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A globally convergent numerical metho d
and adaptivit y for a hyp erbolic coe�cient

inverse problem

Larisa Beilina5 , MichaelV. Klibanov�

February4, 2009

A globally convergent numerical method for a multidimensional Coe�cien t
InverseProblem for a hyperbolic equation is presented. It is shown that this
techniqueprovidesa good starting point for the so-called�nite element adaptive
method (adaptivit y). This leads to a natural two-stagenumerical procedure,
which synthesizesboth thesemethods. Numerical examplesare presented.

1 Intro duction

This paper is a continuation of the previous publication of the authors [5], where a new
globally convergent numerical method for a Coe�cien t InverseProblem (CIP) for a hyper-
bolic PDE was developed. Compared with [5], the main new element here is a synthesis
of the method of [5] with the locally convergent so-called�nite element adaptive method,
which we call �adaptivit y� for brevity. The adaptivit y technique for inverseproblems was
previously developed in [6, 7, 8, 9, 4]. The underlying reasonof this synthesis is that the
estimate of the di�erence betweenthe correct solution and the computed one in the global
convergenceTheorem 6.1 dependson a small positive parameter � . This parameter incor-
poratesboth the error in the boundary data and errors generatedby someapproximations
of the numerical procedure of [5]. The error in the boundary data models the error in
measurements and is, therefore unavoidable. At the sametime, two other approximation
errors cannot be madezero,and they are not parts of previously developed locally conver-
gent techniques. On the other hand, since � is small, then Theorem 6.1 guarantees that
the solution obtained by the technique of [5] provides a good approximation for the correct
solution of the CIP. Therefore, this solution can be usedasa good starting point for a sub-
sequent enhancement via a locally convergent numerical method, which is the adaptivit y
in our case. As a result, a natural two-stagenumerical procedure is developed here. On
the �rst stage, the globally convergent method of [5] provides a good approximation for
the correct solution. And on the secondstage,this approximation is taken as the starting
point for the adaptivit y technique, which provides an enhancement, i.e., a better approxi-
mation for the correct solution. The adaptivit y technique is basedon several applications

� 5 Larisa Beilina,Departmen t of Mathematical Sciences,Chalmers Univ ersity of Technology and Gothen-
burg Univ ersity, SE-42196Gothenburg, Sweden, email : Larisa.Beilina@chalmers.se.
� Michael V. Klibano v, Department of Mathematics and Statistics Univ ersity of North Carolina at
Charlotte, Charlotte, NC 28223,USA, email : mkliban v@uncc.edu

1



of the quasi-Newton method. Convergenceof Newton-like methods for general ill-p osed
problemswas proven in [3].

We call a numerical method for a CIP globally convergent if: (1) a theorem is proven,
which ensuresthat this method leadsto a good approximation for the correct solution of
that CIP, regardlesson the availabilit y of a priori given good �rst guessfor that solution,
and (2) this theorem is con�rmed by numerical experiments. On the other hand, conver-
genceof a locally convergent numerical method to the correct solution can be guaranteed
only if the starting point is located in a small neighborhood of this solution.

There are four more new elements of this paper compared with [5]: (1) The globally
convergent algorithm is di�eren t from one in [5] in the sensethat now �inner� iterations
with respect to terms in certain quasilinearelliptic equationsare useduntil they converge.
Whereaspreviously a priori chosennumber of iterations was used. This change requires
a modi�cation of the proof of the convergenceTheorem 6.1 comparedwith [5]. (2) The
stopping rule for the globally convergent part di�ers from one of [5]. Namely, we now
evaluate certain L 2 norms at the boundary rather than inside of the domain of interest.
(3) The �rst rigorous explanation is presented of the meaning of the so-called function
in the adaptivit y technique in an estimate of the di�erence betweencorrect and computed
solutions. This is unlike the previous heuristic argument of [9], where the function  was
introduced for a CIP. (4) 2-D numerical examplesare di�eren t from onesof [5].

A conventional way to solve numerically a CIP for a PDE is via the minimization of
a least squaresobjective functional. This functional characterizesthe mis�t between the
data and the solution of that PDE with a �guess�for the unknown coe�cien t. However, it is
well known that the phenomenonof multiple local minima and ravines of thesefunctionals
represents the major obstaclein this approach. Becauseof this phenomenon,any gradient-
like method of the minimization of such a functional would likely converge to a local
minimum, which is located far from the correct solution. Furthermore, due to the ill-p osed
nature of CIPs, a global minimum, even a well pronouncedone, is not necessarilycloseto
the correct solution. Hence,there is no guarantee that the calculated coe�cien t is indeed
closeto the correct one. Hence,one needsto know a priori a good �rst approximation for
the solution. At the sametime, in many important applications such an approximation
is unavailable. The method of [5] relies on the structure of the underlying di�eren tial
operator instead of using a least squaresobjective functional. Thus, the phenomenonof
local minima is avoided in this method.

The adaptivit y technique minimizes least squaresobjective functionals on a sequenceof
adaptively re�ned meshesuntil imagesare stabilized (usually on 4-5 re�ned meshes).The
minimization is performed via the quasi-Newton method. The key idea of the adaptivit y
is that on each step a posteriori analysisshows subdomainswhere the biggesterror in the
solution is. Theseare those subdomains where the gradient of the Lagrangian attains its
maximal values(within certain range). An important point here is that thosesubdomains
are found without a priori knowledgeof the solution. Thus, additional �nite elements are
used in such subdomains. It was shown in previous publications that the adaptivit y is
capable to signi�cantly improve reconstruction results. At the sametime, it was shown
numerically in the recent publication [10] that the adaptivit y cannot provide good quality
imagesunlessa good �rst guessabout the solution is known a priori. This is becausethe
quasi-Newtonmethod is a locally convergent one. The latter leadsto a logical conclusion
that a synthesisof the adaptivit y with the globally convergent method of [5] shouldbeused.
In our numerical experiments we imagea medium with small inclusions in it, although we
do not assumea priori knowledgeof such a structure. We refer to [1] and referencescited
there for another approach to imaging of small inclusions.



There are also someother numerical methods for multidimensional CIPs, which do not
usea good �rst guessfor the solution. While the current paper works with a singlemeasure-
ment event, they work for someCIPs with the data resulting from multiple measurements
[12, 13, 14, 24, 25, 26]. Thesepublications were discussedin [5].

In section2 we formulate both forward and inverseproblems. In section3 we transform
the inverseproblem to the Dirichlet boundary value problem for a nonlinear integral di�er-
ential equation in which the unknown coe�cien t is not present. Sincethis transformation
wasdescribed in several previouspublications [19, 5], we outline it only brie�y herefor the
sake of completeness.It is the numerical solution of the resulting equation, which repre-
sents the major di�cult y. The numerical method of this solution was the main new point
of [5], In section4 we formulate the layer stripping procedurewith respect to s > 0, which
is the parameter of the Laplacetransform of the original hyperbolic PDE. Note that we do
not use the inverseLaplace transform, since approximations for the unknown coe�cien t
are obtained in the �Laplace's domain�. In section 5 we describe the algorithm. Section 6
is devoted to the convergenceanalysis. In section 7 we brie�y describe the method of the
solution of the forward problem. In section8 we describe the main ideasof the adaptivit y
technique referring to the proof of a posteriori estimate to [7, 8, 9]. In particular, the above
mentioned rigorous explanation of the meaningof the function  is given in subsection8.2.
In section 9 numerical experiments are presented. We summarize our results in section
10. Someproceduresare outlined only brie�y in this paper, since they were discussedin
details in [5].

2 Statements of Forward and Inverse Problems

As the forward problem, we consider the Cauchy problem for a hyperbolic PDE. The
caseof a boundary value problem in a �nite domain is not consideredin our theoretical
derivations only becausean analogueof the asymptotic behavior (9) is not proved in this
case,since (9) is actually derived from Theorem 4.1 of [29]. That theorem establishesa
certain asymptotic behavior of the fundamental solution of a hyperbolic equation near the
characteristic cone.

Consider the Cauchy problem for the hyperbolic equation

c(x) utt = � u in R3 � (0; 1 ) ; (1)

u (x; 0) = 0; ut (x; 0) = � (x � x0) : (2)

Equation (1) governs a wide range of applications, including e.g., propagation of acoustic
and electromagneticwaves. In the acousticalcase1=

p
c(x) is the soundspeed. In the 2-D

caseof EM waves propagation in a non-magnetic medium, the dimensionlesscoe�cien t
c(x) = " r (x); where " r (x) is the relative dielectric function of the medium, see[15], where
this equation was derived from Maxwell's equationsin the 2-D case.Let d1 and d2 be two
positive constants and 
 � R3 be a convex boundeddomain with the boundary @
 2 C3:
We assumethat the coe�cien t c(x) of equation (1) is such that

c(x) 2 [d1; 2d2] ; d1 < d2; c(x) = 2d1 for x 2 R3� 
 ; (3)

c(x) 2 C2 �
R3�

; (4)

We considerthe following
In verse Problem. Supposethat the coe�cien t c(x) satis�es (3) and (4), where the

positive numbers d1 and d2 are given. Assumethat the function c(x) is unknown in the
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domain 
 . Determine the function c(x) for x 2 
 ; assumingthat the following function
g(x; t) is known for a single sourceposition x0 =2 


u (x; t) = g(x; t) ; 8 (x; t) 2 @
 � (0; 1 ) : (5)

A priori knowledgeof constants d1; d2 correspondswell with the Tikhonov conceptfor ill-
posedproblems[30]. In applications the assumptionc(x) = 2d1 for x 2 R3� 
 meansthat
the target coe�cien t c(x) has a known constant value outside of the medium of interest

 : Another argument hereis that oneshould bound the coe�cien t c(x) from the below by
a positive number to ensurethat the operator in (1) is a hyperbolic one on all iterations
of our method. Sincewe do not imposeany �smallness� conditions on numbers d1 and d2,
our numerical method is not a locally convergent one. The function g(x; t) models time
dependent measurements of the wave �eld at the boundary of the domain of interest. In
practice measurements are performedat a number of detectors,of course. In this casethe
function g(x; t) can be obtained via oneof standard interpolation procedures,a discussion
of which is outside the scope of this publication. In the caseof a �nite time interval, on
which measurements are performed, one should assumethat this interval is large enough
and thus, the t-integral of the Laplace transform over this interval is approximately the
sameas one over (0; 1 ) :

Consider the Laplace transform of the functions u,

w(x; s) =

1Z

0

u(x; t)e� st dt; for s > s = const: > 0; (6)

where s is a certain number. It is su�cien t to chooses such that the integral (6) would
converge together with corresponding (x; t)-derivatives. We call the parameter s pseudo
frequency. The equation for the function w is

� w � s2c(x) w = � � (x � x0) c(x0); 8s � s = const: > 0 (7)

with the following condition at the in�nit y

lim
jx j!1

w(x; s) = 0; 8s � s = const: > 0: (8)

Under somenatural conditions linked with the regularity of geodesic lines generatedby
the eikonal equation corresponding to the function c(x) the following asymptotic behavior
takesplace (seeLemma 2.1 in [5])

D �
x D 


s w(x; s) = D �
x D 


s

�
exp[� sl (x; x0)]

f (x; x0)

�
1 + O

�
1
s

���
; s ! 1 ; (9)

where j� j � 2; 
 = 0; 1; x 6= x0; f (x; x0) is a certain function, f (x; x0) 6= 0 for x 6= x0 and
l (x; x0) is the length of the geodesicline connectingpoints x and x 0:

We brie�y mention now that the idea of [5] can alsobe extendedto similar CIPs for the
parabolic PDE

c(x)Ut = � U � a (x) U; (10)

U (x; 0) = � (x � x0) :

To do this, one needsto apply the following analogueof the above Laplace transform

W (x; s) =

1Z

0

U (x; t) exp
�
� s2t

�
dt:



Hence, � W �
�
s2c(x) + a(x)

�
W = � � (x � x0) and also W satis�es (8). In the electro-

magnetic caseequation (10) governs propagation of a component of the electric �eld in a
conductive medium with the conductivity function � (x) := c(x): In the caseof di�use opti-
cal tomography onecanusually assumethat the di�usion coe�cien t D := 1=c � const: > 0
and the target of the CIP is the spatially changing absorption coe�cien t � a (x) := a (x),
see,e.g., [2].

