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A globally convergent numerical metho d
and adaptivit y for a hyperbolic coe cient
Inverse problem

Larisa Beilina® , Michael V. Klibanov

February 4, 2009

A globally convergent numerical method for a multidimensional Coe cien t
Inverse Problem for a hyperbolic equation is preseried. It is shovn that this
technique providesa good starting point for the so-called nite elemen adaptive
method (adaptivity). This leadsto a natural two-stage numerical procedure,
which synthesizesboth thesemethods. Numerical examplesare presened.

1 Intro duction

This paper is a continuation of the previous publication of the authors [5], where a new
globally corvergert numerical method for a Coe cien t InverseProblem (CIP) for a hyper-
bolic PDE was deweloped. Compared with [5], the main new elemen hereis a synthesis
of the method of [5] with the locally convergen so-called nite elemen adaptive method,
which we call adaptivity for brevity. The adaptivity technique for inverseproblemswas
previously deweloped in [6, 7, 8, 9, 4]. The underlying reasonof this synthesisis that the
estimate of the di erence betweenthe correct solution and the computed onein the global
cornvergenceTheorem 6.1 dependson a small positive parameter . This parameterincor-
poratesboth the error in the boundary data and errors generatedby someapproximations
of the numerical procedure of [5]. The error in the boundary data models the error in
measuremets and is, therefore unavoidable. At the sametime, two other approximation
errors cannot be made zero, and they are not parts of previously developed locally corver-
gert techniques. On the other hand, since is small, then Theorem 6.1 guarariees that
the solution obtained by the technique of [5] provides a good approximation for the correct
solution of the CIP. Therefore, this solution can be usedasa good starting point for a sub-
sequen enhancemen via a locally corvergert numerical method, which is the adaptivity
in our case. As a result, a natural two-stage numerical procedureis deweloped here. On
the rst stage,the globally corvergen method of [5] provides a good approximation for
the correct solution. And on the secondstage, this approximation is taken asthe starting
point for the adaptivity technique, which provides an enhancemet i.e., a better approxi-
mation for the correct solution. The adaptivity technique is basedon seeral applications
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of the quasi-Newton method. Convergenceof Newton-like methods for generalill-p osed
problemswas proven in [3].

We call a numerical method for a CIP glokally convegent if: (1) a theorem is proven,
which ensuresthat this method leadsto a good approximation for the correct solution of
that CIP, regardlesson the availability of a priori given good rst guessfor that solution,
and (2) this theorem s con rmed by numerical experiments. On the other hand, corver-
genceof a locally convergent numerical method to the correct solution can be guaranteed
only if the starting point is located in a small neighborhood of this solution.

There are four more new elemerts of this paper comparedwith [5]: (1) The globally
corvergert algorithm is dierent from onein [5] in the sensethat now inner iterations
with respect to terms in certain quasilinearelliptic equationsare useduntil they corverge.
Whereas previously a priori chosennumber of iterations was used. This change requires
a modi cation of the proof of the corvergenceTheorem 6.1 comparedwith [5]. (2) The
stopping rule for the globally corvergent part diers from one of [5]. Namely, we now
evaluate certain L, norms at the boundary rather than inside of the domain of interest.
(3) The rst rigorous explanation is preserted of the meaning of the so-called function
in the adaptivity technique in an estimate of the di erence betweencorrect and computed
solutions. This is unlike the previous heuristic argumert of [9], wherethe function was
introducedfor a CIP. (4) 2-D numerical examplesare di erent from onesof [5].

A corvertional way to solve numerically a CIP for a PDE is via the minimization of
a least squaresobijective functional. This functional characterizesthe mist betweenthe
data and the solution of that PDE with a guess for the unknown coe cien t. Howewer, it is
well known that the phenomenonof multiple local minima and ravines of thesefunctionals
represeis the major obstaclein this approad. Becauseof this phenomenon,any gradiert-
like method of the minimization of such a functional would likely converge to a local
minimum, which is located far from the correct solution. Furthermore, dueto the ill-p osed
nature of CIPs, a global minimum, even a well pronouncedone, is not necessarilycloseto
the correct solution. Hence,there is no guarartee that the calculated coe cien t is indeed
closeto the correct one. Hence,one needsto know a priori a good rst approximation for
the solution. At the sametime, in many important applications sudh an approximation
is unavailable. The method of [5] relies on the structure of the underlying di erential
operator instead of using a least squaresobjective functional. Thus, the phenomenonof
local minima is avoided in this method.

The adaptivity technique minimizes least squaresobjective functionals on a sequenceof
adaptively re ned meshesuntil imagesare stabilized (usually on 4-5re ned meshes).The
minimization is performed via the quasi-Newton method. The key idea of the adaptivity
is that on ead step a posteriori analysis showvs subdomains where the biggesterror in the
solution is. Theseare those subdomainswhere the gradiert of the Lagrangian attains its
maximal values(within certain range). An important point hereis that those subdomains
are found without a priori knowledgeof the solution. Thus, additional nite elemens are
usedin such subdomains. It was showvn in previous publications that the adaptivity is
capableto signi cantly improve reconstruction results. At the sametime, it was shovn
numerically in the recert publication [10] that the adaptivity cannot provide good quality
imagesunlessa good rst guessabout the solution is known a priori. This is becausethe
quasi-Newton method is a locally corvergert one. The latter leadsto a logical conclusion
that a synthesisof the adaptivity with the globally corvergent method of [5] shouldbe used.
In our numerical experimerts we image a medium with small inclusionsin it, although we
do not assumea priori knowledge of such a structure. We refer to [1] and referencescited
there for another approad to imaging of small inclusions.



There are also someother numerical methods for multidimensional CIPs, which do not
useagood rst guesdfor the solution. While the current paper works with a singlemeasure-
mert evert, they work for someCIPs with the data resulting from multiple measuremets
[12,13, 14, 24, 25, 26]. Thesepublications were discussedn [5].

In section 2 we formulate both forward and inverseproblems. In section 3 we transform
the inverseproblem to the Dirichlet boundary value problem for a nonlinear integral di er-
ential equation in which the unknown coe cien t is not presen. Sincethis transformation
was described in seeral previous publications [19, 5], we outline it only brie y herefor the
sake of completeness.It is the numerical solution of the resulting equation, which repre-
seris the major di cult y. The numerical method of this solution was the main new point
of [5], In section4 we formulate the layer stripping procedurewith respectto s> 0, which
is the parameter of the Laplace transform of the original hyperbolic PDE. Note that we do
not usethe inverse Laplace transform, since approximations for the unknown coe cien t
are obtained in the Laplace's domain. In section5 we describe the algorithm. Section6
is dewoted to the corvergenceanalysis. In section7 we briey describe the method of the
solution of the forward problem. In section 8 we describe the main ideasof the adaptivity
technique referring to the proof of a posteriori estimateto [7, 8, 9]. In particular, the above
mertioned rigorous explanation of the meaningof the function is givenin subsection8.2.
In section 9 numerical experimerts are presered. We summarize our results in section
10. Someproceduresare outlined only briey in this paper, sincethey were discussedin
details in [5].

2 Statements of Forward and Inverse Problems

As the forward problem, we consider the Caudy problem for a hyperbolic PDE. The
caseof a boundary value problem in a nite domain is not consideredin our theoretical
derivations only becausean analogueof the asymptotic behavior (9) is not proved in this
case,since (9) is actually derived from Theorem 4.1 of [29]. That theorem establishesa
certain asymptotic behavior of the fundamertal solution of a hyperbolic equation near the
characteristic cone.

Considerthe Caudy problem for the hyperbolic equation

c(x)ug = uinR® (0;1); 1)

u(x;0)= Our(x;0)= (x Xo): 2)

Equation (1) governs a wide range of applications, irﬁplﬂlg e.g., propagation of acoustic
and electromagneticwaves. In the acousticalcasel= c¢(x) is the soundspeed. In the 2-D
caseof EM waves propagation in a hon-magnetic medium, the dimensionlesscoe cien t
c(x) = "r(x); where"(x) is the relative dielectric function of the medium, see[15], where
this equation was derived from Maxwell's equationsin the 2-D case.Let d; and d, be two
positive constarts and R2 be a corvex bounded domain with the boundary @ 2 C3:
We assumethat the coe cient c(x) of equation (1) is such that

c(x) 2 [di;2dy];d1 < dp;c(x) = 2dy for x 2 R® 3)
c(x)2C? R® ; (4)

We considerthe following
Inverse Problem. Supposethat the coe cient c(x) satis es (3) and (4), where the
positive numbers d; and d, are given. Assumethat the function c(x) is unknown in the



domain . Determine the function c(x) for x 2 ; assumingthat the following function
g(x; t) is known for a single sourceposition xo 2

u(x;t) =g(xt);8(xt)2@ (0,1 ): %)

A priori knowledgeof constarts dq; d, correspndswell with the Tikhonov conceptfor ill-
posedproblems[30]. In applications the assumptionc(x) = 2d; for x 2 R® meansthat
the target coe cient c(x) has a known constart value outside of the medium of interest

: Another argumern hereis that one should bound the coe cien t c(x) from the below by
a positive number to ensurethat the operator in (1) is a hyperbolic one on all iterations
of our method. Sincewe do not imposearny smallness conditions on numbersd; and do,
our numerical method is not a locally corvergernt one. The function g(x;t) modelstime
dependent measuremets of the wave eld at the boundary of the domain of interest. In
practice measuremets are performedat a number of detectors, of course. In this casethe
function g (x;t) canbe obtained via one of standard interpolation procedures,a discussion
of which is outside the scope of this publication. In the caseof a nite time interval, on
which measuremets are performed, one should assumethat this interval is large enough
and thus, the t-integral of the Laplace transform over this interval is approximately the
sameasoneover (0;1 ):

