;3:0] and a surrounding domain Ggpy , SeeFigure 1. The spacemeshin rgm
consistsof triangles and in  gpym of squares,with mesh sizein the overlapping regions
i = 0:125 We apply the hybrid nite elemen/di erence method presenied in [5] where

2 .
< (7.2)



(@ Grem, (©) Grewm, (c) GFEMm,

Figure 2: Computational domains

nite elemens are usedin Gggpm and nite dierencesin Ggpwm . At the top and bottom
boundariesof G we use rst-order absorbing boundary conditions [12] which are exact in
this particular case. At the lateral boundaries, mirror boundary conditions allow us to
assumean in nite spacedomain in the lateral direction.

In real applications the data are generated by emitting waves on the surface of the
investigated object and are then recorded on parts of the surface of the object. In this
paper, we work with the computationally simulated data. That is, the data are generated
by computing the forward problem (7.1) with the given function c(x). The corresponding
solution is recordedat the ertire boundary then. Next, the coe cient c(x) is forgotten,
and the goal is to reconstruct this coe cient from the Dirichlet boundary data given at
the boundary of the subdomain GEgy G, which are computed along with the solution
of the forward problem. We assumethat c= 1in gpym. Thus, we needto reconstruct
the coe cient c(x) only in Gggpm .

7.2 A hybrid nite element/di erence method for the forward problem (7.1)

To solve the forward problem (7.1), we usethe hybrid FEM/FDM method described in
[4] and [5]. This method usescortinuous space-timepiecewiselinear nite elemens on a
partially structured meshin space. The computational domain G is decommsedinto a
nite elemen domain rem (the sameas Gggy above) with an unstructured meshand
a nite dierence domain gpy (the sameas Ggey above) with a structured mesh, see
Figure 1. In rpm We use quadrilateral elemens in R? and hexahedrain R3. In  gem
we usea nite elemernn meshK, = fK g with elemerts K consisting of triangles in R?
and tetrahedra in R3. We assaiate with K, a meshfunction & = R(x) represeting the
diameter of the elemen K cortaining x. For the time discretization we let Jy = fJg bea
partition of the time interval | = (0;T) into time intervals J = (tx 1;tk] of uniform length

=t tk 1

7.3 Results of reconstruction

In this subsectionwe presert results of our reconstructions. We have usedsolution of the
forward problem (7.1) in the domain G to generatethe data at the boundary of the square

= frem. Wehave performednumerical experimerts to reconstruct the medium, which
is homogeneouswvith ¢(x) = 1 except of either two small squaresor a single square, see
Figure 2. But we have not assumeda priori knowledge of neither the structure of this
medium nor of the badkground constart c(x) = 1 outside of those squares. To produce
updatesfor tails, we have solved on ead iterativ e step the forward problem (7.1) instead
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of solving the problem (2.9), (2.10). Next, we have calculated the Laplacetransform (2.5)
of the solution to obtain the function w (x;3):

In all our numerical experimerts we have chosenthe step sizewith respectto the pseudo
frequencyh = 0:05, the s-interval [s;3]=[6:7; 7:45]. Hence,N = 15in our case. We have
chosentwo sequence®f regularization parameters = ,and" = ", forn = 1;::;;N.
Both the formulation and the proof of Theorem 6.1 remain almost unchangedfor this case.
The reasonof choosing di erent valuesof |, and ", is that valuesof functions g; and
and their gradierts are very small. Hence,in order not to eliminate totally the in uence of
the nonlinear term (r ok 1)2 ;n=12 in (5.4), (5.8) and (5.11), the valuesof ; and »
should not betoo large. Next, the valuesof nonlinear terms start to grow, and we balance
them via taking alarger value of , for n = 3;4;5: For n > 5 the valuesof nonlinear terms
becomeeven bigger, and we balancethem via taking increasingagainthe value of ,: This
once again points towards the importance of the introduction of CWFs in the numerical
scheme, as comparedwith the decreaseof the step sizeh. The considerationsfor choosing
dierent valuesof ", are similar. In all Tests1-4 the valuesof the parameters , and ",
were:

n=20n=12;, ,=200n= 34,5,
"n=0n=12",=0.00Ln= 3;45;",
""=01n 8

200Qn 6;
0:0L,n =

I
A2
N

(7.3)