Although we have only one condition (5) rather than �traditional� two boundary condi-
tions for our inverseproblem, the information about the normal derivative of the function
w at @
 is actually inscribed in (5), becausethe original equation (6) holds in a wider
domain and the coe�cien t c(x) is known outside of 
 : To formalize the latter, oneshould
consider the boundary value problem for equation (7) for x 2 R3� 
 with the boundary
condition (5) and condition (8). Solution of this problem provides the normal derivative of
the function w at @
 : The question of uniquenessof this InverseProblem is a well known
long standing open problem. It is addressedpositively only if the function � (x � x 0) above
is replacedwith a such a function f (x) 2 C1

�
R3

�
that f (x) 6= 0; 8x 2 
 : An exampleof

this function is function is

f (x) = C" exp

 

�
jx � x0j2

"2

!

;
Z

R3

f (x) dx = 1;

where " > 0 is a small positive number and the positive constant C" is chosen such
that the above integral equals1. Corresponding theorems are proved via the method of
Carleman estimates [19, 20]. In principle, one can replace the � (x � x 0) � function with
a � (x � x0) � like smooth function, which is not zero in 
 . The resulting function ew
will be close to the function w in a certain sense,and the above mentioned uniqueness
result would be applicable then. In principle our numerical method can be extended to
this case,although a corresponding development is outside of the scope of this publication.
It is an opinion of the authors that becauseof applications, it makes senseto develop
numerical methods, assumingthat the questionof uniquenessof the above inverseproblem
is addressedpositively.

3 Nonlinea r Integral Di�erential Equation Without the
Unkno wn Coe�cient

It follows from (6), (7) and the maximum principle that w(x; s) > 0; 8s � s: Consider the
function v = ln w: Sincex0 =2 
 ; then (6) and (8) lead to

� v + jr vj2 = s2c(x) in 
 ; (11)

v (x; s) = ln ' (x; s) ; 8 (x; s) 2 @
 � [s; s] ; (12)

where ' (x; s) is the Laplace transform (6) of the function g(x; t). We eliminate the
coe�cien t c(x) from equation (11) via the di�eren tiation with respect to s, since@sc(x) =
0: To �isolate� the unknown coe�cien t in (11), introduce a new function

H (x; s) =
v
s2 : (13)

It follows from (13) and (9) that

D �
x (H ) = O

�
1
s

�
; D �

x Ds(H ) = O
�

1
s2

�
; s ! 1 : (14)
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By (11)
� H + s2 (r H )2 = c(x) : (15)

Denote
q(x; s) = @sH (x; s) : (16)

By (14) and (16)

H (x; s) = �

1Z

s

q(x; � ) d� :

We truncate this integral as

H (x; s) � �

sZ

s

q(x; � ) d� + V (x; s) ; (17)

where s > s0 is a large number and

V (x; s) � H (x; s) =
ln w (x; s)

s2 : (18)

The number s should be chosenin numerical experiments. We call V (x; s) the �tail�, this
function is unknown, and this is why we use " � " here. By (14) the tail is small for
large valuesof s: In principle, therefore, one can set V (x; s) := 0: However, our numerical
experienceshows that it would bebetter to update somehow the tail function in an iterativ e
procedure. We call the updating procedure�iterations with respect to tails�.

Thus, we obtain from (15)- (17) the following (approximate) integral nonlinear di�eren-
tial equation

� q � 2s2r q �

sZ

s

r q(x; � ) d� + 2s

2

4
sZ

s

r q(x; � ) d�

3

5

2

(19)

+2s2r qr V � 2sr V �

sZ

s

r q(x; � ) d� + 2s (r V )2 = 0

In addition, (12), (13) and (16) imply that the following Dirichlet boundary condition is
given for the function q

q(x; s) =  (x; s) ; 8 (x; s) 2 @
 � [s; s] ; (20)

where

 (x; s) =
' s

's 2 �
2 ln '

s3 :

Supposefor a moment that the function q is approximated together with its derivatives
D �

x q; j� j � 2: Then the corresponding approximation for the target coe�cien t can be found
via (15) as

c(x) = � H + s2 (r H )2 ; (21)

wherethe function H is approximated via (17). Although any valueof the pseudofrequency
s 2 [s; s] can be used in (21), but we found in our numerical experiments that the best
value is s := s: If integrals would be absent and the tail function would be known, then this
would be the classicDirichlet boundary value problem for the Laplaceequation. However,
the presenceof integrals implies the nonlinearity and represents the main di�cult y here.



Another obvious di�cult y is that equation (19) has two unknown functions q and V . The
reasonwhy we can handle this di�cult y is that we treat functions q and V di�eren tly:
while we iterativ ely �nd approximations for q being sort of �restricted� only to equation
(19), we �nd updates for V using solutions of forward problems (1), (2) and the formula
(18). In thoseforward problemscorresponding approximations for the unknown coe�cien t
c; obtained from (21), are used.

4 A Sequence of Elliptic Dirichlet Bounda ry Value Problems

We approximate the function q(x; s) as a piecewiseconstant function with respect to the
pseudofrequency s: That is, we assumethat there exists a partition s = sN < sN � 1 <
::: < s1 < s0 = s;si � 1 � si = h of the interval [s; s] with a su�cien tly small grid step size
h such that q(x; s) = qn (x) for s 2 (sn ; sn� 1): Hence,

Z s

s
r q(x; � )d� = (sn� 1 � s)r qn (x) + h

n� 1X

j =1

r qj (x); s 2 (sn ; sn� 1): (22)

We approximate the boundary condition (20) as a piecewiseconstant function,

qn (x) =  n (x) ; x 2 @
 ; (23)

where

 n (x) =
1
h

sn � 1Z

sn

 (x; s) ds: (24)

On each subinterval (sn ; sn� 1] ; n � 1 we assumethat functions qj (x) ; j = 1; :::; n � 1 are
known. We obtain an approximate equation for the function qn (x) : Then we multiply this
equation by the Carleman Weight Function (CWF) of the form

Cn;� (s) = e� (s� sn � 1 ) ; s 2 (sn ; sn� 1]; (25)

and integrate with respect to s over (sn ; sn� 1): In (24) � >> 1 is a parameter, which
should be chosenin numerical experiments. Theorem 6.1 provides a recipe for this choice.
We obtain (seedetails in [5])

L n (qn) := � qn � A1;n

 

h
n� 1X

i =1

r qi

!

r qn + A1n r qnr V � "qn

= 2
I 1;n

I 0
(r qn)2 � A2;n h2

 
n� 1X

i =1

r qi (x)

! 2

+ 2A2;n r V

 

h
n� 1X

i =1

r qi

!

� A2;n (r V )2 ; n = 1; :::; N ;

(26)

where I 0 := I 0 (�; h) ; A1;n := A1;n (�; h) ; A2;n := A2;n (�; h) are certain integrals involving
the CWF. Thus, we have obtained the Dirichlet boundary value problem (23), ( 26) for a
nonlinear elliptic PDE with the unknown function qn (x) : In this systemthe tail function
V is also unknown. An important observation is that

jI 1;n (�; h)j
I 0 (�; h)

�
4s2

�
: (27)
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Therefore, by taking � >> 1; we mitigate the in�uence of the nonlinear term with (r qn)2

in (26), which enablesus to solve a linear problem on each iterativ e step. We have added
the term � "qn to the left hand side of equation (26), where " > 0 is a small parameter.
We are doing this because,by the maximum principle, if a function p(x) is the classical
solution of the Dirichlet boundary value problem

L n (p) � "p = f (x) in 
 ; p j@
 = pb(x);

then [22] (Chapter 3, Ÿ1)

max



jpj � max
�
max

@

jpbj ; " � 1 max



jf j

�
:

On the other hand, if " = 0; then the analogousestimate would be worse becauseof the
involvement of someconstants depending on max
 jr qj j. Therefore, it is anticipated that
the introduction of the term � "qn should provide a better stabilit y of our process,and we
have indeedobserved this in our computations.

5 The Algo rithm

The above considerationslead to the algorithm described in this section. In particular,
we describe here our procedure for iterativ e updates of the tails. We refer to subsection
5.4 of [18] for the �rst procedureof this sort, which was applied to a linearized CIP. Be-
low Ck+ �

�



�
are H®lder spaces,where k � 0 is an integer and � 2 (0; 1) [22]. Denote

jf jk+ � = kf kCk + � ( 
 ) ; 8 f 2 Ck+ �
�



�
: Our algorithm reconstructs iterativ e approxima-

tions cn;i (x) 2 C �
�



�
of the function c(x) only inside the domain 
 : On the other hand,

to iterate with respect to tails, we need to solve the forward problem (1), (2). To do
this, we needto extend each function cn;k (x) outside of the domain 
 in such a way that
the resulting function bcn;k 2 C �

�
R3

�
; bcn;k � d1 in 
 and bcn;k = 2d1 outside of 
 . The

corresponding procedure is rather standard and is described in section 5 of [5]. In this
section we mention convergenciesof certain �sub-procedures�. Numerical speci�cations of
corresponding convergencecriteria are given in subsection9.1.