Considerthe Laplace transform of the functions u,

Z
w(x;s) = u(x;t)e Stdt; for s> s= const: > O; (6)
0
where s is a certain number. It is sucient to chooses sud that the integral (6) would

corverge together with correspnding (x; t)-derivatives. We call the parameter s pseudo
frequency The equation for the function w is

w s’c(x)w= (X  Xg)c(xp);8s s= const:> 0 7
with the following condition at the in nit y

_ I_i'rln w(x;s) = 0;8s s= const:> 0: (8)
jxj!
Under some natural conditions linked with the regularity of geaesic lines generatedby
the eikonal equation corresponding to the function c(x) the following asymptotic behavior
takesplace (seeLemma 2.1 in [5])

exp[ sl (x; xo)] 1

D,Dgsw(x;s) = DyDg (X X0) 1+ 0 S ;s 1 9)

wherej j 2; = 0;1;x 6 xo;f (X; Xg) is a certain function, f (x; xg) 6 0 for x 6 xg and
| (x; Xp) is the length of the geadesicline connectingpoints x and Xq:
We brie y mertion now that the idea of [5] can also be extendedto similar CIPs for the
parabolic PDE
cxX)Uy= U aX)U; (10)

U(x;0)= (x Xo):
To do this, one needsto apply the following analogueof the above Laplace transform

A
W(x;s)= U(xt)exp st dt:



Hence, W s?c(x) + a(x) W = (X Xp) and alsoW satis es (8). In the electro-
magnetic caseequation (10) governs propagation of a componert of the electric eld in a
conductive medium with the conductivity function (x) := c¢(x): In the caseof di use opti-
caltomography onecanusually assumethat the di usion coecient D := 1=c const.:> 0
and the target of the CIP is the spatially changing absorption coe cient 5 (x) := a(x),
see.e.g.,[2].

Although we have only one condition (5) rather than traditional two boundary condi-
tions for our inverseproblem, the information about the normal derivative of the function
w at @ is actually inscribed in (5), becausethe original equation (6) holds in a wider
domain and the coe cien t c(x) is known outside of : To formalize the latter, one should
considerthe boundary value problem for equation (7) for x 2 R® with the boundary
condition (5) and condition (8). Solution of this problem provides the normal derivative of
the function w at @ : The question of uniquenessof this InverseProblem is a well known
long standing open problem. It is addressedbositively only if the function (x Xg) above
is replacedwith a such a function f (x) 2 C1 R3 that f (x) 6 0;8x 2 : An exampleof
this function is function is

. Lz
X X |
n '
R3

f(x) = C-exp f (xX)dx =1,

where " > 0 is a small positive humber and the positive constart C- is chosen suct

that the above integral equalsl. Corresponding theoremsare proved via the method of
Carleman estimates[19, 20]. In principle, one can replacethe (x Xg) function with

a (x Xxg) like smooth function, which is not zeroin . The resulting function &

will be closeto the function w in a certain sense,and the above mentioned uniqueness
result would be applicable then. In principle our numerical method can be extendedto

this case,although a corresponding developmert is outside of the scope of this publication.

It is an opinion of the authors that becauseof applications, it makes senseto dewelop
numerical methods, assumingthat the question of uniguenessof the above inverseproblem
is addressedpositively.

3 Nonlinear Integral Dierential Equation Without the
Unknown Coe cient

It follows from (6), (7) and the maximum principle that w(x;s) > 0;8s s: Considerthe
function v = Inw: Sincexg 2 ; then (6) and (8) lead to

v+ jr vi?= s%c(x) in ; (11)
v(x;s)=1In' (x;s); 8(x;8)2 @ [s;S]; (12)

where ' (x;s) is the Laplace transform (6) of the function g(x;t). We eliminate the
coe cient ¢(x) from equation (11) via the di erentiation with respectto s, since@c(x) =
0: To isolate the unknown coe cient in (11), introduce a new function

H(x;s) = é: (13)

It follows from (13) and (9) that

D,(H)=0O % ;DyDs(H) =0 2 ;s 1 (14)



By (11)

H+ s2(r H)? = ¢(X): (15)
Denote

q(x;s) = @H (x;9): (16)
By (14) and (16)

2
H(x;s) = q(x; )d:
We truncate this integral as
7s
H (x; s) ax; )d +V(x3); 17)

wheres > s is a large number and

Inw(x;5)

V(x;5) H(X53)= =

(18)
The number s should be chosenin numerical experimerts. We call V (x; 5) the tail, this
function is unknown, and this is why we use™ " here. By (14) the tail is small for
large valuesof s: In principle, therefore, onecansetV (x;5) := 0. Howewver, our humerical
experienceshowsthat it would bebetter to update somehav the tail function in an iterativ e
procedure. We call the updating procedure iterations with respect to tails .
Thus, we obtain from (15)- (17) the following (approximate) integral nonlinear di eren-
tial equation
zs 275 32
q 2s°rq raq(x )d +2s4 raq(x; )d?5 (19)
S S

Zs
+2srqr V. 2sr V. rq(x; )d +2s(r V)2=0
S

In addition, (12), (13) and (16) imply that the following Dirichlet boundary condition is
given for the function g

a(x;s) = (x;s); 8(x;8)2 @ [s;3]; (20)

where ' 2ln"
(X;8) = .S—Sz ?:

Supposefor a momert that the function q is approximated together with its derivatives
D,q;j j 2 Then the corresppnding approximation for the target coe cien t canbe found
via (15) as

c() = H+ s (rH)%; (21)

wherethe function H is approximated via (17). Although any value of the pseudofrequency
s 2 [s;5] can be usedin (21), but we found in our numerical experimens that the best
valueis s := s: If integralswould be absen and the tail function would be known, then this
would be the classicDirichlet boundary value problem for the Laplace equation. Howewer,
the presenceof integrals implies the nonlinearity and represeits the main di cult y here.



Another obvious di cult y is that equation (19) hastwo unknown functions gand V. The
reasonwhy we can handle this dicult y is that we treat functions g and V di erently:
while we iteratively nd approximations for q being sort of restricted only to equation
(19), we nd updatesfor V using solutions of forward problems (1), (2) and the formula
(18). In thoseforward problemscorresponding approximations for the unknown coe cien t
c; obtained from (21), are used.

4 A Sequence of Elliptic Dirichlet Boundary Value Problems

We approximate the function g(x; s) as a piecewiseconstart function with respect to the
pseudofrequencys: That is, we assumethat there exists a partition s = sy < sy 1 <
1< s$1<5=75;5 1 S = hofthe interval [s;3] with a su cien tly small grid step size
h sud that q(x;s) = gy (x) for s2 (sn;Sn 1): Hence,
Z 5 D( 1
rgx )d =(sn 1 Sr h(x)+h 1 g(x);s2(sn;sn 1) (22)
S j=1

We approximate the boundary condition (20) as a piecewiseconstart function,

h(x)= ,(X):x2@; (23)
where -
L0=1 (x9ds (24)
Sn
On ead subinterval (sh;sn 1];n 1 we assumethat functions ¢ (x);] = L:n lare

known. We obtain an approximate equation for the function g, (x) : Then we multiply this
equation by the Carleman Weight Function (CWF) of the form

Cn; (5)=e® 5 1. 52 (sp;s, 4]; (25)

and integrate with respect to s over (sp;sSy 1): In (24) >> 1 is a parameter, which
should be chosenin numerical experiments. Theorem 6.1 provides a recipe for this choice.
We obtain (seedetails in [5])
X 1 !
Ln(th) = o Azn h 1 G 1o+ Al crV "gn
i=1

|
1 $ 2

X
(r an)® Aznh? r g (x) (26)
i=1

:2'1_’n
lo
|
X1
+2M0rV hrg A (rV)hin= LN

i=1
wherelog := lo(; h);A1n = Atn (5 h);Azn := A, (5 h) are certain integrals involving
the CWF. Thus, we have obtained the Dirichlet boundary value problem (23), ( 26) for a

nonlinear elliptic PDE with the unknown function g, (x) : In this systemthe tail function
V is alsounknown. An important obsenation is that

iTen (5 h)j 4_§2

lo(; ) @7)



Therefore, by taking >> 1; we mitigate the in uence of the nonlinear term with (r qn)2
in (26), which enablesus to solve a linear problem on ead iterativ e step. We have added
the term  "qn to the left hand side of equation (26), where" > 0 is a small parameter.
We are doing this because,by the maximum principle, if a function p(x) is the classical
solution of the Dirichlet boundary value problem

Lan(p) "p=f(X)in ;pj@= pu(X);
then [22] (Chapter 3, Y1)

" Imaxjfj

maxjpj  max m@axjpbj ;
On the other hand, if " = 0; then the analogousestimate would be worse becauseof the
involvement of someconstarts depending on max—jr g j. Therefore, it is anticipated that
the introduction of the term "qn should provide a better stability of our process,and we
have indeed obsened this in our computations.

5 The Algorithm

The above considerationslead to the algorithm described in this section. In particular,
we describe here our procedure for iterativ e updates of the tails. We refer to subsection
5.4 of [18] for the rst procedureof this sort, which was applied to a linearized CIP. Be-

low CX*  are H®Iderspaces,wherek 0 is an integerand 2 (0;1) [22]. Denote
ifice = Kfkewo ) :8f 2 Ck* 7 : Our algorithm reconstructs iterativ e approxima-
tions cyi (X) 2 C  of the function c(x) only inside the domain : On the other hand,

to iterate with respect to tails, we needto solve the forward problem (1), (2). To do
this, we needto extend ead function cyx (X) outside of the domain  in sud a way that
the resulting function b,k 2 C R3 : bk diin and b,k = 2d; outside of . The
corresponding procedure is rather standard and is described in section 5 of [5]. In this
sectionwe mertion cornvergenciesof certain sub-procedures . Numerical speci cations of
corresponding convergencecriteria are given in subsection9.1.

