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The Hopf algebra of rooted trees

e 1972 J.C. Butcher. Algebra of Runge-Kutta methods
e 1986 A. Dur. Butcher’s algebra is a Hopf algebra

e 1998 D. Kreimer. The Hopf algebra of renormalisation in
quantum field theory

e 1998 A. Connes and H. Moscovicl. Index theorem of the
noncommutative geometry of foliations

We regard Butcher’s work on the classification of numerical
Integration methods as an impressive example that concrete
problem-oriented work can lead to far-reaching conceptual
results.

Alain Connes:Fields Medal (1982), Crafoord Prize (2001),
Member of the Academy of Sciences of Norway (1993)

N /




Layout of the talk

The Hopf algebra of derivations

Hopf algebras

The Hopf algebra of rooted trees (Butcher)
Runge-Kutta methods (Butcher)

Renormalisation in quantum field theory (Kreimer,
Connes, Wulkenhaar, Krajewski, Frabetti)

The Connes-Moscovici algebra
Composition of series

Open guestions




The Hopf algebra of derivations

The algebra

A algebra of differential operators with constant
coefficients

Generators of A: partial derivatives 9; = 2,

Basis of .A: multiple partial derivatives 5— ‘9"'(%_ for
’Ll LR ’Ln
n > 1.

Product: derivatives of derivatives 0;0; = af;x.
7 J

Forany D € A, D1 =1D = D.

2
Example: —=1 + 2 —d5%—-c A

A with the product of derivations is a unital associative
algebra.
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The Hopf algebra of derivations

The coproduct

e Action of the derivations on functions
1(fg9) = fg.
0;(fg) = (0:f)g + f(Big).  (Leibniz)
0;0;(fg) = (0:0;f)g + (9 f)(9;9)+
(0;£)(0ig) + (0:0;9).
e D(fg) =2 (D) f)(D9)
e A A A® A AD=> D, ®D,s,.
e Coproduct
Al=1®1.
AO; =0; 1 +1® 0;.
AQ;0; =0;0; ®1+0; ®0; +0; ® 0; +1® 0;0;.
e A(DD') = (AD)(AD")
A0;0;) =(0;1+1®0;,)(0;, 1+ 1® 9;).
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/ Coproduct: splitting into two parts \

AD =3, Dy ® Dy,
A(0; j):87,8]®1+8 ® 0; + 0; ® 0 +1®88

(00, (00,
@@@@@

Splitting into three parts?

>
S

@
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Coassociativity

AD =3,Du) ® D,

LAY

> (AD) ® D,
(A ®Id)AD =

>. D ® (AD,)
Id®A)AD =) Dy ® Dy ® D,
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The Hopf algebra of derivations

Coassociativity

e D(fg) =2 .(Duwyf)(D)9)
e fgh=fgh=f

o D(fgh)=> (Duw(f9)(D=xh)=>2(Duwf)(De=(sh))
= 2D, [)(D29)(Ds)h).

e Example A0; =0, ®1+1® 0,.
(ARIA)AY; = (A0;) ® 1 4+ (A1) ® 0;
=0;,91®1+1®0;,®1+18®1®0J;.
(Id® A)AQ; = 0; ® (A1) +1 ® (AJ;)
=0;,91®1+1®0;,®1+18®1®0;.

 D(f1...fa) = 2(Dayf1) - (Dmy fn).
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The counit
e:A—C, Dl1=¢g(D)l1

e D=1: 1f=f,so0ll=1ande(1l) =1
® 8,,;1 = 0 thus 6(81) =0
° 87,18@“1:Othusa(8118

in

) =0

Df = D(1f)=) (Dy,1)(Def)
= Y e(Du)1(Deyf) =) e(Dwy)(Dexy f)

Defining property of the counit:
D =) e(Du)De =) Due(De)




The antipode

S:A— A
Defining property of the antipode:

>.5(Dw)De =2 D1)S(D)) =e(D)1

AO; =0, 1 +1Q® 0;,

[ 5(8@'1 ...8in) = (_1>nai .- -az'

[
n
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Hopf algebra

A 1s a unital associative algebra

A coproduct A : A = A® A, Aa =) an ® ag,
Morphism: A(a - b) = } (au) - bay) ® (ap) - b))
Coassociativity: (A @ Id)A = (Id ® A)A

A counite: A — C,
>_elaw)ae =) ane(ap) =a
Morphism: e(a - b) = e(a)e(b)

An antipode S: A — A,

2. 5(am))ae =3 awS(aw) =&(a)l
Antimorphism: S(a - b) = S(b) - S(a).