In accordancewith (17), (21) and (22) denote

Hn;i (x) = hqn;i + h
n� 1X

j =1

qj (x) + Vn;i (x) ; x 2 
 ; (28)

cn;i (x) = � Hn;i + s2
n (r Hn;i )

2 ; (29)

where functions qj ; qn;i ; Vn;i are de�ned in this section below. Here mn is the number of
iterations with respect to tails for the given n where i = 1; :::; mn : In our algorithm we set

q0 := 0; q0
1;1 := 0; V1;1 (x) := V 0

1;1 (x) , (30)

q0
n;1 := qn� 1; Vn;1 (x) := Vn� 1;m n � 1 (x) ; for n � 2; (31)

whereV 0
1;1 (x) is a certain starting valuefor the tail function, which is speci�ed in subsection

9.1.
Step n1; n � 1: Suppose that functions q1; :::; qn� 1; q0

n;1 := qn� 1 2 C2+ � (
) ; cn� 1 2
C � (
) and the tail function Vn;1(x; s) 2 C2+ � (
) are constructed, see(30), (31) . We



now construct the function qn;1: To do this, we solve iterativ ely the following Dirichlet
boundary value problems

� qk
n;1 � A1n

0

@h
n� 1X

j =1

r qj

1

A � r qk
n;1 � "qk

n;1 + A1n r qk
n;1 � r Vn;1 =

2
I 1n

I 0

�
r qk� 1

n;1

� 2
� A2n h2

0

@
n� 1X

j =1

r qj (x)

1

A

2

(32)

+2A2n r Vn;1 �

0

@h
n� 1X

j =1

r qj (x)

1

A � A2n (r Vn;1)2 ; qk
n;1 2 C2+ � �



�

; k = 1; 2; :::;

qk
n;1 (x) =  n (x) ; x 2 @
 : (33)

We call these �iterations with respect to the nonlinear term�. We iterate here until the
processconverges.Then we set

qn;1 = lim
k!1

qk
n;1 in the C2+ � �



�

norm.

Next, we reconstruct an approximation cn;1 (x) ; x 2 
 for the unknown function c(x)
using the resulting function qn;1 (x) and formulas (28), (29) at i = 1. Hence, cn;1 2 C �
�



�
. Assume that cn;1 (x) � d1 in 
 : Construct the function bcn;1 (x) 2 C �

�
R3

�
: Next,

solve the forward problem (1), (2) with c(x) := bcn;1 (x) : We obtain the function un;1 (x; t) :
Calculate the Laplacetransform (6) of this function and obtain the function wn;1(x; s) this
way. Next, following (18), we set for x 2 


Vn;2 (x; s) =
1
s2 ln wn;1(x; s) 2 C2+ � �



�

: (34)

Step n i , i � 2; n � 1: Suppose that functions qn;i � 1; Vn;i (x; s) 2 C2+ �
�



�
are con-

structed. We now iterate with respect to the tail only. That is, we solve the boundary
value problem

� qn;i � A1n

0

@h
n� 1X

j =1

r qj

1

A � r qn;i � "qn;i + A1n r qn;i � r Vn;i

= 2
I 1n

I 0
(r qn;i � 1)2 � A2nh2

0

@
n� 1X

j =1

r qj (x)

1

A

2

+ 2A2n r Vn;i �

0

@h
n� 1X

j =1

r qj (x)

1

A � A2n (r Vn;i )
2 ;

(35)

qn;i (x) =  n (x) ; x 2 @
 : (36)

Having the function qn;i ; we reconstruct the next approximation cn;i 2 C � (
) for the target
coe�cien t using (28), (29), and, assumingthat cn;i (x) � d1 in 
 , construct the function
bcn;i 2 C � (R3): Next, we solve the forward problem (1), (2) with c(x) := bcn;i (x) ; calculate
the Laplacetransform (6) and update the tail as in (34), where(wn;1; Vn;2) is replacedwith

9



(wn;i ; Vn;i +1 ) : We iterate with respect to i until convergenceoccurs at the step i := mn :
Then we set

qn := qn;m n 2 C2+ � �



�
; cn := cn;m n 2 C � �



�

;

Vn+1 ;1 (x; s) =
1
s2 ln wn;m n (x; s) 2 C2+ � �



�

: (37)

If functions cn (x) did not yet converge, then we proceedwith Step (n + 1)1 ; provided
that n < N , whereN is a prescribed iteration number, N � N ; seeTheorem6.1. However,
if either functions cn (x) converged, or n = N ; then we stop. It follows from (34) that in
principle, to update the tail, one can solve the problem (7), (8) for s = s instead of the
problem (1), (2). However, our computational experienceshows that it is better to proceed
via solving the problem (1), (2) and calculating the Laplace transform then. We do not
yet have an explanation for this.

6 Global Convergence

By the conceptof Tikhonov for ill-p osedproblems[30], which we follow, oneshouldassume
�rst that there exists an �ideal� exact solution of an ill-p osedproblem with the exact data.
Next, oneshouldassumethe presenceof an error of the level � in the data; where� > 0 is a
small parameter. Supposethat an approximate solution is constructed for each su�cien tly
small � . This solution is called a �regularized solution�, if it tends to the exact solution as
� ! 0.

6.1 Exact solution

First, we introduce the de�nition of the exact solution. We assumethat there exists a
coe�cien t c� (x) 2 [2d1; 2d2] satisfying condition (4), and this function is an exact solution
of our InverseProblem with the exact data in g� (x; t) in (8). The Laplacetransform (6) of
the function g� (x; t) leadsto the exact function ' � (x; s) = w� (x; s) ; 8 (x; s) 2 @
 � [s; s].
Here the function w� (x; s) 2 C2+ �

�
R3� f jx � x0j < 
 g

�
; 8
 > 0; 8s � s is the solution of

the forward problem (7), (8) with c(x) := c� (x). Also, let

H � (x; s) =
ln [w� (x; s)]

s2 ; q� (x; s) =
@H � (x; s)

@s
; V � (x; s) = H � (x; s) :

The function q� satis�es an obvious analogueof equation (19) with the boundary condition
(see(20)

q� (x; s) =  � (x; s) ; (x; s) 2 @
 � [s; s] ; (38)

where

 � (x; s) =
1

' � s2 �
@' �

@s
�

2ln ' �

s3 :

De�nition . We call the function q� (x; s) the exact solution of the problem (19), (20)
with the exact boundary condition  � (x; s).

Hence,
q� (x; s) 2 C2+ � �



�

� C1 [s; s] : (39)

We now follow (22)-(26). First, we approximate functions q� (x; s) and  � (x; s) via piece-
wise constant functions with respect to s 2 [s; s] : Let

q�
n (x) =

1
h

sn � 1Z

sn

q� (x; s) ds;  
�
n (x) =

1
h

sn � 1Z

sn

 � (x; s) ds: (40)



Then

q� (x; s) = q�
n (x) + Qn (x; s) ;  � (x; s) =  

�
n (x) + 	 n (x; s) ; s 2 [sn ; sn� 1] ;

where by (6.1) functions Qn ; 	 n are such that

jQn (x; s)j2+ � � C � h; j	 n (x; s)j2+ � � C � h; n = 1; :::; N ; for s 2 [sn ; sn� 1] ; (41)

where the constant C � = C �
�

kq� kC2+ � (
 ) � C1 [s;s]

�
> 0 dependsonly on the C2+ �

�



�
�

C1 [s; s] norm of the function q� (x; s). Hence,we can assumethat

max
1� n� N

jq�
n j2+ � � C � : (42)

Without a lossof generality, we assumethat

C � � 1: (43)

By the Tikhonov concept, the constant C � should be known a priori. By Lemma 2.1, it is
reasonableto assumethat C � is independent on s; although we do not usethis assumption.
By (40)

q�
n (x) =  

�
n (x) ; x 2 @
 : (44)

Hencewe obtain the following analogueof the equation (26) from (39)

� q�
n � A1;n

 

h
n� 1X

i =1

r q�
i (x)

!

r q�
n + A1;n r q�

n r V �

= 2
I 1;n

I 0
(r q�

n)2 � A2;n h2

 
n� 1X

i =1

r q�
i (x)

! 2

(45)

+2A2;n r V �

 

h
n� 1X

i =1

r q�
i (x)

!

� A2;n jr V � j2 + Fn (x; h; � ) ;

where the function Fn (x; h; � ) 2 C �
�



�
and

max
�h � 1

jFn (x; h; � )j � � C � h: (46)

We also assumethat the function g(x; t) in (8) is given with an error. This naturally
producesan error in the function  (x; s) in (20). An additional error is introduceddue to
the averaging in (24). Hence,it is reasonableto assumethat






  

�
n (x) �  n (x)








C2+ � (@
)
� C � (� + h) ; (47)

where � > 0 is a small parameter characterizing the level of the error in the data  (x; s) :
The parameter h can also be consideredas a part of the error in the data, sincewe have
replaceda smooth s-dependent function with a piecewiseconstant one.
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6.2 Convergence theorem

First, we reformulate the Schauder theorem in a simpli�ed form, which is convenient for
our case,seeChapter 3, Ÿ1in [22] for this theorem. Assuming that

s > 1; �h � 1; (48)

it was shown in [5] that
max

1� n� N
fj A1;n j + jA2;n jg � 8s2: (49)

Introduce the positive constant M � = M �
�

kq� kC2+ � (
 ) � C1 [s;s] ; s
�

= M � (C � ; s) by

M � = 2C � max
�

8s2; max
1� n� N

fj A1;n j + jA2;n jg
�

: (50)

Hence,(49) and (50) imply that
M � = 16C � s2: (51)

Consider the Dirichlet boundary value problem

� u +
3X

j =1

bj (x)ux j � d(x)u = f (x) , x 2 
 ;

u j@
 = g(x) 2 C2+ � (@
) :

Assumethat the following conditions are satis�ed

bj ; d; f 2 C � �



�
; d (x) � 0; max

�
jbj j� ; jdj �

�
� 1:

By the Schauder theorem, there exists unique solution u 2 C2+ �
�



�
of this boundary

value problem, and with a constant K = K (
) > 0 depending only on the number the
domain 
 the following estimate holds

juj2+ � � K
h
kgkC2+ � (@
) + jf j �

i
: (52)

In the formulation of Theorem 6.1 we provide estimates(56)-(61) via M � and also use
(51) to obtain estimatesvia s: This formulation is almost the sameasonein [5]. Note that
the de�nition of the norm in the spaceC � (
) implies that

jf 1f 2j� � jf 1j� jf 2j� ; 8f 1; f 2 2 C � �



�
: (53)

Theorem 6.1. Let 
 � R3 be a convex bounded domain with the boundary @
 2
C3: Suppose that (42)-(44) and (46)-(48) hold. Let the exact coe�cient c� (x) satis�es
(4) and c� 2 [2d1; 2d2] ; c� (x) = 2d1 for x 2 R3� 
 ; where numbers d1; d2 > 0 are
given. For any function c(x) 2 C �

�
R3

�
such that c(x) � d1 in 
 and c(x) = 2d1

in R3� 
 consider the solution u (x; t) of the Cauchy problem (1), (2). Let wc (x; s) 2
C2+ �

�
R3� fj x � x0j < 
 g

�
; 8
 > 0 be the Laplace transform (6) of u (x; t) and Vc (x) =

s� 2 ln wc (x; s) 2 C2+ �
�



�
be the corresponding tail function. Suppose that the cut-o�

pseudofrequencys is so largethat both for c� (x) and any suchfunction c(x) the following
estimateshold (see (14))

jV � j2+ � � � ; jVcj2+ � � � ; (54)



where � 2 (0; 1) is a su�ciently small number. Let V1;1 (x; s) 2 C2+ �
�



�
be the initial tail

function and let (see (30))
jV1;1j2+ � � � : (55)