In accordancewith (17), (21) and (22) denote

X 1

Hni (X) = honi + h g (X) + Vni (x);x2 (28)
j=1

Crj (X) = Hpi + Sﬁ (r Hn;i)Z; (29)

where functions ¢ ; th;i; Vi are de ned in this section belov. Here my, is the number of
iterations with respect to tails for the given n wherei = 1;::;;mp: In our algorithm we set

O = O, q?;l = O, Vl;l (X) = Vlc;)l (X) y (30)

Q1= h Va1 (X) = Vo zm, o (X);forn 2 (31)

Wherevl‘?1 (x) is a certain starting valuefor the tail function, which is speci ed in subsection
9.1.

Step n;;n 1 Supposethat functions i;:i0h 1509, = th 12 C#* () ;¢ 1 2

C () and the tail function Vy.1(x;S) 2 C?* () are constructed, see(30), (31) . We



now construct the function g,.1: To do this, we solwe iterativ ely the following Dirichlet
boundary value problems

0 1
X 1
qi”(l;l A1n @n r qA r qi”(l;l "Qﬁ;1+ Aanr qi~(|;1 r V=
=1
0. 1,
| 2
2# ro,t T Anh?@ g (x)A (32)
0 ’ .
i=1
0 1
X 1 .
+2AonF Voir @n 1 g ()A A (r V1), 2 C2F k=120
i=1
di(x)= ,(x);x2@: (33)

We call these iterations with respect to the nonlinear term. We iterate here until the
processcorverges. Then we set

Gz = Jim ¢, in the C* — norm.

Next, we reconstruct an approximation c,.1(X);x 2  for the unknown function c(x)
using the resulting function ¢,.1 (x) and formulas (28), (29) at i = 1. Hence,cy1 2 C
~ . Assumethat cn.1(X) dpin : Construct the function by.1 (x) 2 C R3 : Next,
solve the forward problem (1), (2) with c(x) := by.1 (X) : We obtain the function up.1 (X; t) :
Calculate the Laplacetransform (6) of this function and obtain the function wy.1(x; S) this
way. Next, following (18), we set for x 2

1 _
Vi2 (X;5) = = Inwp.1(x;5) 2 C2* : (34)
Step nj, i 2;n 1: Supposethat functions dni 1;Vai (X;S) 2 C?* ~  are con-

structed. We now iterate with respect to the tail only. That is, we solve the boundary
value problem

0 1
X 1
Oni A @n r QjA l'Oni "Onii + Al Chyi T Vi
j=1
0 1,
Iln 2 X1
= 2|_ (r i 1)° Aon 2@ G (A (39)
0 -
0 I
X 1
+ 2Aonr Vi @n rq (X)A Aon (r Vn;i)Z;
j=1
i (X)= 1 (X);x2@: (36)

Having the function gy ; we reconstruct the next appraximation c,; 2 C () for the target
coe cien t using (28), (29), and, assumingthat c,;i(x) di in , construct the function
byi 2 C (R3): Next, we solve the forward problem (1), (2) with c(x) := by (x) ; calculate
the Laplacetransform (6) and update the tail asin (34), where(wp:.1; Vi.2) is replacedwith



(Wnii; Vi +1) - We iterate with respect to i until corvergenceoccurs at the stepi := my:
Then we set
Oh = On;my, 2Cc* 7Ch = Cym, 2C ;

1 _
Vhs1:1(X;3) = = In Wp:m , (X;5) 2 C2* : (37)

If functions c,(x) did not yet corverge, then we proceedwith Step (n + 1), ; provided
that n < N, whereN is a prescribediteration number, N N; seeTheorem6.1. However,
if either functions c,(x) corverged,or n = N; then we stop. It follows from (34) that in
principle, to update the tail, one can solve the problem (7), (8) for s = 5 instead of the
problem (1), (2). However, our computational experienceshaws that it is better to proceed
via solving the problem (1), (2) and calculating the Laplace transform then. We do not

yet have an explanation for this.

6 Global Convergence

By the conceptof Tikhonov for ill-p osedproblems[30], which we follow, one should assume

rst that there existsan ideal exactsolution of an ill-p osedproblem with the exact data.

Next, oneshould assumethe presenceof an error of the level in the data; where > QOisa

small parameter. Supposethat an approximate solution is constructed for ead su cien tly

small . This solution is called a regularized solution, if it tendsto the exact solution as
I 0.

6.1 Exact solution

First, we introduce the de nition of the exact solution. We assumethat there exists a
coe cient ¢ (x) 2 [2d1; 2d,] satisfying condition (4), and this function is an exact solution
of our InverseProblem with the exactdata in g (x;t) in (8). The Laplacetransform (6) of
the function g (x;t) leadsto the exactfunction' (x;s)=w (x;s);8(X;s)2 @ [s;5].
Herethe function w (x;s) 2 C>* R® fjx Xoj< g ;8 > 0;8s sisthe solution of
the forward problem (7), (8) with c(x) := ¢ (x). Also, let

@i (xs).

@ 1
The function q satis es an obvious analogueof equation (19) with the boundary condition
(see(20)

= [Wsz(—x; N g (x5) =

H (x;s) V (x;3)=H (x;3):

q(xs)= (x9):(x8)2@ [s5]; (38)
where @ 2ln"
(X8) = ; 2 @ ~

De nition . We call the function g (x;s) the exact solution of the problem (19), (20)
with the exactboundary condition  (X;s).
Hence,
q(xs)2c?® — cC!Is3: (39)
We now follow (22)-(26). First, we approximate functions q (x;s) and (X;s) via piece-
wise constart functions with respectto s 2 [s;5]: Let

F 1 1 K 1
q (s)ds; ()= (x; s) ds: (40)

Sn Sn

0y () =

o S



Then
d(Xs)=ag,(X)+Qn(xs); (X9)= ,(X)+ n(X;S);S2[sn;sn 1l;
where by (6.1) functions Q,; n are sud that

JQn (X; 9)jos C hjj n(X 9y C h;n=1;::;;N; fors2 [sp;sn 1]; (41)

wherethe constart C = C = Kq kez () cigg > O dependsonly on the c2
C![s;s] norm of the function q (x;s). Hence,we can assumethat

 Max jopjp  C (42)
Without a lossof generality, we assumethat
cC 1 (43)

By the Tikhonov concept, the constart C should be known a priori. By Lemma 2.1, it is
reasonableto assumethat C isindependert on S; although we do not usethis assumption.
By (40)

Gh(x)= n(X);x2@: (44)

Hencewe obtain the following analogueof the equation (26) from (39)
X 1 !
G Azn h 1 g (X) ro,+Agpar grV
i=1

|
1 $ 2

4.
=270 a)® Awh®  r g () (45)
i=1
X 1 |
+2A20r V. h o T g () Agalr VT4 Fo(Xihi );
i=1

wherethe function F, (x;h; )2 C  and
Ta)ian (x;h; )j  C h (46)

We also assumethat the function g(x;t) in (8) is given with an error. This naturally
producesan error in the function (x; s) in (20). An additional error is introduced due to
the averagingin (24). Hence,it is reasonableto assumethat

0 a0 o C () (47)

where > 0 is a small parameter characterizing the level of the error in the data (Xx;s) :
The parameter h can also be consideredas a part of the error in the data, sincewe have
replaceda smooth s-dependert function with a piecewiseconstart one.
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6.2 Convergence theorem

First, we reformulate the Scauder theorem in a simpli ed form, which is corveniert for
our case,seeChapter 3, Y1in [22] for this theorem. Assuming that

s>1 h 1 (48)

it was shavn in [5] that
Max fjAvnj+ jAznjg  85™ (49)
n

Introduce the positive constart M = M kq k2. ) cisg S = M (C ;3) by
M = 2C max 832;1ma>,<\l fi Aznj + jA2nig : (50)
n

Hence,(49) and (50) imply that
M = 16C 5% (51)

Considerthe Dirichlet boundary value problem

x3
u+ B (X)ux, dxju=f(x),x2 ;
j=1

Uje=9(x)2C* (@ :

Assumethat the following conditions are satis ed
h;dif 2C  ;d(x) 0; max jbj ;jdj 1

By the Sdauder theorem, there exists unique solution u 2 C2* ~  of this boundary
value problem, and with a constart K = K () > 0 depending only on the number the
domain the following estimate holds

h [

In the formulation of Theorem 6.1 we provide estimates (56)-(61) via M and also use
(51) to obtain estimatesvia 5: This formulation is almost the sameasonein [5]. Note that
the de nition of the norm in the spaceC () implies that

jifafoj  jf1j jfo ; 8fy;f2C (53)

Theorem 6.1. Let R3 be a convex boundel domain with the boundary @ 2
C3: Supmwse that (42)-(44) and (46)-(48) hold. Let the exact coe cient ¢ (x) satis es
(4) and ¢ 2 [2d1;2db];c (x) = 2d; for x 2 R® ; whee numters dqy;d, > 0 are
given. For any function c(x) 2 C R® such that c(x) di in and c(x) = 2d;
in R3 consider the solution u(x;t) of the Cauchy problem (1), (2). Let w¢(X;s) 2
C?* R3 fjx Xoj< g ;8 > 0 bethe Laplae transform (6) of u(x;t) and V¢ (x) =
S 2Inwe(x;3) 2 C2* be the correspnding tail function. Suppse that the cut-o
pseudofrequencys is so largethat both for ¢ (x) and any suchfunction c¢(x) the following
estimateshold (see (14))

IV o, 1 1Veloy ; (54)



where 2 (0;1) is asuciently small numker. Let V1.1 (x;S) 2 C?* — betheinitial tail
function and let (see (30))

[\ZETPH ; (55)
Denote :=2(h+ + + "):LetK = K () > 0bethe constantof the Schaudertheorem
in (52) and N N be the total number of functions ¢, calculated by the above algorithm.

