Lectures on Weak Convergence Methods and Recent Mathematical Theory for the Compressible Navier-Stokes Equations

A basic problem in nonlinear partial differential equations (PDEs) goes roughly speaking a follows: We wish to solve a nonlinear PDE (or system of such), which is here written abstractly as F [v] = f, (0.0.1)

where F [·] is a nonlinear operator, f is a given function, and v is the sought unknown function.

To establish existence of a solution we shall solve approximate problems (for which existence is easy) F_n[v_n] = f_n, n = 1, 2, . . . , where F_n[·] is a (nonlinear) operator which is in some sense close to F , f_n is close to f, and v_n is the (approximate) solution. The approximate problems can for example be related to a numerical discretization of the original problem. Here is the

basic problem: Show that the sequence {v_n}_{n≥1} of approximate solutions converges to a solution of the original problem (0.0.1).

This is a highly non-trivial problem due to the nonlinearity of the governing PDE! In many (if not most) cases, we will be able to prove a priori bounds on {v_n}_{n≥1} that only imply weak – but not strong – convergence along a subsequence of {v_n}_{n≥1} to some limit function v (for example in suitable L^p and/or Sobolev spaces). In this case we write v_n ⇀ v as n ↑ ∞. However, it is not clear at all that this weak convergence implies (in any reasonable sense) F_n[v_n] → F [v] as n ↑ ∞, since we know from functional analysis that the weak topology is not compatible with a nonlinear structure (unless convexity is present, which is not the case in many instances).

Nonlinearity destroys weak convergence! However, what saves the day in many nonlinear PDEs is that the particular structure of the nonlinearity, which is unfortunately often hidden(!), provide enough information to justify passing to the limit.

These lectures will attempt to survey some advances in weak convergence methods for nonlinear PDEs and in particular the multidimensional compressible isentropic Navier- Stokes equations. This system of nonlinear PDEs reads

∂_tϱ + div(ϱu) = 0, ∂_t(ϱu) + div(ϱu ⊗ u) + ∇ p = μΔu + (λ + μ) ∇ div u,

where the sought unknowns are the density ϱ ≥ 0 and the velocity u = (u_1, . . . , u_N )^⊤ of the fluid. Moreover, p is the pressure, which is assumed to be given nonlinear function of the density (typically p(ϱ) = aϱ^γ for some constants a > 0 and γ > 1), and λ, μ are the Lamé viscosity (constant) coefficients of the fluid.

Recent spectacular development in the mathematical theory for compressible Navier- Stokes equations provide some new compactness machinery by which weak limits become strong. This lecture series will report on some of this development. It is partly based on the book [P.-L. Lions, Mathematical topics in fluid mechanics. Vol. 2, Oxford Univ. Press, New York, 1998; MR 99m:76001], which contains the first global-in-time existence result for weak solutions of the compressible isentropic Navier-Stokes equations. Some extensions of Lions’ result due to E. Feireisl [99-03] and collaborators will also be discussed.

While the global-in-time existence of weak solutions to the compressible Navier-Stokes equations have remained open until recently, one should recall (to gain a little bit of perspective) that the comparable global-in-time existence result for the incompressible Navier-Stokes equations is classical and goes back to J. Leray’s fundamental work in the 1930s.

For more information contact

Kenneth Hvistendahl Karlsen (CMA/UiB)

E-mail: kennethk@mi.uib.no

Contents

1 Compressible isentropic Navier-Stokes equations 5 1.1 Introduction . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . 5 1.2 Balance laws . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . 8 1.3 Constitutive relations . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . 8 1.4 Barytropic models . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . 9 1.5 Initial/boundary conditions . . . . . . . . . . . . . . . . . . . . . . . . . . 9 1.6 Definition of solutions . . . . . . . . . . . . . . . . . . . . . . . . . . . . . 9

2 Mathematical preliminaries 11 2.1 Notations . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . 11 2.2 Basic stuff ... . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . 11