Once the function gy is calculated, we update the function ¢ := ¢,k using formulas
(38.7), (3.10). To nd secondderivativesin (3.10), we use the standard nite dierence
approximations of both the Laplacian and the gradiert on a structured Cartesian mesh.
More precisely in two dimensionswe use following approximation to nd ¢(x) at point
()

_ Vel 2t Vg Ve 2% W g
Gj = 2 * 2
dx dys |
' 7.4
+g2 Ui Vi 2+ Vij+1 W ? : (7.4)
= dx dy '

wheredx and dy are grid step sizesof the discrete nite di erence meshin the directions x
andy respectively. We enforcethat the parameterc(x) belongsto the setof the admissible
parametersCy = fc2 C  j0O5 c(x) 79 asfollows: if chk(Xo) < 0:5 for a certain
point Xg 2 and a certain pair (n;k); then we set c,k(Xo) := 1 by putting the box
constrains on the computed parameters. We also usethe smaoothnessindicator in update
valuesof c(x) by local averaging over the neighboring elemerts.

Thus, the resulting computed function is c(x) := cg(x): Recall that the number of
iterations is the vectorial regularization parameter in our case(seeRemarks6.2). One of
the badkbonesof the theory of ill-p osedproblemsis that regularization parametersdepend
on the range of parameters for a specic problem one considers. Thus, our choice of
regularization parametersis in an agreemeh with this concept. For the above values of
h; s; s and the range of the target coe cient c(x) 2 [1; 4] we have usedm, = 4 iterations
with respect to tails forn ngandmp = 7 for n = ng+ 1;::;N, where numbers ng and
N are chosenon the basisof an objective stopping rule described below. Hence,while the
pairs no;N dier in our tests, the rule of their choice (i.e., the stopping rule) remains
the same. As it is always the casein ill-p osedproblems, the choice of proper regularization
parametersand of a proper stopping rule wastime consuming. However, we point out that



our stopping rule, as well asregularization parameters ,;"n; my,; oncechosen,remained
the samefor all our numerical experimens described in Tests 1-4 belon. Hence,results
were not conveniertly adjusted for ead specic test in order to obtain the best possible
image for that test.

The Dirichlet boundary value problemsin the square ggm for functions ¢,k weresolved
by the FEM, in which the same nite elemens were usedas onesin the forward problem
(7.1) in the domain ggpm . The inversecrime was avoided becausethe forward problem
was solved for the hyperbolic equation, whereaswe solve an elliptic equation on ead
step of the reconstruction algorithm. In addition, we have added a random noiseto the
boundary data. The FEM cannot guarartee that resulting functions gn,x 2 C?*
as it is required by Theorem 6.1. And also the above adjustment of computed values
Cn:k (Xo) by box constraint doesnot guarartee that the resulting function c, 2 C
Sud discrepancieqquite often take placein computations and are, therefore acceptablein
numerical studies. Nevertheless,an analogueof Theorem 6.1 can be proved for the discrete
casewhenthe FEM analoguesof equationsfor functions g,k are used,and alsothe domain

with @ 2 C3isreplacedrespectively with either a rectangular prism in R® or arectangle
in R?; asin our numerical examples. To prove this analogue,one needsto usethe weak
formulations of these equations and the Lax-Milgram theorem instead of the Scauder
theorem. Next, becauseof the equivalency of normsin nite dimensional spacesthe rest
of the proof of Theorem 6.1 remains almost the same. Howewer, the latter dewelopmert
is outside of the scope of this publication and might be consideredin our future works.
Another interesting question here is about the change of reconstructedimagesdue to the
increaseof the number of nite elemens, becausethat equivalency of norms worsens
with the increaseof the dimension of the space. This question might also be addressedn
future publications.

