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Example

Flow in a porous medium ..

—V(K(z)-Vp(z)) = f(z),

(1)
plop(z) =0
. with random permeability [ Holden et al ]
Model: K = "exponential’ of white noise

Remarks
e Singular solution and noise.

e Multiplicative singular noise.

e What does K(z) - Vp(x) mean?



Generalized stochastic variables

Example Kondratiev spaces
(S) c L2(2,B,dp) C (8)7!

Assume: Solution p is a generalized stochastic
process

r — plz,)) € ()7

Advantages

e Stochastic analog to Schwary distributions
S(RY c L?(RY, F,dz) c 8'(RD

e May define a product (Wick product ¢)

e Powerful tools for solution

e Allows for strong solutions (e.g., C*? (0,T; (S)™"))
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Problem formulation

Diu+ L°u= f, on (0,T) x D x Q
U’|(9D207 (2)

u|t=0 — UuQ,

were

L%y = —Di(aijoDju) + bloD;u 4 cou (3)

e a'J,b" ¢ and f are generalized stochastic pro-
cesses.

e Products understood as Wick products (o).

e DC R4 open and bounded, 9D smooth, and
T < .



Some notation and results

Probability space: (S'(R%), B, u)

1w, _ —l<¢2
/3/6 ( ¢>d,u(w) — o 3ll2llg (6 € S(RD)

Hermite polynomials:
@)
Ho(w) = ]] ha; ((w,m5)),
j=1
(= (a1,a5,...) €L := (Ny)®)

Chaos expansion: If f € L?(u) then

f=73 falla and |[flzzqy = > fao!

acl o€l

Wick product: f =3, faHa, 9 = 2> 393H3,

feg=13%. > [fags Hy

YEL a+pB=v




A class of spaces

Definition k£ ¢ R, p € [—-1,1], X separable
Hilbert space

(S)P,k,X = {f = Z foHa : fo € X,

acl

[l ok x < oo}
where

1fI 5 x = Z 1 fall (aD)Fr (2N)Re,  (2N)ke = H(zj)k%
Jj=1

acl

Remark

(S = ﬂ(S)l’k’R (projective limit)

k
(S)"t =) VR (inductive limit)
k

Notation

(S)"bhm .= (§)"LEX with X = H™(D)
(St = (8)" VY with ¥ = HI(D)
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The Wick product

Recall fog= > Y. fagsHy

vEL a+B=x

A Banach space: For [l € R,

Fr:=A{f(z) = > fa(z)Ha : fo measurable,
aEl

[ 1l7,5 < o0}

where || fll;. := sup(>_ | fa(z)|(2N)™).
xED o

Proposition 1

Given k,l e R,k <2l. If f € F; it holds

| fogll—1 k0 < IIflli«llgll=1 k.0
for all g € H.

Note: For f € F;, the map g — fog is linear
and continuous on (8)~1F0 (k < 20)



The variational formulation of (2)

Recall (2)
Diu+ L°u=f, on (0,T)xD xR

u|(9'D — 07 U’lt:O — Uuo,

Notation For k£ € R,

| —1k1 _
Vi=(S)o 7, and [[- | = [lv

| =
H:=(8) %0 and (,):=(, )

Note: V — H — V/ (dense injection)
Idea: Take H-inner product with v € V in (2).

Assume

(A1) a"b'ce F(D), (k<2l)
(As) feL?0,T; V),

and let u e W(0,T;V) where
W(0,T;V) :={g € L?(0,T;V) : Dig € L?(0,T;V')}.



Variational formulation

Find we W(0,T;V) s.t.

%(ug),v) + A@(),v) = (f(),v), (4
u(0) = ug
(veV)

where

A(u,v) = (aijoDju, D;v) 4+ (boD,u,v) + (cou,v).

Remarks

e u(0) has sense (W (0,T;V) c ¢9(0,T; H) )
e (A) = A is a continuous bilinear form on V.

e Equation understood in D/(0,T).
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Existence and uniqueness

Define: Bilinear form on HJ(D)

Bs(g,h) := (agDjg, D;ih)o + (b5Dig, h)y + (cag, h)o
(g9,h € H; (D))
Theorem 2
Assume (A) and

(B) There exists 65 > 0 s.t.