Supmwse that the number N = N (h) is connected with the step size h via N (h)h = ;
whele the constant > 0 is independenton h. Let be sosmall that

1 1 .2 1 C

min  =; : min  —; ;
716K C 5% 16°C 54 77 16KM 52° (M )2

(56)

In addition, let the number and the parameter of the CWF satisfy the following esti-
mates

o ;M sdi)= o kakea () cipsepr ;S
1 dy 1 11 ds 2

— mln }._. . — D e R R . (57)
- 2'4K 32 16C 34'8C 32 2'4K'32M 32'M

1

0(C ;K;s; )= max 16%(C )*s%6 16°(C )°Ks% = (58)
Then for everyinteger n 2 1;N the following estimateshold

1 G . O Ohlos 2KM p=+3 =32C K5 p=+3 ; (59)
i, okl 2C; (60)

_ _ , 1 _ s 1 _
jCi C] 8M 3° p—+3 =128C 5 p=+3 (61)

In addition, functions c,j (x) d;in  and byk (x) dpin RS

Proof. The major part of the proof is the sameasonein [5]. The only thing we prove
now is the corvergenceof functions qr‘j;l for k! 1 ; becauseit wasnot provenin [5].The
idea of the proof is to considerthe dierences g, = ¢, O,;@; = G G, obtain
Dirichlet boundary value problems for linear elliptic equations for them via subtracting
(45) from either (32) or (35), and (44) from either (33) or (36), and then sequetially use

the estimate (52) of the Schauder theorem to estimate norms eﬁ.i ) ;j@hij,, from the
! +
above. In doing so, one needsto estimate di erences of tails ¥,x = Vhk V using (37),
(54) and (55), as %« , 2
+

It followsfrom [5]that giventhe number n, estimates(59) and (60) for q'f,;l Oh 5, qﬁ;l -
canbe proven, using the above outlined idea, without the proof of convergenceof functions
q'f,;l;k I' 1 : Hence,we assumenow that theseestimatesare valid. Considerfor example
the casen = 1, sinceother casesare similar. Let m;r > 2 be two positive integers. Denote
amr = df'; 40 Setting in (32), (33) n = 1k := m, then k := r and subtracting two
resulting equations, we obtain

n Ill 1 1
Am:r amyr + Agal @mr I Vi1 = 2Kr am 1r 1 T quT;]l +r q5;1 ; (62)

13



For the vector function f = (f1;f5;f3);f; 2 C  denote

2 312
S 2
ifi =4 fx, 5
j=1
Hence,jr am 1r 1j IO§jam 1 1y, andby (60) r ofy T+ 1 qft 4p 3C :Hence,

(27) and (53) lead to

. 100C 2. ,
ZIL(’)lr am 1r 1 VQ:rLT?11+ r QE;ll —Jam 1 1y - (64)

Applying (52) to (62), (63), and taking into account (58) and (64), we obtain

. 10K C 52 . 100 . .
18m;r Jos —Jam 1r 1)y, m]am 1r 1oy - (65)

Sinceby (43) and (48) C 5% > 1; then (65) implies that

. : 1. .

Jamrlp  plam nr e (66)
It follows from (66) that the sequence q'l‘;1 Ll satis es the Caudy convergencecriterion.

Remarks

1. It often happensin the computational practice of ill-p osedproblemsthat theoretical
estimates of corvergencetheoremsare more pessimisticthan onesobtained in numerical
studies, and also somediscrepanciesbetween analytical results and their numerical imple-
mertations often occur. Our computational experiencetells usthat this is exactly our case
in referenceto estimates(56)- (61). It seemsto be at the rst glancethat becauseof (61),
onecan stop the iterativ e processat n = 1. Howewer, our numerical experienceshows that
this way one cannot obtain good images. Hence,we usein our computations a stopping
rule, which is dierent from (61). Actually, we do not usethe C2* () norm to verify
corvergence,becauseit is rather complicated in the computational practice to consider
this norm and also becauseall normsin nite dimensional spacesare equivalert, and we
work in a nite dimensional spaceof nite elemerts in our computations. In addition, we
have usedthe function in (1) and the whole spaceR? only for the sake of a corveniert
formulation of the asymptotic behavior (9). In our computations we use the plane wave
and a bounded domain G for the solution of the forward problem. Other main discrepan-
ciesbetweenour theory and the computational implemertation are listed in subsection7.2
of [5]. In patrticular, it is stated there that we verify the asymptotic behavior at s! 1
computationally.

2. Truncating integrals at a high pseudofrequencys is a natural thing to do, becauseone
routinely truncates high frequenciesin physics and engineering. By truncating integrals,
we actually comeup with a di erent, although a quite reasonablemathematical model.

3. One of the badk bonesof the theory of ill-p osed problems is that the number of
iterations canbe chosenasaregularization parameter, see.e.g.,pagel570of[16]. Therefore,
we have a vector (S;N;mq;::; my) of regularization parameters, seedetails about their
choice in subsection8.2. Setting N (h)h = = const: > 0is in an agreemen with, e.g.,
Lemma 6.2 on page 156 of [16], sincethis lemma shows a connection betweenthe error in
the data and the number of iterations (that lemmais proven for a di erent algorithm). The



(@) Grbwm (b) G= Grem [ GFrpm () Grem =

Figure 1. The hybrid mesh(b) is a combinations of a structured mesh (a), where FDM s
applied, and a mesh(c), wherewe useFEM, with athin overlapping of structured
elemers. The solution of the inverseproblem is computed in the square and
c(x)=1forx2 G

number is small becauseour algorithm is originated by equation (19), which cortains
nonlinear terms with s-integrals of the Volterra type. It well known that in generalsolutions
of nonlinear integral equations of the Volterra type can be estimated only on su cien tly
small intervals.

7 Computations of the Forward Problem

In this paper we work with the computationally simulated data. That is, the data are
generatedby computing the forward problem (68) with the given function c(x). To solve
the forward problem, we usethe hybrid FEM/FDM method described in [11]. The compu-
tational domainin all ourtestsG = Grgm [ Gppwm issetasG=[ 4.0;4:.0] [ 5:0;5:0]
This domain is split into a nite elemen domain Gggy (= = [ 3:0;3.0] [ 3:0;3:0]
and a surrounding domain Ggpy Wwith a structured mesh,seeFigure 1. The spacemesh
in  consistsof triangles and in Ggpy - of squareswith the meshsizeh = 0:125in the
overlapping regions. At the top and bottom boundariesof G we use rst-order absorbing
boundary conditions [17] which are exact in this particular casesincethe plane wave is
initialized in normal direction into G in all our tests. At the lateral boundaries, mirror
boundary conditions allow us to assumean in nite spacedomain in the lateral direction.

The forward problem is computed in the domain G~ R? (Figure 1). The coe cien t
¢(x) is unknown only in domain G and

o(x)=1inG (67)

The trace of the solution of the forward problem is recordedat the boundary @ . Next,
the coe cient ¢(x) is forgotten, and our goal is to reconstruct this coe cient for x 2

from the data ' (x;s): The boundary of the domain G is @5 = @5, [ @52 [ @53: Here,
@51 and @b» are respectively top and bottom sidesof the largest domain of Figure 1 and
@53 is the union of left and right sidesof this domain. In our rst test the forward problem
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t=75 t=85 t= 096 t=112

Figure 2: Test 1: Isosurfacesof the simulated exact solution to the forward problem (68)
at di erent times with a plane wave initialized at the top boundary.



t=91

Figure 3: Test 2: Isosurfacesof the simulated exact solution to the forward problem (68)
with a plane wave initialized at the bottom boundary.

clearpage
clearpage
is
c(x)% 4u=0; InG (0;T);
u(;0)=0; %(;0)= 0; in G;
QU g, =f(1); on@:1 (O:ty]; (68)

@U g, = @Qu; on @1 (t1;T);
@U g, = @Qu; on @, (0;T);
@U g, = 0 on@sz (0;T);

where T is the nal time and f (t) is the plane wave de ned as

(sin(st =2)+ 1)
10 '

Thus, the plane wave is initialized at the top boundary @5, and propagatesinto G for
t 2 (O;t1]. First order absorbing boundary conditions [17] are usedon @51 (t1;T] and
@, (0;T], and the Neumannboundary condition is usedon the bottom boundary @53.
In the secondtest we considerthe casewhen the plane wave is initialized at the bottom
boundary and usethe Neumann boundary condition at the top boundary. In the integral
(6) of the Laplace transform we integrate fort 2 (0;T):

f(t) = 0 t t1:= %;T = 17:8t;:
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8 The Adaptivit y Technique

In this section we describe the adaptivity technique, for the sake of completenessas well
as for the sake of the above mertioned rigorous explanation of the meaning of the
function. Howewer, we are not proving the estimate (95) here for the Frechet derivative of
the Lagrangian and instead refer for details to [7, 8, 9].