In all our tests we compute multiplicativ e random noisein the boundary data, u , by
adding relative error to computed data uqps USiNg expression

j (Umax ~ Umin)

u xith = ugys it 1+ 7.4

) obs ) 100 ( )
Here, ugps X';t1 = u x';tl :x' 2 @ gem is @ meshpoint at the boundary @ gem ;t! 2
(0;T) is the meshpoint in time, ; is a random number in the interval [ 1;1], umax and

Umin are maximal and minimal values of the computed data uqps, respectively, and is
the noiselevel in perceris. Next, we make the Laplace transform (2.5) of the data, which
helpsto both smooth out and decreasdhe noise,dueto the integration. Becauseof that,
we have successfullyusedthe following formula for the s derivative of the boundary data
" (x;8) in (2.13) to obtain the function (x; sp) in (3.9)

" (%sn 1) " (Xsn)
h
In all our tests 1-4 we have veri ed numerically the asymptotic behavior (3.4). To do

this, we have consideredfunctions gi1 (s) and g (s) ; for s 2 [6:5;7:5] [s;3] = [6:7; 7:45];
where

(X; sn) :h = 0:05:

01 (s) = skr e(x; s)kLz( Fem) R (s) = skr g(x; S)kLz( FEM)
where functions e(x; s) and q(x; s) are taken from the solution of the forward problem.
Their graphs (not shonn) have shown that thesefunctions are very closeto constarts for
s 2 [6:5; 7:5]; which corresponds well with (3.4). We have also veri ed numerically in all
our examples1-4 that the function w(x;s) > 0; which justi es the introduction of the
function e(x; s) = Inw(x; s) =s*:
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O;1 Ou;2 O1;3 O1:4

1 ;2 ;3 ;4
Os;1 Os;2 0O6;3 O6;4
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Oo;1 Oo;2 Go;3 Qo;4
Qi2;2 Q12,3 Qu2;4 Qi2,7

Figure 3: Test 1. spatial distribution of c, after computing gni;n = 1;2;6;8;9; 12, where
n is number of the computed function g.
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Test 1. We test our numerical method on the reconstruction of the structure given
on Figure 2-c). We take ¢ = 4 in the left small square of Figure 2-c), c = 3 in the right
squareand c = 1 everywhere else. We take the starting value for the tail Vi1 (x;35) O:
We introduce = 10% of the multiplicativ e random noisein the boundary data ugps by
the formula (7.4).

Figure 3 displays isosurfacesof resulting imagesfor gn.x;n = 1,2;6;8;9;12;k = 1;:::; 4.
Figure 4 preserts the one-dimensionakross-section®f the imageof the computedfunctions
Cnhk alongthe vertical line passingthrough the middle of the left small square. Comparison
of imagesof functions ¢,k for di erent valuesn and k shows that the inclusion/background
cortrasts grow with the grow of n and k. In particular, these contrasts are very low for
n = k = 1 and do not exceedl1.006/1. On the last three imagesof Figure 4 the computed
functions ¢y for n = 10;11; 12 are superimposedwith the correct one.

Figure 5 displays the one-dimensionalcross-sectionsof the image of the functions ¢k
along the vertical line passingthrough the middle of the right small squaresuperimposed
with the correct one. One can seethat the 4 : 1 cortrast in the left squareis imaged
accurately Asto the right square,we gotthe 3:5: 1 contrast. The function ¢(x) = 1 outside
of these squaresis also imaged accurately. Locations of imaged inclusions are somewhat
shifted upwards.

We now explain our stopping criterion. Figure 6-a) shovs computed relative L ,-norms
of gradierts of tails

ir Vak 1 Vak i

- — 7.5
v Vo (7.5)

and Figure 6-b) - shaws relative L ,-norms of the target coe cien t
NChk  Cnk 1l : (7.6)

Jicnli
We usethese norms as the stopping rule for computation in our iterativ e algorithm. We
stop our iterativ e algorithm for computing of the new function g, whenboth relative norms
(7.5) and (7.6) are stabilized. Hereis how we do this. First, we obsene on Figure 6-a) that
relative L o-norms (7.5) of the computed gradients of tails grow until n = 10: Forn 10
norms (7.5) change slowly. Thus, we conclude that at g tails are stabilized. Howewer,
norms (7.6) still grow for n > ng = 9, seeFigure 6-b). We repeat our iterativ e procedure

27



forn= 10,1112 13 And forn 10we alsoincreasethe number of iterations with respect
to tails: we now take 7 iterations instead of 4. We obsene that at n = 12 both relative
norms (7.5) and (7.6) are stabilized. Thus, we setN = 12 and we take c12.7(x) asour nal
reconstructedimage. On the Figure 6 we alsopresen results for n = 13; asa con rmation
that norms (7.5) and (7.6) are stabilized.