3 Preliminaries on weak convergence 15 3.1 Some typical behaviors of weakly converging sequences . . . . . . . . . . . 17 3.1.1 Oscillations . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . 17 3.1.2 Concentrations . . . . . . . . . . . . . . . . . . . . . . . . . . . . . 18 3.1.3 Nonlinearity destroys weak convergence . . . . . . . . . . . . . . . . 20 3.2 Some useful results..... . . . . . . . . . . . . . . . . . . . . . . . . . . . . . 21 3.3 Weak convergence in Sobolev spaces . . . . . . . . . . . . . . . . . . . . . . 29 3.4 Concentrated compactness . . . . . . . . . . . . . . . . . . . . . . . . . . . 32

4 Div-curl lemma and compensated compactness 37

5 Calderón-Zygmund theory and singular integral operators 39 5.1 Introduction . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . 39 5.2 Maximal functions . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . 40 5.3 Commutators . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . 48 5.3.1 Commutators and BMO . . . . . . . . . . . . . . . . . . . . . . . . 48

6 Renormalized solutions 53 6.1 Introduction . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . 53 6.2 Time continuity . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . 54 6.3 Renormalized and weak solutions . . . . . . . . . . . . . . . . . . . . . . . 54

4 CONTENTS

6.4 Bounded domains with boundary . . . . . . . . . . . . . . . . . . . . . . . 54 6.5 Existence and uniqueness . . . . . . . . . . . . . . . . . . . . . . . . . . . . 54 6.6 The case of a divergence free velocity field . . . . . . . . . . . . . . . . . . 54 6.7 Renormalized solutions for a general class of nonlinear parabolic equations with L^1 data . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . 54 6.8 Scalar conservation laws and degenerate parabolic equations . . . . . . . . 54

7 Compactness properties of the Navier-Stokes equations 55 7.1 Statement of problem and main results . . . . . . . . . . . . . . . . . . . . 55 7.2 Basic a priori estimates . . . . . . . . . . . . . . . . . . . . . . . . . . . . . 58 7.2.1 Energy estimates . . . . . . . . . . . . . . . . . . . . . . . . . . . . 58 7.2.2 Additional estimates derived from the energy estimates . . . . . . . 60 7.3 Concentration effects in the pressure . . . . . . . . . . . . . . . . . . . . . 65 7.3.1 Local pressure estimates (Lions) . . . . . . . . . . . . . . . . . . . . 65 7.3.2 Global pressure estimates up to the boundary (Feireisl-Petzeltov) . 68 7.4 Time continuity of of finite energy weak solutions . . . . . . . . . . . . . . 68 7.5 The effective viscous flux and compensated compactness . . . . . . . . . . 68 7.5.1 Preliminaries . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . 68 7.5.2 Formal argument/motivation . . . . . . . . . . . . . . . . . . . . . 70 7.5.3 A weak continuity property of the effective viscous flux . . . . . . . 73 7.6 Propagation of oscillations . . . . . . . . . . . . . . . . . . . . . . . . . . . 79 7.7 The amplitude of oscillations . . . . . . . . . . . . . . . . . . . . . . . . . . 80 7.8 Basic properties of renormalized solutions . . . . . . . . . . . . . . . . . . 80 7.9 Proof of Theorem 7.1.1 . . . . . . . . . . . . . . . . . . . . . . . . . . . . . 80 7.10 Strong convergence of density and proof of Theorem 7.1.2 . . . . . . . . . . 85 7.10.1 Formal argument for strong convergence of density . . . . . . . . . 85 7.10.2 Proof of strong convergence of density in the case Ω = R^N, N ≥ 3, ϱ_n is bounded in L^{γ+1}(Q_T ) ∩ L^∞(0, T ; L^s(R^N)), s > N . . . . . . . 86

8 Existence of global-in-time weak solutions 105

9 Hardy/BMO/VMO spaces 107

10 Compensated compactness, compensated integrability, and Hardy spaces113

11 Averaging lemmas, kinetic equations, and compactness 125