Denote � := 2(h + � + � + ") : Let K = K (
) > 0 be the constant of the Schaudertheorem
in (52) and N � N be the total number of functions qn calculated by the above algorithm.
Suppose that the number N = N (h) is connected with the step size h via N (h) h = � ;
where the constant � > 0 is independent on h. Let � be so small that

� � min
�

2
7

;
1

162K C � s4 ;
1

162C � s4

�
� min

�
2
7

;
1

16K M � s2 ;
C �

(M � )2

�
: (56)

In addition, let the number � and the parameter � of the CWF satisfy the following esti-
mates

� � � 0 (
 ; M � ; d1) = � 0

�

 ; kq� kC2+ � (
 )� C1 [s;s] ; d1; s

�

= min
�

1
2

;
1

4K
;

d1

32� 16C � s4 ;
1

8C � s2

�
= min

�
1
2

;
1

4K
;

d1

32M � s2 ;
2

M �

�
; (57)

� � � 0 (C � ; K ; s; � ) = max
�

164 (C � )4 s8; 6 � 162 (C � )2 K s4;
1
� 2

�
: (58)

Then for every integer n 2
�
1; N

�
the following estimateshold

�
�
�qk

n;1 � q�
n

�
�
�
2+ �

; jqn;i � q�
n j2+ � � 2K M �

�
1

p
�

+ 3�
�

= 32C � K s2
�

1
p

�
+ 3�

�
; (59)

�
�
�qk

n;1

�
�
�
2+ �

; jqn;i j2+ � � 2C � ; (60)

jcn;i � c� j� � 8M � s2
�

1
p

�
+ 3�

�
= 128C � s4

�
1

p
�

+ 3�
�

: (61)

In addition, functions cn;i (x) � d1 in 
 and bcn;k (x) � d1 in R3.
Proof. The major part of the proof is the sameas one in [5]. The only thing we prove

now is the convergenceof functions qk
n;1 for k ! 1 ; becauseit was not proven in [5].The

idea of the proof is to consider the di�erences eqk
n;i = qk

n;i � q�
n ; eqn;i = qn;i � q�

n ; obtain
Dirichlet boundary value problems for linear elliptic equations for them via subtracting
(45) from either (32) or (35), and (44) from either (33) or (36), and then sequentially use

the estimate (52) of the Schauder theorem to estimate norms
�
�
� eqk

n;i

�
�
�
2+ �

; jeqn;i j2+ � from the

above. In doing so, one needsto estimate di�erences of tails eVn;k = Vn;k � V � using (37),

(54) and (55), as
�
�
� eVn;k

�
�
�
2+ �

� 2� � � :

It followsfrom [5] that giventhe number n, estimates(59) and (60) for
�
�qk

n;1 � q�
n

�
�
2+ �

;
�
�qk

n;1

�
�
2+ �

can be proven, using the above outlined idea, without the proof of convergenceof functions
qk

n;1; k ! 1 : Hence,we assumenow that theseestimatesare valid. Consider for example
the casen = 1, sinceother casesare similar. Let m; r > 2 be two positive integers. Denote
am;r = qm

1;1 � qr
1;1: Setting in (32), (33) n = 1; k := m, then k := r and subtracting two

resulting equations,we obtain

� am;r � "am;r + A1;1r amr � r V1;1 = 2
I 1;1

I 0
r am� 1;r � 1 �

�
r qm� 1

1;1 + r qr � 1
1;1

�
; (62)

am;r j@
 = 0: (63)
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For the vector function f = (f 1; f 2; f 3) ; f i 2 C �
�



�
denote

jf j � =

2

4
3X

j =1

�
� f x j

�
�2
�

3

5

1=2

:

Hence,jr am� 1;r � 1j� �
p

3jam� 1;r � 1j2+ � and by (60)
�
�
�r qm� 1

1;1 + r qr � 1
1;1

�
�
�
�

� 4
p

3C � : Hence,

(27) and (53) lead to
�
�
�
�2

I 1;1

I 0
r am� 1;r � 1 �

�
r qm� 1

1;1 + r qr � 1
1;1

� �
�
�
�
�

�
100C � s2

�
jam� 1;r � 1j2+ � : (64)

Applying (52) to (62), (63), and taking into account (58) and (64), we obtain

jam;r j2+ � �
100K C � s2

�
jam� 1;r � 1j2+ � �

100
6 � 162C � s2 jam� 1;r � 1j2+ � : (65)

Sinceby (43) and (48) C � s2 > 1; then (65) implies that

jam;r j2+ � �
1
10

jam� 1;r � 1j2+ � : (66)

It follows from (66) that the sequence
�

qk
1;1

	 1
k=1

satis�es the Cauchy convergencecriterion.
� .

Remarks:
1. It often happensin the computational practice of ill-p osedproblems that theoretical

estimatesof convergencetheoremsare more pessimistic than onesobtained in numerical
studies,and also somediscrepanciesbetweenanalytical results and their numerical imple-
mentations often occur. Our computational experiencetells us that this is exactly our case
in referenceto estimates(56)- (61). It seemsto be at the �rst glancethat becauseof (61),
onecan stop the iterativ e processat n = 1. However, our numerical experienceshows that
this way one cannot obtain good images. Hence,we use in our computations a stopping
rule, which is di�eren t from (61). Actually, we do not use the C 2+ � (
) norm to verify
convergence,becauseit is rather complicated in the computational practice to consider
this norm and also becauseall norms in �nite dimensional spacesare equivalent, and we
work in a �nite dimensional spaceof �nite elements in our computations. In addition, we
have usedthe � � function in (1) and the whole spaceR3 only for the sake of a convenient
formulation of the asymptotic behavior (9). In our computations we use the plane wave
and a boundeddomain G for the solution of the forward problem. Other main discrepan-
ciesbetweenour theory and the computational implementation are listed in subsection7.2
of [5]. In particular, it is stated there that we verify the asymptotic behavior at s ! 1
computationally.

2. Truncating integralsat a high pseudofrequencys is a natural thing to do, becauseone
routinely truncates high frequenciesin physics and engineering. By truncating integrals,
we actually comeup with a di�eren t, although a quite reasonablemathematical model.

3. One of the back bones of the theory of ill-p osed problems is that the number of
iterations canbechosenasa regularization parameter,see,e.g.,page157of [16]. Therefore,
we have a vector (s;N ; m1; :::; mN ) of regularization parameters, seedetails about their
choice in subsection8.2. Setting N (h) h = � = const: > 0 is in an agreement with, e.g.,
Lemma 6.2 on page156 of [16], sincethis lemma shows a connectionbetweenthe error in
the data and the number of iterations (that lemmais proven for a di�eren t algorithm). The



(a) GF D M (b) G = GF E M [ GF D M (c) GF E M = 


Figure 1: The hybrid mesh(b) is a combinations of a structured mesh(a), where FDM is
applied, and a mesh(c), whereweuseFEM, with a thin overlapping of structured
elements. The solution of the inverseproblem is computed in the square
 and
c(x) = 1 for x 2 G� 
 .

number � is small becauseour algorithm is originated by equation (19), which contains
nonlinear terms with s-integralsof the Volterra type. It well known that in generalsolutions
of nonlinear integral equations of the Volterra type can be estimated only on su�cien tly
small intervals.

7 Computations of the Forward Problem

In this paper we work with the computationally simulated data. That is, the data are
generatedby computing the forward problem (68) with the given function c(x). To solve
the forward problem, we usethe hybrid FEM/FDM method described in [11]. The compu-
tational domain in all our tests G = GF E M [ GF D M is set as G = [� 4:0; 4:0] � [� 5:0; 5:0].
This domain is split into a �nite element domain GF E M := 
 = [� 3:0; 3:0] � [� 3:0; 3:0]
and a surrounding domain GF D M with a structured mesh,seeFigure 1. The spacemesh
in 
 consistsof triangles and in GF D M - of squareswith the meshsize ~h = 0:125 in the
overlapping regions. At the top and bottom boundariesof G we use�rst-order absorbing
boundary conditions [17] which are exact in this particular casesince the plane wave is
initialized in normal direction into G in all our tests. At the lateral boundaries, mirror
boundary conditions allow us to assumean in�nite spacedomain in the lateral direction.

The forward problem is computed in the domain G � R2 (Figure 1). The coe�cien t
c(x) is unknown only in domain 
 � G and

c(x) = 1 in G� 
 : (67)

The trace of the solution of the forward problem is recordedat the boundary @
 . Next,
the coe�cien t c(x) is �forgotten�, and our goal is to reconstruct this coe�cien t for x 2 

from the data ' (x; s) : The boundary of the domain G is @G = @G1 [ @G2 [ @G3: Here,
@G1 and @G2 are respectively top and bottom sidesof the largest domain of Figure 1 and
@G3 is the union of left and right sidesof this domain. In our �rst test the forward problem

15



t = 0:5 t = 3:7 t = 5:9 t = 6:9

t = 7:5 t = 8:5 t = 9:6 t = 11:2

Figure 2: Test 1: Isosurfacesof the simulated exact solution to the forward problem (68)
at di�eren t times with a plane wave initialized at the top boundary.



t = 2:1 t = 4:3 t = 4:3 t = 4:8

t = 5:9 t = 6:4 t = 9:1 t = 10:7

Figure 3: Test 2: Isosurfacesof the simulated exact solution to the forward problem (68)
with a plane wave initialized at the bottom boundary.

clearpage
clearpage

is

c(x)
@2u
@t2 � 4 u = 0; in G � (0; T);

u(�; 0) = 0;
@u
@t

(�; 0) = 0; in G;

@nu
�
�
@G1

= f (t) ; on @G1 � (0; t1];

@nu
�
�
@G1

= @t u; on @G1 � (t1; T);

@nu
�
�
@G2

= @t u; on @G2 � (0; T);

@nu
�
�
@G3

= 0; on @G3 � (0; T);

(68)

where T is the �nal time and f (t) is the plane wave de�ned as

f (t) =
(sin (st� � =2) + 1)

10
; 0 � t � t1 :=

2�
s

; T = 17:8t1:

Thus, the plane wave is initialized at the top boundary @G1 and propagatesinto G for
t 2 (0; t1]. First order absorbing boundary conditions [17] are usedon @G1 � (t1; T ] and
@G2 � (0; T ], and the Neumannboundary condition is usedon the bottom boundary @G3.
In the secondtest we consider the casewhen the plane wave is initialized at the bottom
boundary and usethe Neumann boundary condition at the top boundary. In the integral
(6) of the Laplace transform we integrate for t 2 (0; T) :
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8 The Adaptivit y Technique

In this section we describe the adaptivit y technique, for the sake of completeness,as well
as for the sake of the above mentioned rigorous explanation of the meaning of the  
function. However, we are not proving the estimate (95) here for the Frechet derivative of
the Lagrangian and instead refer for details to [7, 8, 9].