Remark 7.1. At the sametime, we have obsened that for n = 14;15 norms (7.6)
abruptly grow, which was re ected in an abrupt move of positions of imaged inclusions
upwards (not shawvn). This con rms that our choice of N ; which is one of regularization
parameters here (seeitem 4 in Remarks 6.2) was correct one. A similar behavior was
obsened in Tests 2 and 3. We use exactly the same stopping criterion in Tests 2,3,4.
However, the number N is dierent for eah of these examples,so as the number ny at
which relative norms (7.5) of gradierts tails are stabilized. The fact that thesetwo numbers
changefrom one exampleto another one points towards robustnessof our stopping rule.

Test 2. We now test our numerical method on the reconstruction of the structure given
on Figure 2-b). We take the starting value for the tail Vi.1(x;S) 0: Wecompute = 5%
of the multiplicativ e random noise in the boundary data uqys by the formula (7.4). We
take c = 4 for both small squaresof Figure 2-b) and ¢ = 1 outside of thesesquares.Hence,
the inclusion/background cortrast is 4 : 1, which is quite high in inverseproblems. Figures
7 - 8 presen isosurfacef resulting imagesof the functions ¢ after computing functions
Ohk;N = 1,2;::: 120 Figure 9 presens the one-dimensionalcross-sectionof the image of
the function ¢,k alongthe vertical line passingthrough the middle of the left small square.
The imagedfunction c(x) is superimposedwith the correct one. One can seethat the value
of the function c(x) both inside and outside of the inclusion is imaged correctly (including
the 4: 1 cortrast), although the location of the inclusion is somewhatshifted to the top.

We have used the same stopping rule as above and thus discovered that ng = 9 and
N = 12 The behavior of norms (7.5) and (7.6) (not shovn) was similar with one on Figure
6. The last imageon Figure 8 represets the nal c;».7 image of the target coe cien t c(x).

Test 3. We now consideronly a single small square of Figure 2-a), the left one, with
c= 3in it, leaving all other parametersthe sameas above. Again we take the starting
value for the tail Vi.1(x;S) 0: Now we perform computations with = 5;15% of the
multiplicativ e random noisein the boundary data ugps:

Figure 10 displays isosurfacesof imagesfor gn.k;n = 2;5;7;8; 10 with 5% noisein the
boundary data. Figure 11 displays isosurfacesof imagesfor giox with 15% noisein the
boundary data. Figure 12 preserts one-dimensionalkross-section®f the image of functions
Cnh:xk computed with do; tho and gi1 along the vertical line passingthrough the certer of this
square. The imaged function c(x) is superimposedwith the correct one. We obsene that
we obtain the 3:2 : 1 cortrast of the reconstructedfunction c(x) := ci07 (X) ; which is quite
accurate, sincethe correct cortrast is 3 : 1.