To use the adaptivity technique, we formulate the inverse problem for the boundary
value problem (68) as an optimization problem, where we seekthe unknown coe cien t
c(x), which givesthe solution of the boundary value problem (68) for the function u(x; t)
with the best least squarest to the time domain obsenations g(x;t); see(5). Denote

Qr = O0;T);StT = @ (0;T): Our goal now is to nd the function c(x) which
minimizes the Tikhonov fungtional .
1 , 2 1 2
Euo =5 (ujs gxn)ddt+ 5 (¢ c)° dx; (69)
St

where isthe regularization parameterand cg is aninitial guessfor the unknown coe cien t
c. On the rst step of the adaptivity we take the samemeshas one we have usedfor the
globally corvergert method. The rst guesscy = ¢ (X) is also taken the one, which was
obtained on the globally convergen stage. On ead follow up step of the adaptivity when
meshre nement is used, the function ¢y (x) is taken from the previous step. In doing so,
values of that function are linearly interpolated from the coarsergrid on the ner grid.
Note that sincec(x) = 1in the domain G ; then given the function g(x;t) = U j@ ;
onecan uniquely determine the function u(x;t) for (x;t) 2 (G ) (0; T) asthe solution
of the boundary value problem for equation (68) for with boundary conditions on both
boundaries@s and @ : Hence,one can uniquely determine the function p(x;t);

Zisr=pOD): (70)

Sincewe deal with computationally simulated data, in our computations both functions
p(x;t) and g(x;t) are calculated from the solution of the forward problem (68) with the
correct value of the coe cien t ¢(x).

Denote

HE(Qr) = ff 2 H*(Qr) :f (x;0) = fu(x; 0) = Og;
H(Qr) = ff 2 HY(Qr) : f (x; 0) = Og;
H?(Qr) = ff 2 H?(Qr) : f (%, T) = f1(x; T) = Og;
HY(Qr) = ff 2 HY(Qr) :f (x;T) = Og; (72)
U=HJQr) H*Qr) c*();
U=HiQr) HMQr) L20);
U= L2(Qr) L2(Qr) L2()
where all functions are real valued. Hence,U U U! assets, U is densein U and U
is densein U®: Also denote (( ; )) the inner product in Ut and [] the norm generatedby
this product.

To solve the problem of the minimization of the functional (69), we introduce the La-
grangian 7

L(v) = E(uic)+ ' (Cug u) dxdt; 8 2 H? (Q7): (72)
Qr



where' 2 H?(Qr) is the Lagrangemultiplier andv = (u;"; ¢) 2 U. Sincethe function u
solvesequation (68) then L(v) = E(u;c): This is becausethe secondterm in L(v) is zero.
Integration by parts and (72) leadsto

z z Z
L(v) = E(u;c) c(X)ut' tdxdt +  r ur 'dxdt p'd dt: (73)
Qr Qr St

We seart for a stationary point of the functional L(v);v 2 U satisfying
LYv) (V) = 0; 8v=(u;';c)2 U (74)

where LYVv)() is the Frechet derivative of L at the point v. To nd the Frechet derivative
LYv) (V) ; considerL (v+ V) L (v) 8v 2 U and single out the linear, with respect to v;
part of this expression.Hence,we obtain from (73) and (74)

z 2 z 8 Z
LYV (W) = ¢4 (c o) u' +dtO dx o(x) (" (T + up'™) dxdt (75)
0 Qr
z z
+ (rur~—+rur') p~d dt= 0;8v=(T,—;T) 2 U:
Qr St
Integration by parts in (75) leadsto
Z 2 z 3 z
LYW (W) = ¢4 (c o) u' (dtSdx+ ' (cuy u) dxdt (76)
0 Qr
z Z
+ u(c g "JYdxdt+ u[(u g @' ]d dt8v=(U;;T) 2 U:
Qr St

Hence(74) and (75) imply that every integral term in formula (76) equalszero. We obtain
that if (u;"; ¢) = v 2 U is a minimizer of the Lagrangian L(v) in (73), then

cur 4u=0;(x;t) 2 Qr; (77)

u(x; 0) = u(x;0) = 0; (78)

@Uu js;= p(x;t); (79)

cCg 4' =0(xt)20Qr; (80)

G T) =" T) = 6; (81)

Cis=u 96y 2T (62)
Zq

(c ¢ u'tdt=0;x2 (83)
0

The boundary value problem (80)-(82) shouldbe solved backwardsin time. Uniquenessand
existencetheoremsfor initial boundary value problems (77)-(79) and (80)-(82), including
the caseof weak H} (Qt) and H* (Qt) solutions, can be found in Chapter 4 of [23]. We
minimize L(v) in an iterativ e processvia solving on ead step boundary value problems
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(77)-(79) and (80)-(82). We nd weak solutions of problems (77)-(79), (80)-(82) via the
FEM.

To formulate the FEM for boundary value problems (77)-(79) and (80)-(82) we intro-
duce nite elemen spacesW} Hl(Qr) and Wr'] H! (Qt) for functions u and '
respectively. These spacesconsist of cortinuous piecewiselinear functions in spaceand
time satisfying initial conditions u(x;0) = 0 for u 2 Wy and' (x;T) = Ofor "' 2 W,; :
We also introduce the nite elemernt spaceVy Lo() of piecewiseconstart functions
for the target coe cient c¢(x) and denote U, = W,f W,; Vi U: So, we consider Uy
as a discrete analogue of the spaceU: Sinceall norms in a nite dimensional spaceare
equivalert, it is corveniert for us to intorduce in U, the samenorm as one in Ul: The
functional L (v,) is de ned in terms of (73) and L%(v) (V) is de ned in terms of (75). The
FEM for (74) now reads: Find v, 2 Uy, sud that

LO(vy) (V) = O; 8V2 Up: (84)

We solwe this discrete problem using the quasi-Newtonmethod with the limited storage
[27]. More precisely let ¢, (X) 2 V;, be a piecewiseconstart approximation of the unknown
coe cient c(x). We compute iterativ ely the sequence ci'g; m = 1;::: of approximations
of ¢y as

) =) H Mg (x); (85)

where is the step length computed via the line-seart algorithm [28]. Here, H™ is the
Hessianof the Lagrangian. The Hessianis computed by the usual BFGS update formula
of the Hessian:

HML = dMs™My™NH™ (1 d™y™sMT)+ sMs™Tim = 1;::;

where
d™ = 1=(y™TsM):m = 1;:: (86)
and
ym — gm+1 gm:
Corrections s™ in (86) are de ned ass™ = cﬂ”*l ¢r'. In our computations we have used

a special BFGS update formula with limited storagefor the Hessian[27] where we store a

nite numbern = m 1 of correctionsfor the computed gradierts and parametersin (86).
When n = 0 then the quasi-Newton method is the usual gradiert method with H® = | .
The nodal valuesof the gradiert g™(x) are given by (see(83))

Zy
g"(x) = (¢ ) . Upt' pe dt: (87)

Hereuf 2 WY;' " 2 WY are functions u and ' obtained on the m™ iteration via solving
boundary value problems (77)-(79) and (80)- (82) respectively with c:= ¢'; ¢g := cﬁ, see
subsection8.3 for our stopping criterion.

8.1 A posteriori error estimate for the Lagrangian

When performing computational experimens, we are concernedwith the accuracy of ob-
tained results. We now addressthe issue of a posteriori error bound that estimatesthe
error of the nite elemen approximation of the function c in terms of the residual error
obtained in the reconstruction process.The latter error bound can be evaluated oncethe
FEM solution has been computed, since this solution is usedthen for the derivation of



that error bound. The resulting a posteriori error estimate enablesus to estimate and
adaptively cortrol the nite elemen error to a desiredtolerancelevel via re ning the mesh
locally.

Let v 2 U be a minimizer of the Lagrangian L on the spaceU, and vy, be a minimizer
of this functional on U,: That is, v is a solution of the problem (75) and vy, is a solution
of the problem (84). Sincethe secondstage of our two-stage procedure, the adaptivity,
is a locally convergent numerical method and the rst good approximation for the second
stageis obtained on the rst stage,we can assumethat we work in a small neighborhood
of the exact solution v 2 U of our original CIP. Thus, we assumethat

kv v kg and kv vpk, (88)

where is a su cien tly small positive number. We now obtain a posteriori error estimate
for the error in the Lagrangian,

Z,

L(v) L(vn)

. dEL(v + (1 )vp)d
ya (89)

LYv+ @ v (v va)d =LA (v wn)+R;
0

where R is the secondorder, with respectto v  vy; remainderterm, jRj Ckv vhkfJ
with a certain positive constart C (in principle, more details can be given here, which,
however, is outside of the scope of this paper. We ignore R becauseof (88).

Let Pn : U1 Uy, be the operator of the orthogonal projection of the spaceU?! on the
subspaceUy: Sincev 2 U and U Ul as a set, we can apply the operator Py, to the
elemen v: In other words, Py (v) = v}] is the interpolant of v via nite elemerns of Uy,.
Using the Galerkin orthogonality (84) with the splitting v vy, = (v V) + (V] Vh), we
obtain the following error represeiation:

L(v) L(vn) Lo°vh)(v )i (90)

involving the residual LYvy)( ) with v VL appearing as the interpolation error. This
splitting is one of the main tricks in the adaptivity idea, becauseit allows us to usethe
Galerkin orthogonality (84) and then to usethe standard estimatesof interpolation errors.
We estimate v VL in terms of derivatives of v and the meshparametersh in spaceand

in time. Finally we approximate the derivatives of v by correspnding derivatives of
Vh, seedetails in [7]-[9]. It turns out that the dominating cortribution of the error in the
Lagrangian (72) is preserted in residualsof the reconstruction and it is estimated from the
above by .

maxjcn  Coj + max  jupt' ptjdt:
0

This obsenation indicates that the error in the Lagrangian can be decreasedby re ning

the grid locally in those regions,in which the absolute value of the gradiert with respect
to c attains its maximum. The latter forms the basis for the adaptivity technique, see
Section 8.3.