To use the adaptivit y technique, we formulate the inverse problem for the boundary
value problem (68) as an optimization problem, where we seekthe unknown coe�cien t
c(x), which gives the solution of the boundary value problem (68) for the function u(x; t)
with the best least squares�t to the time domain observations g(x; t) ; see(5). Denote
QT = 
 � (0; T) ; ST = @
 � (0; T) : Our goal now is to �nd the function c(x) which
minimizes the Tikhonov functional

E(u; c) =
1
2

Z

ST

(u jST � g(x; t))2d� dt +
1
2



Z




(c � c0)2 dx; (69)

where
 is the regularization parameterand c0 is an initial guessfor the unknown coe�cien t
c. On the �rst step of the adaptivit y we take the samemeshas one we have usedfor the
globally convergent method. The �rst guessc0 = c0 (x) is also taken the one, which was
obtained on the globally convergent stage. On each follow up step of the adaptivit y when
meshre�nement is used, the function c0 (x) is taken from the previous step. In doing so,
values of that function are linearly interpolated from the coarsergrid on the �ner grid.
Note that since c(x) = 1 in the domain G� 
 ; then given the function g(x; t) = u j@
 ;
onecan uniquely determine the function u(x; t) for (x; t) 2 (G� 
) � (0; T) as the solution
of the boundary value problem for equation (68) for with boundary conditions on both
boundaries@G and @
 : Hence,one can uniquely determine the function p(x; t) ;

@u
@n

jST = p(x; t) : (70)

Since we deal with computationally simulated data, in our computations both functions
p(x; t) and g(x; t) are calculated from the solution of the forward problem (68) with the
correct value of the coe�cien t c(x).

Denote

H 2
u (QT ) = f f 2 H 2(QT ) : f (x; 0) = f t (x; 0) = 0g;

H 1
u(QT ) = f f 2 H 1(QT ) : f (x; 0) = 0g;

H 2
' (QT ) = f f 2 H 2(QT ) : f (x; T) = f t (x; T) = 0g;

H 1
' (QT ) = f f 2 H 1(QT ) : f (x; T) = 0g;

U = H 2
u(QT ) � H 2

' (QT ) � C2(
) ;
�U = H 1

u(QT ) � H 1
' (QT ) � L 2(
) ;

�U1 = L 2 (QT ) � L 2 (QT ) � L 2 (
)

(71)

where all functions are real valued. Hence,U � �U � �U1 as sets, U is densein �U and �U
is densein �U1: Also denote (( �; �)) the inner product in �U1 and [�] the norm generatedby
this product.

To solve the problem of the minimization of the functional (69), we introduce the La-
grangian

L(v) = E(u; c) +
Z

QT

' � (cutt � � u) dxdt; 8' 2 H 2
' (QT ) ; (72)



where ' 2 H 2
' (QT ) is the Lagrangemultiplier and v = (u; '; c) 2 U. Sincethe function u

solvesequation (68) then L(v) = E(u; c): This is becausethe secondterm in L(v) is zero.
Integration by parts and (72) leadsto

L(v) = E(u; c) �
Z

QT

c(x)ut ' t dxdt +
Z

QT

r ur 'dxdt �
Z

ST

p'd� dt: (73)

We search for a stationary point of the functional L (v); v 2 U satisfying

L 0(v) (v) = 0; 8�v = ( �u; �' ; �c) 2 �U (74)

whereL 0(v)( �) is the Frechet derivative of L at the point v. To �nd the Frechet derivative
L 0(v) (v) ; considerL (v + v) � L (v) 8�v 2 �U and single out the linear, with respect to v;
part of this expression.Hence,we obtain from (73) and (74)

L 0(v) (v) =
Z




�c

2

4 
 (c � c0) �

TZ

0

ut ' t dt

3

5 dx �
Z

QT

c(x) (' t ut + ut ' t ) dxdt (75)

+
Z

QT

(r ur ' + r ur ' ) �
Z

ST

p' d� dt = 0; 8�v = (u; ' ; c) 2 �U:

Integration by parts in (75) leadsto

L 0(v) (v) =
Z




�c

2

4 
 (c � c0) �

TZ

0

ut ' t dt

3

5 dx +
Z

QT

�' (cutt � � u) dxdt (76)

+
Z

QT

�u (c' tt � � ' ) dxdt +
Z

ST

�u [(u � g) � @n ' ] d� dt; 8�v = (u; ' ; c) 2 �U:

Hence(74) and (75) imply that every integral term in formula (76) equalszero. We obtain
that if (u; '; c) = v 2 U is a minimizer of the Lagrangian L(v) in (73), then

cutt � 4 u = 0; (x; t) 2 QT ; (77)

u(x; 0) = ut (x; 0) = 0; (78)

@nu jST = p(x; t) ; (79)

c' tt � 4 ' = 0; (x; t) 2 QT ; (80)

' (x; T) = ' t (x; T) = 0; (81)

@'
@n

jST = (u � g) (x; t) ; (x; t) 2 ST ; (82)


 (c � c0) �
Z T

0
ut ' t dt = 0; x 2 
 : (83)

The boundary valueproblem (80)-(82) shouldbesolvedbackwards in time. Uniquenessand
existencetheoremsfor initial boundary value problems (77)-(79) and (80)-(82), including
the caseof weak H 1

u (QT ) and H 1
' (QT ) solutions, can be found in Chapter 4 of [23]. We

minimize L(v) in an iterativ e processvia solving on each step boundary value problems
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(77)-(79) and (80)-(82). We �nd weak solutions of problems (77)-(79), (80)-(82) via the
FEM.

To formulate the FEM for boundary value problems (77)-(79) and (80)-(82) we intro-
duce �nite element spacesW u

h � H 1
u (QT ) and W '

h � H 1
' (QT ) for functions u and '

respectively. These spacesconsist of continuous piecewiselinear functions in spaceand
time satisfying initial conditions u (x; 0) = 0 for u 2 W u

h and ' (x; T) = 0 for ' 2 W '
h :

We also introduce the �nite element spaceVh � L 2 (
) of piecewiseconstant functions
for the target coe�cien t c(x) and denote Uh = W p

h � W '
h � Vh � �U: So, we considerUh

as a discrete analogueof the space �U: Since all norms in a �nite dimensional spaceare
equivalent, it is convenient for us to intorduce in Uh the samenorm as one in �U1: The
functional L (vh) is de�ned in terms of (73) and L 0(v) (v) is de�ned in terms of (75). The
FEM for (74) now reads: Find vh 2 Uh , such that

L 0(vh) (v) = 0; 8v 2 Uh : (84)

We solve this discreteproblem using the quasi-Newtonmethod with the limited storage
[27]. More precisely, let ch (x) 2 Vh be a piecewiseconstant approximation of the unknown
coe�cien t c(x). We compute iterativ ely the sequencef cm

h g; m = 1; ::: of approximations
of ch as

cm+1
h (x) = cm

h (x) � �H m gm (x); (85)

where � is the step length computed via the line-search algorithm [28]. Here, H m is the
Hessianof the Lagrangian. The Hessianis computed by the usual BFGS update formula
of the Hessian:

H m+1 = (I � dm smym T )H m (I � dm ymsm T ) + �s msm T ; m = 1; :::;

where
dm = 1=(ym T sm ); m = 1; ::: (86)

and
ym = gm+1 � gm :

Corrections sm in (86) are de�ned as sm = cm+1
h � cm

h . In our computations we have used
a special BFGS update formula with limited storagefor the Hessian[27] wherewe store a
�nite number n = m � 1 of correctionsfor the computed gradients and parametersin (86).
When n = 0 then the quasi-Newton method is the usual gradient method with H 0 = I .
The nodal valuesof the gradient gm (x) are given by (see(83))

gm (x) = 
 (cm
h � c0) �

Z T

0
um

ht '
m
ht dt: (87)

Here um
h 2 W u

h ; ' m
h 2 W u

h are functions u and ' obtained on the m th iteration via solving
boundary value problems (77)-(79) and (80)- (82) respectively with c := cm

h ; c0 := c1
h , see

subsection8.3 for our stopping criterion.

8.1 A posteriori error estimate for the Lagrangian

When performing computational experiments, we are concernedwith the accuracyof ob-
tained results. We now addressthe issueof a posteriori error bound that estimates the
error of the �nite element approximation of the function c in terms of the residual error
obtained in the reconstruction process.The latter error bound can be evaluated oncethe
FEM solution has been computed, since this solution is used then for the derivation of



that error bound. The resulting a posteriori error estimate enablesus to estimate and
adaptively control the �nite element error to a desiredtolerancelevel via re�ning the mesh
locally.

Let v 2 U be a minimizer of the Lagrangian L on the space �U, and vh be a minimizer
of this functional on Uh : That is, v is a solution of the problem (75) and vh is a solution
of the problem (84). Since the secondstage of our two-stageprocedure, the adaptivit y,
is a locally convergent numerical method and the �rst good approximation for the second
stageis obtained on the �rst stage,we can assumethat we work in a small neighborhood
of the exact solution v� 2 U of our original CIP. Thus, we assumethat

kv � v� k �U � � and kv � vhk �U � � ; (88)

where � is a su�cien tly small positive number. We now obtain a posteriori error estimate
for the error in the Lagrangian,

L (v) � L (vh) =
Z 1

0

d
d�

L (�v + (1 � � )vh)d�

=
Z 1

0
L 0(�v + (1 � � )vh) (v � vh) d� = L 0(vh) (v � vh) + R;

(89)

where R is the secondorder, with respect to v � vh ; remainder term, jRj � C kv � vhk2
�U

with a certain positive constant C (in principle, more details can be given here, which,
however, is outside of the scope of this paper. We ignore R becauseof (88).

Let Ph : �U1 ! Uh be the operator of the orthogonal projection of the space �U1 on the
subspaceUh : Since v 2 U and U � �U1 as a set, we can apply the operator Ph to the
element v: In other words, Ph (v) := vI

h is the interpolant of v via �nite elements of Uh .
Using the Galerkin orthogonality (84) with the splitting v � vh = (v � vI

h) + (vI
h � vh), we

obtain the following error representation:

L (v) � L (vh) � L 0(vh) (v � vI
h); (90)

involving the residual L 0(vh)( �) with v � vI
h appearing as the interpolation error. This

splitting is one of the main tricks in the adaptivit y idea, becauseit allows us to use the
Galerkin orthogonality (84) and then to usethe standard estimatesof interpolation errors.
We estimate v � vI

h in terms of derivatives of v and the meshparametersh in spaceand
� in time. Finally we approximate the derivatives of v by corresponding derivatives of
vh , seedetails in [7]-[9]. It turns out that the dominating contribution of the error in the
Lagrangian (72) is presented in residualsof the reconstruction and it is estimated from the
above by


 max



jch � c0j + max



Z T

0
juht ' ht j dt:

This observation indicates that the error in the Lagrangian can be decreasedby re�ning
the grid locally in those regions, in which the absolute value of the gradient with respect
to c attains its maximum. The latter forms the basis for the adaptivit y technique, see
Section8.3.