Bo(g,9) > 0o llgll3 (g,h € H! (D))

Then for kK small enough, there exists a unique
solution to the variational problem (4).

Example
Find p e W(0,T;V) s.t. p(0) = py,

(), 0) + (KoVp(), Vo) = (S(),0), (v EV)
(5)

Easy to show:
=1
K() = exp®(W.) := § —IW_O" € F forl < —1= (A) ok
n.:

n=0

BO (g7h') — (v97Vh)0 = (B) Ok
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Numerical approximation

Idea 1 Approximate V by a finite-dimensional
subspace V,,.

Semi-discrete problem

Find u,, € W(0,T; V,;,) s.t.
(Dium(t),v) + A(um(t),v) = (f(2),v),
um(0) = Pug
(U S Vm)

(6)

(P,, is a projection onto V,;;).

Idea 2 Approximate D;u,, using a finite differ-
ence method (e.g., Backward Euler).

Fully discrete problem

1

(E(U”+1 —U"),v) + AU, v) = (f(tnsr ), v),

UO p— m U (7)

(v € Vi)
(U™ = um(tn), th :=n - At).
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Construction of V,,

(a) Cut off chaos expansion

N K

Iy :={0}u (J U{OzGng) . |lal =n,ar # 0}
n=1k=1

(b) Approximate H&(D) using a FE-space

Xy i ={vec®D) : vl linear, v|gp = 0}

(K e€Tp, M :=dim(X ) < oo, h := max(diam (K)))

Define
Vi i={f= Y fMHs : |f]| < oo}
aCIN K m = min(M, N, K)
Lemma 3

{Vm : (N,K,M) € N*} is a Galerkin approximation
of V
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Error in approximation

Theorem 4 | Theting (2001) |

Assume

(C,) k<0, |kl=q+r, ¢q>0, r>155
(C,) weC' (0, T;V)

(C;) D e L*(0,T; VN (S) b lk2)

(C,) D,feL*,T,V"

and U’ = u.,(0) = Ru, (R:V — V,, elliptic projection).

Then
lu(n) = U2, Z i)

t,
< (i + 27 [l gy + [ D) g ds]
0
t,
et (a2 g + [ DI, 0 ds]
0

rear| [ “UD(oIF + 1D )ds]
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Example

The time-dependent pressure equation

Find p e W(0,T;V) s.t. p(0) = py,

J (8)
—(0(),0) + (KoVp(-), Vo) = (f,v), (vEV)

Simulation of pressure (sim 10)

14 —

Time (t)

Space (x)

Figure 1 Typical time development of a simulation.

f:=1, K(x) ;= exp®(W,),
D =[-5,5], (N,K,M)=(3,15,100), At=0.2.
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The Pressure equation
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Figure 2 Eight different simulations of the pressure.
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Figure 3 The sup-norm of the chaos coefficients.



Example

The Poisson equation with white noise

Au(z) =W, (on D), wulgp=0

e Stationary problem.

e Set D=[-5,5] and (N, K, M) = (1,1000, 800).

Simulations of solution
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Figure 4 Three different simulations of solution. Each row corre-
sponds to K = 6, 35 and 1000, respectively.



The Poisson equation

Simulations of right-hand side

2 2 2
1 1 1
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Figure 5 The corresponding simulations of right-hand side.
Each row corresponds to K = 6, 35 and 1000, respectively.

) One-dimensional Poisson equation
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Figure 6 Sup-norm of chaos coefficients when right-hand
side is singular- and smoother white noise
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Notation

(S)PkX .= {f=)> faHa: fa € X,

acl
[ fllpr,x < oo}

11555 = > lfallX (et TP(2N)Re,
oaETL

o
j=1
. _17k'71 —
V=)o, -l =1 -1k

|
H = (8)_1’k’0, ()= (, ')—1,k,0

A(u,v) = (aijoDju, D;v) 4+ (b'oD,u,v) + (cou,v).

Bs(g, h) := (a Djg, D;ih)o + (b3D;9, h)o + (cg9, h)o