8.2 A posteriori error estimate for the unknown coe cient

A more generala posteriori error estimate is the one, which can be usedto estimate the
error in the reconstructed coe cien t rather than the error in the Lagrangian [9]. This
estimate involvesthe solution e 2 U of the following problem

L) (vie) = (( ;Vv)) 8v2 Up; (91)
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where the function 2 U is a function of our choice, (( ; )) is the L, inner product in
U in spaceand time, and L%v;,)( ; ) is the secondFrechet derivative (the Hessian)of the
Lagrangian L(v) at v,. The secondFredhet derivative of the Lagrangian expresseshe
sensitivity of the derivative of the Lagrangian (72) with respect to changesin v.

The main goalin the adaptive error cortrol isto nd a meshwith a few nodesaspossible
sudh that jc c¢,j " for a given tolerance”, wherec, 2 V, is the third componert of
the vector function vy; i.e., ¢, is an approximation of the function ¢, which is found in our
computations. Thus, in the adaptive algorithm, the solution obtained on a coarsemeshwill
beinterpolated to the re ned meshand usedthen asan initial guessfor a new optimization
procedure. Following the ideasof [9], a posteriori estimate of the error betweenthe exact
coe cient ¢ and the computed one ¢, involvesthe solution of the problem (91).

Assuming existenceof the solution of the problem (91), we obtain by choosingv = v vy
in (91)

LVh)(v Vi e)
LYv)(e) + LYvh)(e) + R = LO%(vh)(®) + R;

(( ;v vn) (92)

where L°(v) (vy) = 0 dueto (74), and again R is the secondorder remainder term.
Sincee 2 U and U Ul as a set, we can apply the projection operator Py to &:
Hence,Pne := & is the interpolant of @: Using splitting e = e @ + & ; the Galerkin
orthogonality
LYvh)(e) = O; 8el 2 V;

and ignoring R, we obtain from (92)

(C 5v vh)  LYvn)(e) = LYvn)(e o) + LYvh)(e) = LO vi)(e ) :

Hence, we have obtained the following analog of a posteriori error estimate for the error
in the Lagrangian (90)
(( ;v ve)  LYwn)(e e): (93)

We conclude, that the concrete form of the estimate (93) is the same as one for the
Lagrangian L (v) with only v v| replacedwith e e, compare(93) with (90). Hence,
to estimatej(( ;v vn))j; we can useestimatesfor the derivative of the Lagrangian, thus
ending up with the sameproblem as onein subsection8.1.

We now provide the rst rigorous explanation of the meaning of the estimate from the
above of j(( ;v vn))j in (93), which is formulated in (94). Let f kglh("zl Uy be an
orthonormal basisin the nite dimensional spaceU;,. Assumethat for ead function
there exists unique solution @ , 2 U of the problem (91) sudh that ke , v k (see
(88)). Denote & . = Pne 1By (93) we have the following approximate estimate

iy )P L, @)™
Using splitting v v = Vv, vy, + v v again, noting that v v}, = (I Py)vand
that by the de nition of the orthogonal projection KV v}] = ;I PRV))=0,
we conclude that numbers (( ;v Vvn)) are Fourier coe cien ts of the vector function
VL Vi 2 Up with respect to the orthonormal basisf kgﬁ":1 in the spaceU;: Hence,

| 2 )M . .2 )M I 2
Vi Voo = (0 kv vh))i LYwn)(e , @) "
k=1 k=1



1=

2

vl Vi Lqvn)(e , €') (94)

k=1
Hence, estimates Lqvp)(e " e k) from the above for all k = 1;::;;M would provide us
with an estimate of the di erence betweenthe interpolant of our target minimizer of the
Lagrangian and the minimizer of this Lagrangian on the subspaceUy; which will be found
in computations. Note that an analogousestimate was not obtained previously in [9].

Similarly to [7]-[9] we estimate e eL in terms of derivativesof @ and the meshparameters
h in spaceand in time. Finally we approximate the derivatives of @ by correspnding
derivatives of @, seedetails in [7]-[9]. Then the estimate of the right hand side of (93) is
expressedn terms of residuals of the reconstruction and assaiated dual weights and has
the following form

z

P v vn) LYvh)(e @) Ry, - dxdt
z 97

+ Ru2 ‘e dth + R' 1 e dth

A Z

+ R' 2 B8 dth + R' 3 8 dth
% Z QT

+ Re, e dx+ Re, ¢ dxdt; (95)
Qr

where e = (®;'e;e) is a solution of the problem (91) for a chosenfunction 2 U, and
S;r=@ (0;T). Residualsare de ned as

Ru, = max h' @un i Ry, = * @un ;
R, = Unjs; g;R, = max h' @n i R;=c * @hn ;
@n @ . : ;
RCl 6 E ,Rc2: J(Ch CO)J (96)

and di erent weights  have the following form:

e = C1 j[@en]j + C1hj[@en]};
e = C1 j[@en] + Cihj[@en]]; (97)
e= Colen];

where[e] on a spaceelemen K (or time-interval J) denotesthe maximum of the modulus
of the jump of the quartity e acrossa face of K (or boundary node of J). In particular
[@®e] on a space-elemenK denotesthe maximum of the modulus of the jump in the normal
derivative of @ acrossa side of K. Also, [@e] on a time-interval J is the maximum of the
modulus of the jump of the time derivative of @ acrossa boundary node of J. HereC1 and
C, are interpolation constarts.

Thus, to nd weights (97) in estimates(95), we needto compute the problem (91) to
nd the function & It follows from (94) that choosing dierent functions ¢ from the
orthonormal basisf kg{l":l of the subspaceUy, in the problem (91), we obtain an approx-
imate a posteriori cortrol of the error betweenthe interpolant VL of the exact minimizer
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v 2 U and computed minimizer v, 2 U, of the Lagrangian. The main dicult y hereis
in the solvability of the problem (91). A certain numerical method for the solution of
this problem was proposedin [9], and it was con rmed by numerical examples. Howeer,
gquestionsof convergenceand stability of that method, so as the question of existenceof
solution of the problem (91) are open. Still, we can comeup with a simplied estimate
(94) which doesnot require solution of the problem (91), although assumests existence,
seenext subsection. Our computational experienceshows that this estimate is su cien t
for our goal.

8.3 The adaptive algorithm

In this sectionwe presen our adaptive algorithm basedon computations of the residuals
for the computed coe cient c. The initial guessvalue cy for the unknown coe cient ¢
in our adaptive algorithm on the initial meshis taken from the solution obtained by the
above globally corvergent algorithm.

One can seefrom (94) and (95) that the error in the reconstructed coe cient consists
out of a sum of integrals of di erent residualsmultiplied by the interpolation errors. Thus,
to estimate the error in the unknown coe cien t, we needto compute the approximated
values of (un;' n;cn) together with the residualsand interpolation errors. We re ne the
meshadaptively at the end of the optimization procedure(85), (87). Hence,we canassume
that the valuesof the residualsR: ;i = 2;3 and interpolation errors  for the adjoint
solution' , are small and we ignorethem in (95). Value of the residual R , is small because
Jiunjs; gjj << landwecanignoreit aswell in (95). Thus, we compute only dominating
residualsR¢, and R¢,. Our computational experienceshows that this is enough,i.e., that
the approximate error estimate (98) is sucient for the solution enhancemen via the
adaptivity technique.

It followsfrom (94) that if a solution of the problem (91) existsfor ead function ; then
we can write the following approximate estimate for the error in the computed unknown
coe cient

yd)
Gh o,y MGCA(Q) jlen]i  maxRe (X t) + maxRe, (x;t) dt;  (98)
0

whereA () isthe areaof the domain (volumein the 3-d case)and M is the dimension
of the subspaceUy. If, howewer, solution of the problem (91) doesnot exist for some (or
all) functions ; then it follows from (90) that the integral term in (98) estimatesfrom
the above the error in the Lagrangian,

zZ
LV) Lva)i  LAve) v vy AQ) jleli  maxRe, () + maxRe, (x;t) dt:
0
(99)
Thus, we can hope to decreasethe error via locally re ning meshin those regions, where
valuesof residualsR¢, (X; t) ; Re, (X; t) are closeto the maximal ones. Estimates (??) and
(95) allow us to cortrol the error in the computed reconstructed coe cient c¢,. Since
residualsR¢, and R¢, are independert on the solution of the problem (91), our algorithm
doesnot usethat solution. Although estimates (98) and (99) are approximate ones,our
computational experienceshaows that they are su cien t.
In our computations we usethe following version of the adaptive algorithm.



0: Choosean initial meshK}, and aninitial time partition Jg of the time interval (0; T]:
Start with an initial guesscy = cgon, Which was computed in the above globally
cornvergert algorithm, and compute the sequenceof c™ in the following steps:

1: Compute the solution u™ of the forward problem (77)-(79) on Ky and Ji, with
c(x) = c™.

2: Compute the solution' ™ of the adjoint problem (80)-(82) badkwards in time on Ky,
and Ji.

3. Update the coe cient c:= c, on K}, and Ji using the quasi-Newton method (85)
¢l =¢c¢" H MgM:

4; Stop computing c if either the norm of the gradiet g™ of the Lagrangian with
respect to the coe cien t in (87) is jjg"jj_,() < ornormsjjg"jj_,(, are stabilized.
Otherwisesetm = m+ 1 and goto step 1. Here, is the tolerancein quasi-Newton
updates. In our computations we took = 10 °.

5: Compute the residuals,R¢,; Rc, and re ne the meshat all points where

z
maxR¢, (X;t) + maxRe, (x;t) dt> tol: (100)
0
Heretol is a tolerance chosenby the user.

6: Construct a new meshKy and a newtime partition Jix. On Ji the new time step
should be chosenwith respect to the CFL condition. Interpolate the reconstructed
coe cient ¢, from the previous meshto the new mesh. Return to the step 1 and
perform all the stepsof the optimization algorithm on the new mesh.