/ Butcher’s Hopf algebra \

o Algebra of rooted trees. Generated by 1 and

° I o o °
ebeo 06 % o & ooe
.71717 \./ 7l l J \./7 \$/ Y

s

o [
o Product: juxtapositiont-¢ =tt'.E.g. e - ¢ = e e

o Coproduct:
At = t0 @ty =t@1+1®t+ > tq) ®t .y, Where
t.) IS a proper subtree of ¢, such that ¢ ,, is connected and
shares the same root with ¢, and ¢,, denotes the graph
formed by deleting ¢.,, from ¢ (Butcher, Miniature 15).

° o ° ° o
Y = \/ 7 N/ , N/ 7 N/ ) Ao

oI@o,I@I,.o@I,.@l,o@.\o/‘.

*—o

[ ] [ ] [ ] [ ] [ ]
AV = VY 01419 W ted®Re+d® 4
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/ Butcher’s Hopf algebra \

o Examples of coproducts

Ae = eR1+1R® e,

[ ) o ([ ]

Al = $14+10¢+e® e,

[ ) o [ ]

¢ ¢ ¢ o o

Ad = ¢014+1R¢+éQe+e® e,

e O e ©o e ©o o
AY = ¥V 814190 ¥V +eeQ@e+ 263 6.

o Counit: (1) =1,¢(t) =0
o Antipode: > S(t))te =e(t)1
(

s(1) = 1,
S(t) = —t—Z,S(t(l))t(Q),
S(e) = —e,
sd) = —1+ e
S(i) _ —i+2.1—...,

S(V) = =V 120 — eee,




/ Butcher’s solution of differential equations

e The flow equation

dz(s)
ds

e Butcher’s solution (1963)

e The sum is over all rooted trees ¢

e |t|=number of vertices of ¢

to a new root.

o 5o = f(z0),ift = Bi(tr,...,tn),
575 — f(n) (Zl?o)(stl ce 6t .

mn

e \What about

.

sltl
x(s) = xo+ Z @gp(t)(&

e Tree merger By: B, (t1,...,t,) links the trees ¢4, . ..

B-I-(.aI) — \./ ) B-I—(.a.a.) = ¥ .




/ Butcher’s group \

e \What about
(s) S 20
r(8) = xo+ ——plt

e Runge-Kutta methods (Butcher, 1972)

m

zi(s) = $0+Szaijf(xj(s))a

i=1

zr(s) = xo+Sijf(xj(3))

e For any ¢(t), there is a Runge-Kutta method (A4, b) giving
p(t).
e Theorem: The Runge-Kutta methods form a group.
(. p* )(.t) = Z:P(t(l))@'(t(z))-
(p*@)($) = (&) + ¢/ () + ()¢ (o).
o Unit: £(¢).

e Product:

o Inverse: o= 1(t) = p(S(t)).
kThe Hopf algebra of Butcher’s group: Arne Dur (1986)j




-

N

~

Trees and renormalisation: quantum electrodynamics

(Kreimer, Wulkenhaar, Krajewski)

2

-

1

O,

e The big divergent vertex diagram 5 contains a divergent

vacuum polarization diagram 3 and a divergent vertex

diagram 4

e The divergent vertex diagram 4 contains a divergent

self-interaction diagram 1 and a divergent vertex diagram 2
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/ Partial differential equations \

o Lg(r) = F(g(r))

02 B )
(8332 T 8y2)g(x7y) — g(x,y) .

e Tree solution

g(r) = go<r>+2i)go<t;r>,

o(t

e Where

(o) = / ar'G(r, ') F(go(r')),

o(t;r) = /dr'G(r, r')F™ (go(r"))
p(ti;1") . p(tns 1),
fort = By(t1,...,tn).
e o Isasolution of Lgy = 0.

e G(r,r’) isthe Green function of L:

& LG(r,') = 6(r—1'). /




/ Chen’s iterated integrals (Kreimer) \

e Definition of p(¢; x)
p(l;z) =

o(eiz) = / " hy)dy,

o(t;z) = / (W)t y) ... o(tn;y)dy

|ft—B+(t1,... t

e In QFT, each integral ©(t; x) is divergent. How can we
remove the subdivergences (of ¢(t;y)) and the
divergence of p(t; x)?

e Product
O(t1...thsx) = @(t1;2)...0(tn;x).
e Finite part: I';3(1) = 1 and

Z p(S(tw);a)e(te);b).

e Renormalisation group property

\ Tac(t) = O Tapl(ta))Teclte). /




/ Example \

e Definition

o(e;z) = /:Of(y)dy,
odio) = | " fw)dy / " f(u)d.

e Renormalisation
Las(t) Z p(S(t));a)e(te);b),
[ ] [ ] [ ]
Al = {®1+10d0+e@e,
o o

Pu@) = o(S(b);a) +o(d:8) + p(S(e); a)p(: D).

e Antipode

S(e) = —e.
sl = —l+ee
e Renormalisation
Tu@) = —o(bia) + o(e:a)p(e;a) +o(d;b)

—i(-;a)w(-;(lz)
_ - | fwa / F(u)du. .
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The Connes-Moscovici Hopf algebra \

Index theorem for the noncommutative geometry of
foliations

Hopf algebra generated by 1, X, Y, 9,,.