8.2 A posteriori error estimate for the unknown coe�cient

A more generala posteriori error estimate is the one, which can be used to estimate the
error in the reconstructed coe�cien t rather than the error in the Lagrangian [9]. This
estimate involves the solution ev 2 �U of the following problem

� L 00(vh) ( �v; ev) = ((  ; �v)) 8�v 2 Uh ; (91)
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where the function  2 �U is a function of our choice, (( �; �)) is the L 2 inner product in
�U in spaceand time, and L 00(vh)( �; �) is the secondFrechet derivative (the Hessian)of the
Lagrangian L(v) at vh . The secondFrechet derivative of the Lagrangian expressesthe
sensitivity of the derivative of the Lagrangian (72) with respect to changesin v.

The main goal in the adaptive error control is to �nd a meshwith a few nodesaspossible
such that jc � ch j � " for a given tolerance ", where ch 2 Vh is the third component of
the vector function vh ; i.e., ch is an approximation of the function c, which is found in our
computations. Thus, in the adaptive algorithm, the solution obtained on a coarsemeshwill
be interpolated to the re�ned meshand usedthen asan initial guessfor a new optimization
procedure. Following the ideasof [9], a posteriori estimate of the error betweenthe exact
coe�cien t c and the computed one ch involves the solution of the problem (91).

Assumingexistenceof the solution of the problem (91), we obtain by choosingv = v� vh

in (91)

((  ; v � vh)) = � L 00(vh)(v � vh ; ev)

= � L 0(v)(ev) + L 0(vh)(ev) + R = L 0(vh)(ev) + R;
(92)

where L 0(v) (vh) = 0 due to (74), and again R is the secondorder remainder term.
Since ev 2 �U and �U � �U1 as a set, we can apply the projection operator Ph to ev:

Hence,Phev := evI
h is the interpolant of ev: Using splitting ev =

�
ev � evI

h

�
+ evI

h ; the Galerkin
orthogonality

L 0(vh)(evI
h) = 0; 8evI

h 2 Vh ;

and ignoring R, we obtain from (92)

((  ; v � vh)) � L 0(vh)(ev) = L 0(vh)(ev � evI
h) + L 0(vh)(evI

h) = L 0�
vh)(ev � evI

h

�
:

Hence,we have obtained the following analog of a posteriori error estimate for the error
in the Lagrangian (90)

((  ; v � vh)) � L 0(vh)(ev � evI
h): (93)

We conclude, that the concrete form of the estimate (93) is the same as one for the
Lagrangian L(v) with only v � vI

h replacedwith ev � evI
h , compare(93) with (90). Hence,

to estimate j((  ; v � vh)) j ; we can useestimatesfor the derivative of the Lagrangian, thus
ending up with the sameproblem as one in subsection8.1.

We now provide the �rst rigorous explanation of the meaning of the estimate from the
above of j(( ; v � vh)) j in (93), which is formulated in (94). Let f  kgM

k=1 � Uh be an
orthonormal basis in the �nite dimensional spaceUh . Assumethat for each function  k

there exists unique solution ev k 2 �U of the problem (91) such that kev k � v� k �U � � (see
(88)). Denote evI

 k
= Phev k : By (93) we have the following approximate estimate

j((  k ; v � vh)) j2 �
�
�L 0(vh)(ev k � evI

 k
)
�
�2

:

Using splitting v � vh =
�
vI

h � vh
�

+
�
v � vI

h

�
again, noting that v � vI

h = (I � Ph) v and
that by the de�nition of the orthogonal projection

��
 k ; v � vI

h

��
= ((  k ; (I � Ph) v)) = 0,

we conclude that numbers ((  k ; v � vh)) are Fourier coe�cien ts of the vector function
vI

h � vh 2 Uh with respect to the orthonormal basisf  kgM
k=1 in the spaceUh : Hence,

�
vI

h � vh
� 2

=
MX

k=1

j(( k ; v � vh))j2 �
MX

k=1

�
�L 0(vh)(ev k � evI

 k
)
�
�2

;



�
vI

h � vh
�

�

 
MX

k=1

�
�L 0(vh)(ev k � evI

 k
)
�
�2

! 1=2

: (94)

Hence,estimates
�
�
�L 0(vh)(ev k � evI

 k
)
�
�
� from the above for all k = 1; :::; M would provide us

with an estimate of the di�erence between the interpolant of our target minimizer of the
Lagrangian and the minimizer of this Lagrangian on the subspaceUh ; which will be found
in computations. Note that an analogousestimate was not obtained previously in [9].

Similarly to [7]-[9] weestimateev� evI
h in terms of derivativesof ev and the meshparameters

h in spaceand � in time. Finally we approximate the derivatives of ev by corresponding
derivativesof evh, seedetails in [7]-[9]. Then the estimate of the right hand side of (93) is
expressedin terms of residualsof the reconstruction and associated dual weights and has
the following form

j ((  ; v � vh)) j �
�
�L 0(vh)(ev � evI

h)
�
� �

Z

QT

Ru1 � ~' dxdt

+
Z

QT

Ru2 � e' dxdt +
Z

ST

R' 1 � eu dxdt

+
Z

QT

R' 2 � eu dxdt +
Z

QT

R' 3 � eu dxdt

+
Z

QT

Rc1 � ec dx +
Z



Rc2 � ec dxdt; (95)

where ev = (eu; e' ; ec) is a solution of the problem (91) for a chosen function  2 Uh and
ST = @
 � (0; T). Residualsare de�ned as

Ru1 = max
S� @K

h� 1
k

�
� � @suh

� �
� ; Ru2 = ch � � 1

�
� � @t uh

� �� ;

R' 1 =
�
�uh jST � g

�
� ; R' 2 = max

S� @K
h� 1

k

�
� � @s' h

� �
� ; R' 3 = ch � � 1

�
� � @t ' h

� �
� ;

Rc1 =

�
�
�
�
@' h

@t

�
�
�
� �

�
�
�
�
@uh

@t

�
�
�
� ; Rc2 = 
 j(ch � c0)j (96)

and di�eren t weights � have the following form:

� e' = C1� j[@t e' h ]j + C1h j[@s e' h ]j ;

� eu = C1� j[@t euh ]j + C1h j[@seuh]j ;

� ec = C2
�
� [ech ]

�
�;

(97)

where[ev] on a spaceelement K (or time-interval J ) denotesthe maximum of the modulus
of the jump of the quantit y ev acrossa face of K (or boundary node of J ). In particular
[@sev] on a space-element K denotesthe maximum of the modulus of the jump in the normal
derivative of ev acrossa side of K . Also, [@t ev] on a time-interval J is the maximum of the
modulus of the jump of the time derivative of ev acrossa boundary node of J . HereC1 and
C2 are interpolation constants.

Thus, to �nd weights (97) in estimates (95), we need to compute the problem (91) to
�nd the function ev: It follows from (94) that choosing di�eren t functions  k from the
orthonormal basis f  kgM

k=1 of the subspaceUh in the problem (91), we obtain an approx-
imate a posteriori control of the error between the interpolant v I

h of the exact minimizer
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v 2 U and computed minimizer vh 2 Uh of the Lagrangian. The main di�cult y here is
in the solvabilit y of the problem (91). A certain numerical method for the solution of
this problem was proposedin [9], and it was con�rmed by numerical examples. However,
questionsof convergenceand stabilit y of that method, so as the question of existenceof
solution of the problem (91) are open. Still, we can come up with a simpli�ed estimate
(94) which doesnot require solution of the problem (91), although assumesits existence,
seenext subsection. Our computational experienceshows that this estimate is su�cien t
for our goal.

8.3 The adaptive algorithm

In this section we present our adaptive algorithm basedon computations of the residuals
for the computed coe�cien t c. The initial guessvalue c0 for the unknown coe�cien t c
in our adaptive algorithm on the initial mesh is taken from the solution obtained by the
above globally convergent algorithm.

One can seefrom (94) and (95) that the error in the reconstructed coe�cien t consists
out of a sum of integrals of di�eren t residualsmultiplied by the interpolation errors. Thus,
to estimate the error in the unknown coe�cien t, we need to compute the approximated
values of (uh ; ' h ; ch) together with the residuals and interpolation errors. We re�ne the
meshadaptively at the endof the optimization procedure(85), (87). Hence,we canassume
that the values of the residuals R ' i ; i = 2; 3 and interpolation errors � e' for the adjoint
solution ' h aresmall and we ignore them in (95). Valueof the residualR ' 1 is small because
jjuh jST � gjj << 1 and we can ignore it aswell in (95). Thus, we compute only dominating
residualsRc1 and Rc2 . Our computational experienceshows that this is enough,i.e., that
the approximate error estimate (98) is su�cien t for the solution enhancement via the
adaptivit y technique.

It follows from (94) that if a solution of the problem (91) existsfor each function  k ; then
we can write the following approximate estimate for the error in the computed unknown
coe�cien t




 cI

h � ch





L 2 (
) � M C2A (
) j[ech ]j

TZ

0

�
max



Rc1 (x; t) + max



Rc2 (x; t)

�
dt; (98)

whereA (
) is the area of the domain 
 (volume in the 3-d case)and M is the dimension
of the subspaceUh . If, however, solution of the problem (91) doesnot exist for some(or
all) functions  k ; then it follows from (90) that the integral term in (98) estimates from
the above the error in the Lagrangian,

jL (v) � L (vh)j �
�
�L 0(vh)

�
v � vI

h

� �
� � A (
) j[ch ]j

TZ

0

�
max



Rc1 (x; t) + max



Rc2 (x; t)

�
dt:

(99)
Thus, we can hope to decreasethe error via locally re�ning mesh in those regions,where
valuesof residualsRc1 (x; t) ; Rc2 (x; t) are closeto the maximal ones. Estimates (??) and
(95) allow us to control the error in the computed reconstructed coe�cien t ch . Since
residualsRc1 and Rc2 are independent on the solution of the problem (91), our algorithm
does not use that solution. Although estimates (98) and (99) are approximate ones,our
computational experienceshows that they are su�cien t.

In our computations we usethe following version of the adaptive algorithm.



0: Choosean initial meshK h and an initial time partition J0 of the time interval (0; T]:
Start with an initial guessc0 = cglob, which was computed in the above globally
convergent algorithm, and compute the sequenceof cm in the following steps:

1: Compute the solution um of the forward problem (77)-(79) on K h and Jk , with
c(x) = cm .

2: Compute the solution ' m of the adjoint problem (80)-(82) backwards in time on K h

and Jk .

3: Update the coe�cien t c := ch on K h and Jk using the quasi-Newtonmethod (85)

cm+1 = cm � �H m gm :

4: Stop computing c if either the norm of the gradient gm of the Lagrangian with
respect to the coe�cien t in (87) is jjgm jjL 2 (
) < � or norms jjgn jjL 2 (
) are stabilized.
Otherwise set m = m + 1 and go to step 1. Here, � is the tolerance in quasi-Newton
updates. In our computations we took � = 10� 5.

