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1. Introduction



Pur pose
We consider

one general procedurethat preserve
ener gy properties(energy conservation,
ener gy dissipation, mass conservation etc)

nonlinear PDE with variable coefficients
which isarised from population gene mode!.



Numerical scheme
that preserve energy properties

Advantage
Physical reasonable numerical solutions

Robust numerical scheme



Ordinary differential equation
Greenspan, Hairer, Itoh, Maeda, Marsden, McL achlan,
Munthe-Kaas,Owren, Quispel, Sanz-Serna, Y oshida etc

Partial differential equation

DS  Fd, LI, Vu-Quoc, Vazgquez etc

~FEM  Du, French, Nikolaides etc

Multi symplectic method  Bridge, Hong, Reich etc




2. Thediscrete variational method



What Is
“Thediscrete variational method” ?

—
One general procedure of designing

FDSfor PDE
that preserve energy properties




2.1 Concept of the discrete variational method

Continuous calculus

Energy function

proximsdiion

Discrete calculus

Energy function

customary derivation path

G(u,u,) G,U})
¢ caculation ¢ calculation
Euler-Lagrange derivative Euler-Lagrange derivative
5 G 0 G
ou o (U .,V )
¢ substitution ¢ substitution
P.D.E. e F.D.S.
appré)xi mation
N |



D. Furihata (Osaka University, Japan)
ou

e Finite difference schemesfor — (ﬂ oG that
ot oX ) ou

Inherit energy conservation or dissipation property,
J.Comput.Phys.156(1999), 181-205.

* Finite difference schemes for nonlinear wave
equation that inherit energy conservation property,
J.Comput.Appl.Math. 134(2001),37-57.



2u_ (2] s
u

STIG(u,ux)dx - 0 :a is odd

(eg KdV eg etc)

(—1)3+1Ej6(u,ux)dx <0 :a is even
(eg Cahn-Hilliard eq, linear heat eq etc)



T. Matsuo (Nagoya University, Japan)

e Complex valued problem (e.g. NL S eq etc)
 Pseudo spectral method



2.2 Calculus of variation

1st step b
J[u]djr ja G(u,u, Jdx : total energy
where
G(u,u, ): energy function
2nd step




2.3 Calculus of discrete variation

1st step v
‘Jd[Uk] - kZ_O Gd(Uk)AX'
where
G,(U,): discrete energy function
2nd step
N
N oG oG
J U J V.| =" d__(U, -V, )AX + d
] - 2] - $5ECe e | e




Notations

AX = b;| . space mesh size

At : time mesh gize
~ u(a+ kAXx, nAt) : numerical solution

N N-1 :
2"UkAXZ[%Uo+ZUk +%UNij - trapezoida | rule
k=0 k=1

5§ U, = Vs “Ye - Elyer  difference operator
AX
U, -U,., |
o, U, = A . backward  difference  operator
X
WU, = - k*;;U k-1 . 1st cetral difference  operator
X

U, +U,

(Axy

. 2nd cetral difference operator



3. Numerical experiments for
nonlinear partial differential
equation



3.1 Target Equation
ou 3G

— = where
ot ou
5G o°u .
1) <a:—dy—u(u—a(x))(l—u), In Q=[a,b],t>0,

@(a,t)z@(b,t):o, . Neumann condition
OX OX

U(X,0) =uy(x) 20, : Initial condition.
d(> 0) : diffusion coefficient,

a(x) € C°(Q), | > amount of contamination

2
G(u,u,)=—-d 8—“) ax) p_1max) s 1
2 2 3

u : energy function,

5G oG 0 oG

= — . Euler — Lagrange derivative.
ou df ou  OX ou,




Theorem(Energy Dissipation)

Let u beasolutionof (1). Then thetotal
energy

Jlu] = LbG(u, u, )dx
IS dissipation with respect to t

d d
— J[ul=—1 G(u,u.)dx<0.
= | Guu)




Question Steady stable solution of (1) ?

Does solution of (1) have multiplicity ?

Where isthe transition layer ?



3.2 Proposed Scheme and Its Discrete
Energy Property
Discretization of energy function

G(uu)——d( j P e 1A e L
x) 2 3 4

)

2 ~ n ) _
G,(ur) - %(&UJ ;(ﬁkUk) A fupf SR
where

8, = a(x)




3.2 Proposed Scheme and Its Discrete
Energy Property

um-up  8G,

— where
At s(urup)
Soriun = ol u S
- e U8 RURVEI

+%&w”f+@yﬂiw+uy%ﬁf+@wf}k:Q“nN,

U"=U"=0,U",=U".=0 n=012-,
U°>0, k=0, --,N.