Relations
[YvX] — X: [Xa(sn]:(sn—l—la
Y, 0n] = ndn, [0n,0m]=
Coproduct
AY = YR1+1QY,
AX = X141 X +01QY,
A51 = (51®1+1®51
Recurrence

ASy = A(X,8]) = A(X8) — A(6,X),
= 02bQ®1+1®0dy+ 901 1,
Adz = 03®1+1Q®03+ 02 ® 1 + 301 ® s

—|—5% ® 01 /
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:
Ad
A 0\./0

Ads

The connecti

e Butcher’s Hopf algebra is a refinement of Connes and
Moscovici’s

o O
e Example §3 = é + ¥ :

01 = e,
o
dy = e,
o
l o O
03 = $ + \0/,
b = M
|t|=n
Acubn = Y Apt
|t|=n
o
o o
. ¢ o

1 +10é+ 6

e O o O
¥V 91+19 ¥

031 +1® 03+
031 +1® 03+
101 ® 4.

on

~

o
Re+o® 6,
o
—|—2o®1+oo®o,

° °
te+3eR¢+eeRe

02 ® 01 + 301 ® 09 /
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Composition of series

e Factorial series

f@) = Y fap 9@ = g0,
n=1 ) n=1 )

2
XL
gifiz+ (g2f1+ g%fz)g

3
i
+(g3f1 + 3919212 + g:ffg)y +...

=
S
—~
3
|

e Linear forms u,, (u,, f) = fa.
e Coproduct of u,,

<un7fog> — <Aunag®f>a
= Z(un(l))g><un(2)af>-

e Examples
Aul = U1 U,
Auy, = u2®u1+u%®u%
Aus = us3®@up + 3uius Q us +ui’ X us3.
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Relation with Connes-Moscovicl

e Generating function for Faa di Bruno

©.@) xn
Ulx) = x+ Zu”ﬁ
n=2 '

e Generating function for Connes-Moscovici

oo
= 20 -
— n!

e Relation
D(z) = log(U'(x)).
e Examples
(51 = U9,
do = ug— u%,
03 = U4 — 3usus + 2u§’,
Acpyds = AF(U4 — 3usus + QUS’)
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Facts and open questions

e The relation between the compositions of functions and
renormalisation is the renormalisation group.

e The relation between the compositions of Runge-Kutta
methods and of the composition of functions was given by
Hairer and Wanner.

e What is the relation between Runge-Kutta methods and
renormalisation? A more general renormalisation group?

e Is it possible to connect Butcher’s solution of differential
equations with the renormalisation group method for
differential equations (T. Kunihiro, N. Goldenfeld, Y.
Oono, J. Bricmont, A. Kupiainen)?

e What is the use of the noncommutative analogues of
Butcher’s algebra?
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Noncommutative extensions

Dendriform algebras. (J.-L. Loday and M.O. Ronco, 1998)

Operads (J. Moerdijk, M. Livernet, F. Chapoton 2001, P.
van der Laan, 1999, 2001)

Composition of functions of noncommutative variables
(Ch. B, A. Frabetti, 2000)

Noncommutative Butcher algebra (R. Holtkamp, L.
Foissy, 2001 )

All these Hopf algebras are equivalent (R. Holtkamp,
2001, L. Foissy, 2001, P. Palacios, 2002)




The binomial Hopf algebra

e Generated by 9 = &
e A = polynomials in the variable 0
e Product 9™mo" = gm+"

e Coproduct

n

mn
A" = OF R on— k.
> (1)

e Acounite(0™) = dn.0

e An antipode S(0") = (—1)"0"

N
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The Faa di Bruno algebra

A is the polynomial algebra in uq, uo, . . ..

Coproduct

a1 (un)o‘"
Z Z arl...ap ' 1') . (nl)an ®© Uk

k=1 «

where the sum is over the n-tuples of nonnegative integers
a = (a1, as,...,ay) such that
a1 +209 +---+no, =nand oy +as + -+ a,, = k.

Hopf algebra u; = 1

f@) = o+ ft
n=2

Counite(1) =1, e(uy,) =0forn > 1.

Antipode: inversion of series

(S(un), f) = (un, f77).




Relation with Connes-Moscovici

e General form of ¢,

e General form of wu,,

Un+1

n! 51 o 5n An
Zal() (9n)

Loagpl(1h)er o (nh)on

(67

e Relation between trees and ¢,
e Relation between §,, and Faa di Bruno

e Composition of series over trees?
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