9 Numerical Testing

9.1 Results of reconstruction using the globally convergent algorithm

We have performed numerical experimerts to reconstruct the medium, which is homo-
geneouswith c(x) = 1 except of two small squares,where c(x) = 4, seeFigure 1-c).
Howewer, we have not assumeda priori knowledge of neither the structure of this medium
nor of the badkground constart ¢c(x) = 1 for x 2 those two squares,although, fol-
lowing the Tikhonov concept (as mertioned in section 2), we have assumedthe knowl-
edgeof the constart d; = 1=2; see(3) and (67). Becauseof this, the starting value for
the tail V1.1 (x;S) was computed via solving the forward problem (68) for c 1. Let
we 1(X;3) be the correspnding function w(x;s) at s = 5. Then, using (18), we took
Vi1 (X%3) =5 2Inwe 1(X5):

It was found in [5] that for domains G; specied in section 7 the interval [s;5] =
[6:7; 7:45] is the optimal one, and so we have usedit in our numerical studies. We have
chosenthe step sizewith respect to the pseudofrequencyh = 0:.05. Hence,N = 15in our
case. We have chosentwo sequence®f regularization parameters = , and" =", for
n = 1;::; N, which are the sameas onesin [5],

n=20n=12;, ,=200n=3,4,5;
"n=0n=12",=0.00Ln= 3;45;",
"+ =01n 8

200Qn 6;
0:0Ln= 67
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Figure 4: Test 1.1: spatial distribution of c, after computing g,x;n = 9;10;11; 12, where
n is number of the computed function q.

Once the function ¢, is calculated, we update the function ¢ := ¢, asin (28), (29), see
subsection7.3 of [5] for somenumerical details. The resulting computedfunction is c(x) :=
Cy(x): Comparing with [9], in the current work we choosea completely di erent stopping
rule. In calculating iterations with respect to the nonlinear term (Section 5), we consider
norms FX;

Fi = lidiide L@ °
We stop our iterations with respect to nonlinear terms when either

either FK  FK TorfFk

where " = 0:001 is a small tolerance number of our choice. In other words, we stop
iterations, when either Fr‘f starts to grow or aretoo small. Next, we iterate with respect to
the tails and usethe samestopping criterion. Namely, we stop our iterations with respect
to tails when either

Fni Fni 1 (101)

or
Fni 5 (102)
where F i =jjohij@ _nijz(@) : S0, in accordancewith Section 5 the number i, on

which theseiterations are stopped, is denotedasi := m,. Oncethe criterion (101)-(102)is
satis ed, we take the last computed tail V., , S€tVh+1:1 := Va:m, and run computations
again. This di erence allows usto get a more exible stopping rule in global corvergence
algorithm. Hence,the number m, of iterations with respect to tails is chosenautomatically
inside of ead iteration for g,. Thus, numbersm, vary with n. This is di erent from [5],
where numbers m, where not chosenautomatically.

In all our tests we have introduced the multiplicativ e random noise in the boundary
data, g , by adding relative error to computed data g using the following expression

i (gmax Omin )
100

g xith =g x;t 1+

Here,g x';ti = u x';t/ :x' 2 @ is a meshpoint at the boundary @ ;t! 2 (0;T) is
a meshpoint in time, ; is a random number in the interval [ 1;1], gmax and gmin are
maximal and minimal valuesof the computed data g, respectively, and = 5% is the noise
level.

Computations were performedon 16 parallel processorsn NOTUR 2 production system
at NTNU, Trondheim, Norway (67 IBM p575+ 16-way nodes, 1.9GHz dual-core CPU,
2464GB memory).
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Figure 5: Test 2.1: spatial distribution of ¢, after computing oh.x;n = 10;11; 12,13 where
n is number of the computed function q.
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Figure 6: The one-dimensionalcross-sectionsof the image of the function c,x computed
for correspnding functions g,.1. On a) for Test 1.1 alongthe vertical line passing
through the middle of the right small square;and on b) for Test 2.1 along the
vertical line passingthrough the middle of the left small square.
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Test 1.1

We test our numerical method on the reconstruction of the structure given on Figure
1-c). The planewave f is initialized at the top boundary @5, of the computational domain
G, propagatesduring the time period (0;t1] into G, is absorbed at the bottom boundary
@s, for all timest 2 (0;T) and it is also absorbed at the top boundary @51 for times
t 2 (ty;T), seeFigures 2.

Figure 4 displays isosurfacesof resulting images of functions cpx;n = 9;10 11 12
Figure 6-a) preserts the one-dimensionalcross-sectionsof computed imagesof functions
Cnhk Ssuperimposedwith the correct one along the vertical line passingthrough the middle
of the right small square. Comparisonof imagesof functions ¢, for di erent valuesn and
k shaws that the inclusion/background contrasts grow with the grow of n and k.

One can seefrom Figure 4 that the 3:8 : 1 cortrast in the right squareis imaged for
n:= N = 12 (seebelow for this choiceof N). Thus, we have obtained the 5% error (0.2/4)
in the imaged cortrast, which is exactly the same as the noise level in the data. As to
the left square,we got the samecorrast. Howewer, location of the left squareis shifted
downwards, and both imaged squaresare on about the samehorizortal level. Values of
the function c(x) = 1 outside of these squaresare also imaged accurately.

Using Figure 7-a) which shonvs computed L ,-norms Fp;i, we analyze results of the re-
construction. One can seeon Figure 7 that the number m, of iterations with respect to
tails indeedvarieswith n, sincemy is chosenautomatically now, using the criterion (101)-
(102). We obsene that the computed F,; decreaseuntil computing the function gg. Next,
Fo.2 > Fg2; Fi02 < Fg2 and then thesenorms stabilize onn = 11;12. For n = 13;14;15
norms Fp.2 grow steeply Thus, we conclude,that N = 12 and we take c;».2 asour nal
reconstruction result.

Test 2.1

We now test our globally corvergert method on the structure given on Figure 1-c).
Howewer, the di erence with the previous test is that we usethe plane wave, which is
initialized at the bottom boundary of computational domain G, seeFig.2. Figure 5 displays
isosurfacesof resulting imagesof functions ¢y« ; n = 10;11; 12, 13 Figure 6-b) displays the
one-dimensionakross-section®f computedimagesof functions c,.x superimposedwith the
correct onealong the vertical line passingthrough the middle of the left small square. One
can seefrom Figure 5 that the 3:8 : 1 cortrast for n := N = 12 (seebelow for this choice
of N) in the left squareis imaged again with 5% error (0.2/4) which is the sameas the
noiselevel in the data. As to the right square,we got the same3:8 : 1 cortrast. Howe\er,
again both squaresare imaged on about the samevertical level.

Using Figure 7-b), which shonvs computed L >-norms Fp;;, we analyze results of the
reconstruction. We obsene that computed norms F,; decreasewith n until computing
the function qy; i.e.., until n = 7 and these numbers grow with the increaseof n = 8;9:
Next, we obsene a steep decreaseat n = 10 and a stabilization for n = 11,12, For
n = 13,14 15 norms F;; grow steeply Thus, we conclude,that N = 12 and we take cj2.1
asour nal reconstruction result. We obsene, that in both Tests1.1 and 2.1 the location
of the square, which is located closerto the side from which the plane wave is launched,
is imaged better, while the inclusion/background cortrast is imaged well in both small
squares,soasthe value of the coe cien t ¢c(x) = 1 outside of (imaged) small squares.Thus,
we are prompted to usethe adaptivity technique in order to enhanceimagesof locations.

9.2 The synthesis of the globally convergent algorithm with the adaptivit y

The goal of two tests of this subsectionis to demonstratethe performanceof the synthesis
of our globally corvergencealgorithm with the adaptivity technique. Sincethe adaptivity



is a locally convergent numerical method, we take the starting point for the adaptivity the
image obtained by the globally convergent method. Below Test 1.2 (respectively Test
2.2) meansthat we take the image obtained in the above Test 1.1 (respectively in Test
1.2), asthe starting point for our nite elemen adaptive algorithm. The boundary data
g= ujg in both Tests1.2and 2.2 are the sameas onesin Test 1.1 and 2.1 respectively,
exceptthat in Test 1.2 we usetwo noiselevelsin two sub-tests : 0% and 5%. In Tests1.2
and 2.2let bethe side of the square ; opposite to the side from which the plane wave
is launched and 1 = (0; T): In somesensethe side 7 is the most sensitive one to
the resulting data.

The adaptive algorithm means,that we nd the solution of our problem in an iterativ e
process,where we start with a coarsemeshshown on Figure 8-a), ¢), nd an approximate
solution by the quasi-Newton method on this mesh, seeSection 8.3. Next, we evaluate
residualsasin (100). Then we re ne the meshlocally at thoseregionswhereresidualshave
largestvalues,construct a newmeshand a newtime partition, and repeatthe computations
againon this newmesh. We stop iterativ e processwhenL »-norms of the computedgradient
for the coe cien t are stabilized or started to increasefor all further re nements of the mesh.
Let jRc(X)] = jRe, (X)] + JRc,(X)j; see(95) and (99). We re ne the meshat all regions
where

IRe(X)]  maxjRe(x)j; (103)

where = const2 (0;1) is the tolerancenumber of our choice. The choiceof the parameter
dependson the behavior of the computedvalue of maxjR¢(x)j in right hand side of (103).
If wetake too small (for example, = 0), then we will re ne meshalmostin the ertire
domain , since,realistically, after the optimization procedurejR¢(x)j will be non- zeroat
almost all meshpoints. Unlike this, our goalis to construct a new meshwith a few nodes
aspossible,while still getting a good enhancemen of the solution obtained on the globally
corvergeri stage of our two-stage numerical procedure. Hence, we take only maximal
valuesof the computed residual jR¢(x)j and re ne meshin a small neighborhood of those
points where this maximal value is achieved. On the other hand, the parameter can
not be taken too closeto 1 also, sincein this casethe automatic adaptive algorithm will
come up with a too narrow region, where the mesh should be re ned. Thus, the choice
of dependson concretevaluesof the gradiert function jR¢(x)j and should be chosenin
numerical experiments. In (103) we take = 0:1 on the coarsemesh, = 0:2 on the one,
two and three re ned meshesand = 0:6 for all next re nements of the initial mesh.
On all re ned mesheswe have useda cut-o parameter C¢; for the reconstructed coef-
cient ¢, sud that
Ch; ifjcn  Cguessi  Cgiob

Ch = Cglob;  Elsewhere

We chooseCgt = Oform < 3, Ceyit = 0.3form  3in all tests. Here, m is the number of
iterations in gquasi-Newton method. Hence,the cut-o parameter ensuresthat we do not
go too far from cyop: The application of the adaptivity technique allows us to get more
correct locations of both small squaresdepictedin Figure 1-c).