Theorem(Discrete Energy Dissipation)

Let U [ beasolution of (2).Then the discrete totel
energy

‘Jd[Uk] = ZN:"Gd(Uk)AX

k=0

IS dissipation with respect to n,

1

" .ur-a,un)<o




3.3 Numerical experiments

variable coefficients

i, 0< xgﬂ, ,
4 15
Sy 1, B o
18 36 150 150
1 50 100
a(x)=1{ =, — <x<—, aAX
09=1 3 150 150 6()
EX—Z, @ngg, as bk
150 150
3 10 "
4 150




Numerical experiment
(Comparison of central difference scheme)

Q=[01]

Ax=7—15: space mesn size

At = 1 : time mesh size

100
d =0.01: diffusion coefficient

04 O<x<§

u(x,0) =+ - £
0, — < x<1.
75




Explicit scheme

FUQH_U” dUI?+1 2J”+Ul?1
At (%)°

(3 <V =U;=0

Ulr\]|+l :Ulr\]|—1 =0

U°>0, k=0,--N

AUn(Ur-a J1-uy), k=0, N,

Discrete energy function

Gi{ur) = -Sbeusf + 2 urf - 2aupf )



Numerical experiment of explicit scheme
Initial value (time step n=0)
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time step n=50
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time step n=160
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Numerical experiment proposed scheme
Initial value (time step n=0)
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time step n=50
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time step n=200
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Time evolution of discrete total energy

QLo

explicit scheme

0 Q005

total energy

L0005 - \

proposed scheme

time

-0.001




Numerical ex

Initial conditions
1.

u(x,0) =+
2.

u(x,0) =<

\

periments

are

04 O<x<E
75

0, E<x<1
75

04 0< x<7—0,
75

70

0, —<x<1.
75

\



Initial value 1
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Simulation of initial value 1

0.



Initial condition 1

Initial value Stable Solution

(t=0, time step n=0) (t=100, time step Nn=10000)



Time evolution of discrete total energy

%
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Initial value 2
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Simulation of initial value 2

0.z 0.3 0.



Initial condition 2

o X""b . ' v oz a az 2 Xule»
Initial value Stable Solution

(t=0, time step n=0) (t=100, time step Nn=10000)



Time evolution of discrete total energy

%

total energy
:
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4. Conclusion

e Proposed schemeis
preserve energy dissipation property,
robust.

* We have the conjecture for target equation

the solution of (2) has multiplicity which
depends on initial value.



Appendix



0 °u 5 G

ot? u

~—
STIG(u,ux)dx - 0 :a is odd

(eg sine-Gordon eq, linear wave eq etc)



The discrete Euler-Lagrange derivative

3G, _gf d g’ (6,U,)g 6.V, )+ 9 6,V oy 6.V, )
53U,V ) 5 dU,, V) 2

=1
_6|<+VV|_(Uk’Vk) o SI:\/\/I+(Uk’Vk)’

where
AN - _ fI(Uk)_I_fI(Vk)j gf(sljuk)_l_gf(sljvk) dg;”
and

(f(b)-f(a) .

g - — ca#b,
d(a,b) de i
da

- a=Db.




We apply the summation by parts formulato difference
J,u.] - 3,v.] toobtain

N 8G, oG, |
‘Jd[Uk] - ‘Jd[vk] - Zdo 5(Uk,Vk)(Uk_Vk)AX " |:68(Uk’vk)i|o

where
0G 1. + + N 3
d o EZ(VVI (Uk1vk)3< (Uk_vk)+vvl (Uk’vk)% (Uk _Vk)

00 (Uk,Vk) def 215
(S(FVVI_(Uk’Vk)_FSI\A/I+(Uk1Vk)XUk _Vk) )

Thereforewe canregard  JslU] - 3:M] asadiscrete
analogue of J[u+d&u] - J[u]




Summation by parts

z'\':" (SJUKXSJVK); (Sk_UkXSk_Vk)AX_F ZN:"(SéZ)Uk)\/kAX
park k=0

) % [(5 U, Xﬁgl) + 1)J Tt (39) + 1)" k (8 Vi )]ON

where
s
SkU k — U k-l—l’
U, _ 1,
S, + S,
U k.
2

s, U,

(1) _
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