5: Compute the residuals,Rc1 ; Rc2 and re�ne the meshat all points where

TZ

0

�
max



Rc1 (x; t) + max



Rc2 (x; t)

�
dt > tol : (100)

Here tol is a tolerancechosenby the user.

6: Construct a new meshK h and a new time partition Jk . On Jk the new time step �
should be chosenwith respect to the CFL condition. Interpolate the reconstructed
coe�cien t ch from the previous mesh to the new mesh. Return to the step 1 and
perform all the stepsof the optimization algorithm on the new mesh.

9 Numerical Testing

9.1 Results of reconstruction using the globally convergent algorithm

We have performed numerical experiments to reconstruct the medium, which is homo-
geneouswith c(x) = 1 except of two small squares,where c(x) = 4, seeFigure 1-c).
However, we have not assumeda priori knowledgeof neither the structure of this medium
nor of the background constant c(x) = 1 for x 2 
 � those two squares,although, fol-
lowing the Tikhonov concept (as mentioned in section 2), we have assumedthe knowl-
edgeof the constant d1 = 1=2; see(3) and (67). Becauseof this, the starting value for
the tail V1;1 (x; s) was computed via solving the forward problem (68) for c � 1. Let
wc� 1 (x; s) be the corresponding function w (x; s) at s = s: Then, using (18), we took
V1;1 (x; s) = s� 2 ln wc� 1 (x; s) :

It was found in [5] that for domains G; 
 speci�ed in section 7 the interval [s; s] =
[6:7; 7:45] is the optimal one, and so we have used it in our numerical studies. We have
chosenthe step sizewith respect to the pseudofrequencyh = 0:05. Hence,N = 15 in our
case. We have chosentwo sequencesof regularization parameters� := � n and " = "n for
n = 1; :::; N , which are the sameas onesin [5],

� n = 20; n = 1; 2; � n = 200; n = 3; 4; 5; � n = 2000; n � 6;

"n = 0; n = 1; 2;"n = 0:001; n = 3; 4; 5;" n = 0:01; n = 6; 7;

"n = 0:1; n � 8:

25



a) c9;2 b) c10;2 c) c11;2 d) c12;2

Figure 4: Test 1.1: spatial distribution of ch after computing qn;k ; n = 9; 10; 11; 12; where
n is number of the computed function q.

Once the function qn is calculated, we update the function c := cn as in (28), (29), see
subsection7.3of [5] for somenumerical details. The resulting computedfunction is c(x) :=
cN (x): Comparing with [5], in the current work we choosea completely di�eren t stopping
rule. In calculating iterations with respect to the nonlinear term (Section 5), we consider
norms F k

n ;
F k

n = jjqk
n;1j@
 �  n jjL 2 (@
) :

We stop our iterations with respect to nonlinear terms when either

either F k
n � F k� 1

n or F k
n � ";

where " = 0:001 is a small tolerance number of our choice. In other words, we stop
iterations, when either F k

n starts to grow or are too small. Next, we iterate with respect to
the tails and usethe samestopping criterion. Namely, we stop our iterations with respect
to tails when either

F n;i � F n;i � 1 (101)

or
F n;i � "; (102)

where F n;i = jjqn;i j@
 �  n jjL 2 (@
) : So, in accordancewith Section 5 the number i , on
which theseiterations are stopped, is denotedasi := mn . Oncethe criterion (101)-(102) is
satis�ed, we take the last computed tail Vn;m n , set Vn+1 ;1 := Vn;m n and run computations
again. This di�erence allows us to get a more �exible stopping rule in global convergence
algorithm. Hence,the number mn of iterations with respect to tails is chosenautomatically
�inside� of each iteration for qn . Thus, numbers mn vary with n. This is di�eren t from [5],
where numbers mn where not chosenautomatically.

In all our tests we have introduced the multiplicativ e random noise in the boundary
data, g� , by adding relative error to computed data g using the following expression

g�
�
x i ; t j �

= g
�
x i ; t j �

�
1 +

� j (gmax � gmin )�
100

�
:

Here, g
�
x i ; t j

�
= u

�
x i ; t j

�
; x i 2 @
 is a mesh point at the boundary @
 ; t j 2 (0; T) is

a mesh point in time, � j is a random number in the interval [� 1;1], gmax and gmin are
maximal and minimal valuesof the computed data g, respectively, and � = 5% is the noise
level.

Computations wereperformedon 16 parallel processorsin NOTUR 2 production system
at NTNU, Trondheim, Norway (67 IBM p575+ 16-way nodes, 1.9GHz dual-core CPU,
2464GB memory).



a) c10;2 b) c11;1 c) c12;1 d) c13;1

Figure 5: Test 2.1: spatial distribution of ch after computing qn;k ; n = 10; 11; 12; 13 where
n is number of the computed function q.

0 10 20 30 40 50
1

1.5

2

2.5

3

3.5

4

4.5

 

 
q

10,1

q
11,1

q
12,1

exact

0 10 20 30 40 50
1

1.5

2

2.5

3

3.5

4

4.5

 

 
q

10,1

q
11,1

q
12,1

q
13

exact

a) Test 1.1 b) Test 2.1

Figure 6: The one-dimensionalcross-sectionsof the image of the function cn;k computed
for corresponding functions qn;1. On a) for Test 1.1along the vertical line passing
through the middle of the right small square; and on b) for Test 2.1 along the
vertical line passingthrough the middle of the left small square.
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a) Test 1.1 b) Test 2.1

Figure 7: Computed L 2-norms of the Fn;i = jjqn;i j@
 �  n jjL 2 (@
) .
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Test 1.1
We test our numerical method on the reconstruction of the structure given on Figure

1-c). The planewave f is initialized at the top boundary @G1 of the computational domain
G, propagatesduring the time period (0; t1] into G, is absorbed at the bottom boundary
@G2 for all times t 2 (0; T) and it is also absorbed at the top boundary @G1 for times
t 2 (t1; T), seeFigures 2.

Figure 4 displays isosurfacesof resulting images of functions cn;k ; n = 9; 10; 11; 12.
Figure 6-a) presents the one-dimensionalcross-sectionsof computed imagesof functions
cn;k superimposedwith the correct one along the vertical line passingthrough the middle
of the right small square. Comparisonof imagesof functions cn;k for di�eren t valuesn and
k shows that the inclusion/background contrasts grow with the grow of n and k.

One can seefrom Figure 4 that the 3:8 : 1 contrast in the right square is imaged for
n := N = 12 (seebelow for this choiceof N ). Thus, we have obtained the 5% error (0.2/4)
in the imaged contrast, which is exactly the sameas the noise level in the data. As to
the left square,we got the samecontrast. However, location of the left square is shifted
downwards, and both imaged squaresare on about the samehorizontal level. Values of
the function c(x) = 1 outside of thesesquaresare also imagedaccurately.

Using Figure 7-a) which shows computed L 2-norms Fn;i , we analyze results of the re-
construction. One can seeon Figure 7 that the number mn of iterations with respect to
tails indeedvarieswith n, sincemn is chosenautomatically now, using the criterion (101)-
(102). We observe that the computed Fn;i decreaseuntil computing the function q8. Next,
F9;2 > F8;2; F10;2 < F9;2 and then thesenorms stabilize on n = 11; 12. For n = 13; 14; 15
norms Fn;2 grow steeply. Thus, we conclude, that N = 12 and we take c12;2 as our �nal
reconstruction result.

Test 2.1
We now test our globally convergent method on the structure given on Figure 1-c).

However, the di�erence with the previous test is that we use the plane wave, which is
initialized at the bottom boundary of computational domainG, seeFig.2. Figure 5 displays
isosurfacesof resulting imagesof functions cn;k ; n = 10; 11; 12; 13. Figure 6-b) displays the
one-dimensionalcross-sectionsof computedimagesof functions cn;k superimposedwith the
correct onealong the vertical line passingthrough the middle of the left small square. One
can seefrom Figure 5 that the 3:8 : 1 contrast for n := N = 12 (seebelow for this choice
of N ) in the left square is imaged again with 5% error (0.2/4) which is the sameas the
noiselevel in the data. As to the right square,we got the same3:8 : 1 contrast. However,
again both squaresare imagedon about the samevertical level.

Using Figure 7-b), which shows computed L 2-norms Fn;i , we analyze results of the
reconstruction. We observe that computed norms Fn;i decreasewith n until computing
the function q7; i.e.., until n = 7 and these numbers grow with the increaseof n = 8; 9:
Next, we observe a steep decreaseat n = 10 and a stabilization for n = 11; 12. For
n = 13; 14; 15 norms Fn;i grow steeply. Thus, we conclude,that N = 12 and we take c12;1

as our �nal reconstruction result. We observe, that in both Tests1.1 and 2.1 the location
of the square,which is located closer to the side from which the plane wave is launched,
is imaged better, while the inclusion/background contrast is imaged well in both small
squares,soasthe value of the coe�cien t c(x) = 1 outside of (imaged) small squares.Thus,
we are prompted to usethe adaptivit y technique in order to enhanceimagesof locations.

9.2 The synthesis of the globally convergent algorithm with the adaptivit y

The goal of two tests of this subsectionis to demonstratethe performanceof the synthesis
of our globally convergencealgorithm with the adaptivit y technique. Sincethe adaptivit y



is a locally convergent numerical method, we take the starting point for the adaptivit y the
image obtained by the globally convergent method. Below �Test 1.2� (respectively �Test
2.2�) meansthat we take the image obtained in the above Test 1.1 (respectively in Test
1.2), as the starting point for our �nite element adaptive algorithm. The boundary data
g = u j@
 in both Tests1.2 and 2.2 are the sameas onesin Test 1.1 and 2.1 respectively,
except that in Test 1.2 we usetwo noiselevels in two �sub-tests�: 0% and 5%. In Tests1.2
and 2.2 let � be the side of the square
 ; opposite to the side from which the plane wave
is launched and � T = � � (0; T) : In somesensethe side � T is the most sensitive one to
the resulting data.