In the adaptive algorithm we can use box constrains for the reconstructed coe cien t.
We obtain these constraints using the solution obtained in the globally corvergert part.
Namely, in Tests1.2 and 2.2 minimal and maximal valuesof the target coe cient in box
constraints are taken using results of Tests 1.1 and 2.1. So, when conducting Tests 1.1
and 2.1, we have usedonly the knowledge of the number d; = 0:5 in (3). Now, sincewe
know that the solution obtained on the rst stageis a good approximation for the correct
solution (Theorem 6.1) and the maximal value of the computed coe cient is 3.8, we set
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opt.it. | 4608elemerts | 5340elemers | 8230elemens | 14604elemerts | 23344elemerts
1 0.0193568 0.0167242 0.0146001 0.0131787 0.0224184
2 0.0193944 0.0157746 0.0139716 0.0133006 0.0208246
3 0.0133565 0.0208889
4 0.0125237 0.0204343

Table 1: Test 1.2: jju j .

diiL,( 1) Oon adaptively re ned meshes.The number of stored
correctionsin quasi-Newtonmethod isn = 15. Computations was performedwith

the noiselevel = 0% and with the regularization parameter = 0:0L
opt.it. | 4608elemerts | 5340elemers | 6356elemens | 10058elemerts | 14586elemerts
1 0.0992683 0.097325 0.0961796 0.0866793 0.0880115
2 0.0988798 0.097322 0.096723 0.0868341 0.0880866
3 0.0959911 0.096723 0.0876543
4 0.096658

Table 2: Test 1.2:jjuj ;  djjL,( ;) on adaptively re ned meshes.The number of stored
correctionsin quasi-Newtonmethod isn = 15. Computations was performedwith
the noiselevel = 5% and with the regularization parameter = 0:.0L

d> = 2in (3). Thus, in tests 1.2 and 2.2 we enforcethat the coe cien t ¢(x) belongsto the
set of admissibleparameters,c(x) 2 Cy = fc2 C( )j1  c(x) 4g.

Test 1.2.

Wetest the synthesisof both globally convergen and adaptive methods with the starting
point on the coarse mesh taken from the results of Test 1.1 and with the plane wave
initialized at the top boundary of the computational domain G. More precisely as the
starting point for the coe cien t ¢(x) in the adaptive algorithm on the coarsemeshwe take
Ci2:2; Which corresponds to Figure 4-d). The initial coarsemeshis shovn on Figures 8-
a,c). We have performed two set of numerical experimens: with introducing = 0% and

= 5% of the multiplicativ e random noisein the function g(x;t) in an adaptive procedure.
Testing was performed on 4 times adaptively re ned meshesshowvn on Figure 8. We note
that in both Tests 1.2 and 2.2 boundary points are the samefor all re nements of the
initial mesh, sincethey are located at the common boundary with the subdomain Ggpm
(Figure 1) and should be kept unchangedin order to perform the exchangeprocedurein the
hybrid method when solving the forward problem (68). Figure 8 shows that the adaptivity
technique enhancesthe quality of the reconstruction obtained on the rst stage. We are
able to reconstruct well locations of both small squareswhile preservinga good initially
obtained inclusion/background cortrast, which turns out to be now 4:1 instead of 3.8:1
calculated on the rst stage. The value of the coe cient ¢(x) = 1 outside of small squares
is alsoimagedwell. We obsene that the useof the initial coarsemeshwith 4608elemerns
doesnot improve the image obtained on Test 1.1.

9.2.1 The case = 0%

Images 8-b), f), j), n), s) were obtained with
regularization parameter

= 0% in the boundary data g, with the
= 0:01 and without using the smoothnessindicator procedure
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Figure 8: Test 1.2: Adaptively re ned computational meshes: with = 0% - on
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opt.it. | 4608elemerts | 5298elemerts | 7810elemens | 11528elemerts | 19182elemerts
1 0.0992683 0.0976474 0.0976851 0.089979 0.0977153
2 0.0988798 0.0974385 0.0901018 0.097487
3 0.0959911 0.0901153 0.0975039

Table 3: Test 2.2:jjuj ;  djjL,( ;) on adaptively re ned meshes.The number of stored
correctionsin quasi-Newtonmethod isn = 15. Computations was performedwith
the noiselevel = 5% and with the regularization parameter = 0:.0L

applied to the reconstructedcoe cient ¢(x). As it was stated in subsection7.3 of [5], this
procedureconsistsin a local averaging of computed valuesof ¢, (x) : The e ect of using
smoothnessindicator procedure can be seenfrom comparisonof = 0% and = 5%
imagesof Figure 8. So,whenthis procedurewas not applied, we got more elemerts in new
adaptively re ned meshesand more washedaway imagescomparedwith imagesfor the
caseof = 5% when this procedurewasin place.

In Table 1 we presert computed Lz-norms of jju j . dij,( ;) in the quasi-Newton
method for adaptively re ned meshes.Here functionsuj , are computed via the forward
problem solutions and the samein two more tests belov. We obsene that these norms
decreaseas meshesare re ned. Then they slightly increaseand are nally stabilized for
all re nements n > 3 of the initial mesh.

9.2.2 The case = 5%

Images 8-d), h), 1), p), u) were obtained with = 5% in the boundary data g, with

regularization parameter = 0:01 and with the smoothing indicator procedure on the

all adaptively re ned meshes. The use of the smoothing indicator for the reconstructed
coe cient ¢, has helped us to obtain more accurate images as well as to get a lesser
number of nite elemerts in computational meshes.Table 2 preserts computed L 2-norms
ofjjluj ;  diL,( +)- Weobsenethat normsat the boundary are decreasingas meshesare
re ned. Then they slightly increaseand are nally stabilized for all re nements n > 3 of
the initial mesh.

Test 2.2

Now we test the synthesis of the globally convergert numerical method with the adap-
tivit y with the starting point on the coarsemeshtaken from the result of Test 2.1 and
with the plane wave initialized at the bottom boundary of the computational domain G.
The initial guessfor the adaptive algorithm on the coarsemeshis the computed coe cien t
c12:1(X) presened on Figure 5-c). The boundary data g is taken the sameasin Test 2.1,
i.e., with the = 5% of the multiplicativ e random noise.

Again, we have performed tests on 4 times adaptively re ned meshesshovn on Figure
9-a)-d). Just asin Test 1.2, we obsene that the adaptivity technique improvesthe quality
of the reconstruction, seereconstruction results on Figure 9-e)-h). In Table 3 we presert
computednormsofjjuj . dj,¢ ;). Weobsenethat thesenorms decreaseas meshesare
re ned. They decreaseuntil the third re nement. On the fourth re nement they slightly
increaseand then they stabilize. Further meshre nements are not necessarysince norms
jiujs;  dii,(s,) are stabilized for all re nements with n > 3 of the initial mesh, and
we get the samereconstruction result with further re nements. Thus, using Table 3, we
concludethat on three times re ned meshwe get solution of our inverseproblem.



a) 5298elemerts b) 7810elemerts c) 11528elemerts d) 19182elemerns

e) 5298elemerns f) 7810elemerns g) 11528elemerns h) 19182elemerts

Figure 9: Test 2.2: Adaptively re ned computational mesheson a)-d) and spatial distribu-
tion of the parameter c, with = 5%, which corresponds to these meshes,on
e)-h).

10 Summary

We have preserted a modi ed globally corvergent numerical method of [5] for a multidi-
mensional CIP for a hyperbolic PDE. As it follows from the global cornvergenceTheorem
6.1, the globally convergent numerical method provides a good starting point for the nite
elemen adaptive method. This naturally leadsto a two-stagenumerical procedure,which
synthesizesboth approadies. On the rst stagethe globally corvergert numerical method
is used. On the secondstagesolution obtained on the rst is usedasthe starting point for
the locally convergen adaptivity technique. This technigue enhanceghe solution obtained
onthe rst stage. An important obsenation of our numerical testing is that the rst step
of the adaptivity, when the quasi-Newton method applied on the same coarsemesh, on
which the globally convergen part was working, doesnot provide a noticeable change for
the imageobtained on the globally corvergert stage,seeFigure 8. Hence,the useof locally
re ned mesheswhich is the certral point of to the adaptivity, is essetial here.

The adaptivity is basedon a posteriori analysisof: (1) the error in the Lagrangian and
(2) the error in the solution. As a result, one can locate spots where the maximum error
of the reconstructed coe cien t likely is. Next, the spatial meshis re ned locally with the
feedba& from a posteriori error estimator. The main achievemen of the adaptivity is
that one doesnot needto know in advancethe solution of a correspnding CIP for that
a posteriori error analysis. Another new elemen of this work is that we have rigorously
explainedthe meaningof the so-called function in the procedureof estimating the error
in the computed coe cien t, which was not explained previously. Numerical tests have
shawvn a good performanceof our two-stageprocedure.
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