Figure 13 shawvs computed relative L ,-norms (7.5) and (7.6) with noiselevel = 5%in
data. As in previous examples,we usethese norms as the stopping rule in our iterative
algorithm. Using Figure 13, we analyze results of the reconstruction. On Figure 13-a) we
obsenethat relative L ,-norms(7.5) of the computedgradierts of tails grow until computing
the function ;. After that tails changeslowly, which meansthat ng = 7. Howewer, norms
(7.6) are not yet stabilized. Hence,we now want to stabilize norms (7.6). We repeat our
iterativ e procedurefor n = 8;9;10; 11 and with 7 iterations with respect to tails for these
valuesof n instead of previous4. On Figure 13-b) we obsene that at gy both norms (7.5)
and (7.6) are stabilized, and at g10; 11 these norms almost do not change, although the
norm for q1.7 starts to grow. Thus, we conclude,that we achieve solution of our problem
at gio = quo:7 With N = 10. We have obsened a similar behavior of our solution with
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Figure 7: Test 2: spatial distribution of c, after computing on;i;n = 1;::5;, wheren is
number of the computed function q.
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Figure 8: Test 2: spatial distribution of ¢, after computing g.i;n = 6;7;8;9; 12, wheren
is number of the computed function q.
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Figure 9: Test 2: the one-dimensionalcross-sectionsof the image of the function Ccomp
along the vertical line connectingthe points ( 1.5; 3) and ( 1:5;3).

the relative noiselevel = 15% Similarly with Tests 1 and 2 we have obsened that
norms (7.5) and (7.6) abruptly increaseat gi»: Thus we can concludethat our choice of
the iteration number N = 10 as a regularization parameter is correct one.

Test 4. The goal of this experimert is to conrm that the error in the reconstructed
imagesis mainly determined by the truncation error, asit follows from Theorem 6.1, see
the secondremark after Theorem 6.1. We now consider the same parameters, as ones
in previous tests, except that we take the exact initial tail Vi.1(x;S) = V (x;5) and the
noiselevel = 5%. We usethe sameiterative algorithm and the same regularization
parametersasin all previoustests. We stop our iterativ e algorithm for computation of the
new function g, after computing the function g;; sincerelative L -norms W =
and I3l = o for all k> 1

On Figure 14-a) c = 4 in the left small squareand c = 3 in the right small square(asin
Test1). On Figure 14-b) c= 4 in both small squares(as in Test2), and c = 3 in the one
small square on Figure 14-c) (as in Test 3). One can obsene that the reconstruction is
almost an ideal one, and even shapesof inclusionsresenble well the correct ones. It is not
fully ideal becauseof inevitable computational errors, the approximation of the function
q(x; s) by a piecewiseconstart function with respect to s and the 5% noisein the data.
The latter goesalong well with Theorem 6.1: seethe parameter in it.

Test 5. We now shaw that without a globally corvergert algorithm the sameimages
deteriorate, if the good rst guessfor the solution is unknown. To do this, we use the
locally corvergert reconstruction algorithm described in [4], where the inverseproblem is
formulated as an optimal cortrol problem. We nd a stationary point of a Lagrangian,
using the forward wave equation (the state equation), the badkward wave equation (the
adjoint equation), and an equation, which re ects the fact that the gradiert with respect
to the parametersshould vanish. A minimizer of a correspnding least squaresobjective
functional is found via an iterativ e procedurevia solving for the forward and badkward wave
equationsfor ead iterativ e step and updating the material coe cien ts. We generatethe
data for the inverseproblem using the samecomputational meshand the sameparameters
asonesin Test 2. We start the optimization algorithm with di erent values of the rst
guessfor the parameter cyuess = const. at all points of the computational domain g .
Figure 15 preserns the images of the computed function ccomp: for the following initial
guesses.on a) Cguess = 1.0, on b) Cguess = 1.5, and on C) Cguess = 2:0. We obsene that
imagesdeteriorate if the good rst guessfor the solution is unknown. Most likely, local
minima are achieved in all thesethree cases.
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Figure 10: Test 3: Reconstruction with 5 % relative noise in data. We presernt spatial
distribution of ¢, after computing gni;n = 2;5;7;8;10; where n is number of
the computed function q.
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Figure 11: Test 3: Reconstruction with 15 % relative noisein data. We presen spatial
distribution of ¢, after computing gi2;.
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Figure 14: Test 4. spatial distribution of ¢, with exact tail.

a) b) ©)

Figure 15: Test 5: spatial distribution of cy.