The adaptive algorithm means,that we �nd the solution of our problem in an iterativ e
process,wherewe start with a coarsemeshshown on Figure 8-a), c), �nd an approximate
solution by the quasi-Newton method on this mesh, seeSection 8.3. Next, we evaluate
residualsasin (100). Then we re�ne the meshlocally at thoseregionswhereresidualshave
largestvalues,construct a newmeshand a newtime partition, and repeat the computations
againon this newmesh. Westop iterativ eprocesswhenL 2-normsof the computedgradient
for the coe�cien t arestabilized or started to increasefor all further re�nements of the mesh.
Let jRc(x)j = jRc1 (x)j + jRc2 (x)j ; see(95) and (99). We re�ne the mesh at all regions
where

jRc(x)j � � max jRc(x)j; (103)

where� = const 2 (0; 1) is the tolerancenumber of our choice. The choiceof the parameter
� dependson the behavior of the computedvalueof max jRc(x)j in right hand sideof (103).
If we take � too small (for example, � = 0), then we will re�ne meshalmost in the entire
domain 
 , since,realistically, after the optimization procedurejRc(x)j will be non- zeroat
almost all meshpoints. Unlike this, our goal is to construct a new meshwith a few nodes
aspossible,while still getting a good enhancement of the solution obtained on the globally
convergent stage of our two-stage numerical procedure. Hence, we take only maximal
valuesof the computed residual jRc(x)j and re�ne meshin a small neighborhood of those
points where this maximal value is achieved. On the other hand, the parameter � can
not be taken too closeto 1 also, since in this casethe automatic adaptive algorithm will
come up with a too narrow region, where the mesh should be re�ned. Thus, the choice
of � dependson concretevaluesof the gradient function jRc(x)j and should be chosenin
numerical experiments. In (103) we take � = 0:1 on the coarsemesh,� = 0:2 on the one,
two and three re�ned meshes,and � = 0:6 for all next re�nements of the initial mesh.

On all re�ned mesheswe have useda cut-o� parameter Ccut for the reconstructedcoef-
�cien t ch such that

ch =
�

ch ; if jch � cguessj � Cglob

cglob; elsewhere:

We chooseCcut = 0 for m < 3, Ccut = 0.3 for m � 3 in all tests. Here, m is the number of
iterations in quasi-Newton method. Hence,the cut-o� parameter ensuresthat we do not
go too far from cglob: The application of the adaptivit y technique allows us to get more
correct locations of both small squaresdepicted in Figure 1-c).

In the adaptive algorithm we can use box constrains for the reconstructed coe�cien t.
We obtain these constraints using the solution obtained in the globally convergent part.
Namely, in Tests1.2 and 2.2 minimal and maximal valuesof the target coe�cien t in box
constraints are taken using results of Tests 1.1 and 2.1. So, when conducting Tests 1.1
and 2.1, we have usedonly the knowledgeof the number d1 = 0:5 in (3). Now, sincewe
know that the solution obtained on the �rst stageis a good approximation for the correct
solution (Theorem 6.1) and the maximal value of the computed coe�cien t is 3.8, we set
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opt.it. 4608elements 5340elements 8230elements 14604elements 23344elements
1 0.0193568 0.0167242 0.0146001 0.0131787 0.0224184
2 0.0193944 0.0157746 0.0139716 0.0133006 0.0208246
3 0.0133565 0.0208889
4 0.0125237 0.0204343

Table 1: Test 1.2: jju j � T � gjjL 2 (� T ) on adaptively re�ned meshes.The number of stored
correctionsin quasi-Newtonmethod is n = 15. Computations wasperformedwith
the noiselevel � = 0% and with the regularization parameter 
 = 0:01.

opt.it. 4608elements 5340elements 6356elements 10058elements 14586elements
1 0.0992683 0.097325 0.0961796 0.0866793 0.0880115
2 0.0988798 0.097322 0.096723 0.0868341 0.0880866
3 0.0959911 0.096723 0.0876543
4 0.096658

Table 2: Test 1.2: jju j � T � gjjL 2 (� T ) on adaptively re�ned meshes.The number of stored
correctionsin quasi-Newtonmethod is n = 15. Computations wasperformedwith
the noiselevel � = 5% and with the regularization parameter 
 = 0:01.

d2 = 2 in (3). Thus, in tests 1.2 and 2.2 we enforcethat the coe�cien t c(x) belongsto the
set of admissibleparameters,c(x) 2 CM = f c 2 C(
 )j1 � c(x) � 4g.

Test 1.2.
Wetest the synthesisof both globally convergent and adaptive methods with the starting

point on the coarsemesh taken from the results of Test 1.1 and with the plane wave
initialized at the top boundary of the computational domain G. More precisely, as the
starting point for the coe�cien t c(x) in the adaptive algorithm on the coarsemeshwe take
c12;2; which corresponds to Figure 4-d). The initial coarsemesh is shown on Figures 8-
a,c). We have performed two set of numerical experiments: with introducing � = 0% and
� = 5% of the multiplicativ e random noisein the function g(x; t) in an adaptive procedure.
Testing was performed on 4 times adaptively re�ned meshesshown on Figure 8. We note
that in both Tests 1.2 and 2.2 boundary points are the same for all re�nements of the
initial mesh,sincethey are located at the common boundary with the subdomain GF D M

(Figure 1) and shouldbekept unchangedin order to perform the exchangeprocedurein the
hybrid method when solving the forward problem (68). Figure 8 shows that the adaptivit y
technique enhancesthe quality of the reconstruction obtained on the �rst stage. We are
able to reconstruct well locations of both small squareswhile preserving a good initially
obtained inclusion/background contrast, which turns out to be now 4:1 instead of 3.8:1
calculated on the �rst stage. The value of the coe�cien t c(x) = 1 outside of small squares
is also imagedwell. We observe that the useof the initial coarsemeshwith 4608elements
doesnot improve the image obtained on Test 1.1.

9.2.1 The case � = 0%

Images8-b), f ), j), n), s) were obtained with � = 0% in the boundary data g, with the
regularization parameter 
 = 0:01 and without using the smoothnessindicator procedure



� = 0% � = 0% � = 5% � = 5%

a) 4608elements b) 4608elements c) 4608elements d) 4608elements

e) 5340elements f ) 5340elements g) 5340elements h) 5340elements

i) 8230elements j) 8230elements k) 6356elements l) 6356elements

m) 14604elements n) 14604elements o) 10058elements p) 10058elements

r) 23344elements s) 23344elements t) 14586elements u) 14586elements

Figure 8: Test 1.2: Adaptively re�ned computational meshes: with � = 0% - on
a),e),i),m),r), with � = 5% - on c),g),k),o),t), and correspondingly spatial distri-
bution of the parameter ch : with � = 0% - on b),f ),j),n),s) and with � = 5% -
on d),h),l),p),u).
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opt.it. 4608elements 5298elements 7810elements 11528elements 19182elements
1 0.0992683 0.0976474 0.0976851 0.089979 0.0977153
2 0.0988798 0.0974385 0.0901018 0.097487
3 0.0959911 0.0901153 0.0975039

Table 3: Test 2.2: jju j � T � gjjL 2 (� T ) on adaptively re�ned meshes.The number of stored
correctionsin quasi-Newtonmethod is n = 15. Computations wasperformedwith
the noiselevel � = 5% and with the regularization parameter 
 = 0:01.

applied to the reconstructedcoe�cien t c(x). As it was stated in subsection7.3 of [5], this
procedureconsistsin a local averaging of computed valuesof cn;i (x) : The e�ect of using
smoothness indicator procedure can be seenfrom comparison of � = 0% and � = 5%
imagesof Figure 8. So,when this procedurewasnot applied, we got more elements in new
adaptively re�ned meshesand more �washedaway� imagescomparedwith imagesfor the
caseof � = 5% when this procedurewas in place.

In Table 1 we present computed L 2-norms of jju j � T � gjjL 2 ( � T ) in the quasi-Newton
method for adaptively re�ned meshes.Here functions u j � T are computed via the forward
problem solutions and the samein two more tests below. We observe that these norms
decreaseas meshesare re�ned. Then they slightly increaseand are �nally stabilized for
all re�nements n > 3 of the initial mesh.

9.2.2 The case � = 5%

Images 8-d), h), l), p), u) were obtained with � = 5% in the boundary data g, with
regularization parameter 
 = 0:01 and with the smoothing indicator procedure on the
all adaptively re�ned meshes. The use of the smoothing indicator for the reconstructed
coe�cien t ch has helped us to obtain more accurate images as well as to get a lesser
number of �nite elements in computational meshes.Table 2 presents computed L 2-norms
of jju j � T � gjjL 2 ( � T ) . We observe that norms at the boundary are decreasingasmeshesare
re�ned. Then they slightly increaseand are �nally stabilized for all re�nements n > 3 of
the initial mesh.

Test 2.2
Now we test the synthesis of the globally convergent numerical method with the adap-

tivit y with the starting point on the coarsemesh taken from the result of Test 2.1 and
with the plane wave initialized at the bottom boundary of the computational domain G.
The initial guessfor the adaptive algorithm on the coarsemeshis the computed coe�cien t
c12;1(x) presented on Figure 5-c). The boundary data g is taken the sameas in Test 2.1,
i.e., with the � = 5% of the multiplicativ e random noise.

Again, we have performed tests on 4 times adaptively re�ned meshesshown on Figure
9-a)-d). Just as in Test 1.2, we observe that the adaptivit y technique improvesthe quality
of the reconstruction, seereconstruction results on Figure 9-e)-h). In Table 3 we present
computednorms of jju j � T � gjjL 2 (� T ) . We observe that thesenorms decreaseasmeshesare
re�ned. They decreaseuntil the third re�nement. On the fourth re�nement they slightly
increaseand then they stabilize. Further meshre�nements are not necessarysincenorms
jju jST � gjjL 2 (ST ) are stabilized for all re�nements with n > 3 of the initial mesh, and
we get the samereconstruction result with further re�nements. Thus, using Table 3, we
concludethat on three times re�ned meshwe get solution of our inverseproblem.



a) 5298elements b) 7810elements c) 11528elements d) 19182elements

e) 5298elements f ) 7810elements g) 11528elements h) 19182elements

Figure 9: Test 2.2: Adaptively re�ned computational mesheson a)-d) and spatial distribu-
tion of the parameter ch with � = 5%, which corresponds to these meshes,on
e)-h).

10 Summary

We have presented a modi�ed globally convergent numerical method of [5] for a multidi-
mensionalCIP for a hyperbolic PDE. As it follows from the global convergenceTheorem
6.1, the globally convergent numerical method provides a good starting point for the �nite
element adaptive method. This naturally leadsto a two-stagenumerical procedure,which
synthesizesboth approaches. On the �rst stagethe globally convergent numerical method
is used. On the secondstagesolution obtained on the �rst is usedas the starting point for
the locally convergent adaptivit y technique. This technique enhancesthe solution obtained
on the �rst stage. An important observation of our numerical testing is that the �rst step
of the adaptivit y, when the quasi-Newton method applied on the samecoarsemesh, on
which the globally convergent part was working, doesnot provide a noticeable changefor
the imageobtained on the globally convergent stage,seeFigure 8. Hence,the useof locally
re�ned meshes,which is the central point of to the adaptivit y, is essential here.

The adaptivit y is basedon a posteriori analysisof: (1) the error in the Lagrangian and
(2) the error in the solution. As a result, one can locate spots where the maximum error
of the reconstructedcoe�cien t likely is. Next, the spatial meshis re�ned locally with the
feedback from a posteriori error estimator. The main achievement of the adaptivit y is
that one does not need to know in advance the solution of a corresponding CIP for that
a posteriori error analysis. Another new element of this work is that we have rigorously
explained the meaningof the so-called function in the procedureof estimating the error
in the computed coe�cien t, which was not explained previously. Numerical tests have
shown a good performanceof our two-stageprocedure.
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