
Lecture 11: Conjugate gamma-Poisson hierarchical model

Example from George et al. (1993) regarding the analysis of 10 power

plants.

• yi number of failures of pump i

• ti length of operation time of pump i (in kilo hours)

Model:

yi | λi ∼ Po(λi ti )

Conjugate prior for λi :

λi | α, β ∼ G(α, β)

Hyper-prior on α and β:

α ∼ Exp(1.0) β ∼ G(0.1, 10.0)

Conjugate gamma-Poisson hierarchical model (II)

The posterior of the 12 parameters (α, β, λ1, . . . , λ10) given y1, . . . , y10 is

proportional to

π(α, β, λ1, . . . , λ10 | y1, . . . , y10) ∝ π(α)π(β)
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This posterior is not of closed form.

What are the full conditional distributions?

The GMRF approximation

Let x denote a GMRF with precision matrix Q and mean µ. Approximate

π(x |θ, y) ∝ exp

(
−1
2
x>Qx +

n∑

i=1

log π(yi |xi )

)

by using a second-order Taylor expansion of log π(yi |xi ) around µ0, say.

Recall

f (x) ≈ f (x0) + f ′(x0)(x − x0) +
1
2
f ′′(x0)(x − x0)2 = a + bx − 1

2
cx2

with b = f ′(x0)− f ′′(x0)x0 and c = −f ′′(x0).

The GMRF approximation (II)

Thus,

π̃(x |θ, y) ∝ exp

(
−1
2
x>Qx +

n∑

i=1

(ai + bixi − 0.5cix2i )

)

∝ exp
(
−1
2
xT (Q + diag(c))x + bTx

)

to get a Gaussian approximation with precision matrix Q + diag(c) and

mean given by the solution of (Q + diag(c))µ = b. The canonical

parameterization is

NC (b,Q + diag(c))

which corresponds to

N ((Q + diag(c))−1b, (Q + diag(c))−1).



The GMRF approximation
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