7.4 Conclusions from numerical studies

We have tested our algorithm for three di erent structures of the medium. In all cases
we have not assumedany advanced knowledge of the medium, including the badground

medium. Our regularization parameterswere: the sequence$ nngl andf"ngr'\]‘=1 ; aswell
asiteration numbersng and N, where ng is the iteration number at which relative norms
(7.5) of gradierts of tails are stabilized and N 2 (ng;N) is the total number of functions
0, We have computed. The number N is sud that the relative norms (7.6) of the unknown
coe cien t are stabilized. We have usedmy = = mp, = 4, mp 41 = 0= myg = 7 for the
number of iterations with respect to tails. Numbers ng and N were chosenon the basis
of an objective stopping rule. So, although they were di erent for di erent tests, but the
stopping rule remainedthe same. On the other hand,forn2 N + 2;N norms (7.5) and
(7.6) were abruptly growing. This indicates that our choice of the number of iterations
N as a regularization parameter was correct one and was in a good agreemen with the
classicregularization theory, seep. 157 of [11].

It is important that our numerical experimerts have consistently demonstrated good

reconstruction results for the same sequenced ngr'\]'=1 and f"ngr'\]‘=1 of regularization pa-
rameters, for the sameobjective stopping rule and for two di erent noiselevels of 5% and
15%. This points towards robustnessof our numerical method.

An interesting conclusioncanbe drawn from the comparisonof Figure 6awith Figure 6b,
and similarly from the comparisonof Figure 12awith Figure 12b. One canobsene that the
relative errorsin nal tails are about the sameasthosein reconstructed coe cien ts. This
provides a numerical con rmation of one of statemert of the secondremark after Theorem
6.1: that the error of reconstruction is basically O ( ) ; where is the truncation error for
tails. Resultsof Test4 demonstratethis onceagain. Results of Test 5 demonstratethat a



corventional reconstruction technique might not provide a good image, unlessa good rst
guessfor the solution is known.

8 Summary

We have preserted a new globally convergent numerical method for a classof multidimen-
sional Coe cien t InverseProblemsfor somehyperbolic and parabolic PDEs. Theseinverse
problemsarise in applications to acoustics,electromagneticsand optical medical imaging.
The two key new ideasare: (1) solution of the boundary value problem (3.8), (3.9) for a
nonlinear integral di erential equation via a layer stripping procedurewith respect to the
pseudofrequencys; and (2) weakening the in uence of the nonlinear term (r qn)2 via the
introduction of s dependert Carleman Weight Functions in the numerical scheme. Unlike
this, in all previous works, both theoretical and numerical ones, CWFs were dependeri
only on spatial variables and were assaiated with the Carleman estimatesfor certain dif-
ferertial operators. We have proven a global convergenceresult, conditions of which arein
a good agreemen with the classictheory of ill-p osedproblems.

We have veri ed our corvergenceTheorem 6.1 on a number of numerical experimerts for
an inverseproblem of the determination of the coe cien t in the principal part of a hyper-
bolic operator, which meansthe determination of either the speedof sound, in the caseof
acoustics,or of the product of the magnetic permeability and electric permittivit y coe -
cierts in the caseof electromagnetics.In particular, theseexperimerts have demonstrated
robustnessof our method, which provides good quality imageswith up to 15% relative
random noisein the data. We have alsoveri ed numerically the asymptotic behavior (3.4)
in all our tests, aswell asthe positivity of the function w.

We have obsened that iterations with respect to tails are very important for the image
reconstruction, which was also obsened in the previous publication [27] (seesection 4 in
[27]). In all our numerical experimerts the starting value for the tail function was simply
zero,which re ects the fact that we do not know a good rst guessfor the solution. Numer-
ical results demonstrateboth robustnessof this method and a good quality of reconstructed
images,including good quality reconstructions of high cortrasts inside of inclusions. The
latter is hard to achieve by locally convergen methods. Shapesof inclusionsare smeared
dueto three factors. First, the Laplacetransform actually leadsto a di usion-lik e equation
for the function w: Second,the ill-p osednature of the original inverseproblem quite often
causessmearedshapes of reconstructed objects. Third and perhapsthe most important
oneis that we do not know tails. Finally, we have demonstrated numerically that a locally
corvergert algorithm might result in signi cantly deteriorated images,unlessa good rst
guessabout the solution is given.
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