
TWISTED SUPPORT VARIETIES

PETTER ANDREAS BERGH

Abstract. We define and study twisted support varieties for modules over an
Artin algebra, where the twist is induced by an automorphism of the algebra.
Under a certain finite generation hypothesis we show that the twisted variety
of a module satisfies Dade’s Lemma and is one dimensional precisely when the
module is periodic with respect to the twisting automorphism. As a special
case we obtain results on D Tr-periodic modules over Frobenius algebras.

1. Introduction

In this paper we define and study a new type of cohomological support varieties,
called twisted support varieties, for modules over Artin algebras, varieties sharing
many of the properties of those defined for Artin algebras in [EHSST] and [SnS]. In
those papers the underlying geometric object used to define support varieties was
the Hochschild cohomology ring of an algebra, whereas our geometric object is a
“twisted” Hochschild cohomology ring, the twist being induced by an automorphism
of the algebra.

By introducing a finite generation hypothesis similar to the one used in [Be1] we
are able to relate the dimension of the twisted variety of a module to the polyno-
mial growth of the lengths of the modules in its minimal projective resolution. In
particular Dade’s Lemma holds, that is, the twisted variety of a module is trivial if
and only if the module has finite projective dimension. This property is highly de-
sirable in any cohomological variety theory. Moreover, the modules whose twisted
varieties are one dimensional are precisely those which are periodic with respect to
the twisting automorphism, a concept defined in Section 4. As a special case we
obtain results on D Tr-periodic modules over Frobenius algebras.

Both when studying the twisted Hochschild cohomology ring and twisted sup-
port varieties we illustrate the theory with examples taken from the well known
representation theory of the four dimensional Frobenius algebra

k〈x, y〉/(x2, xy + qyx, y2),

where k is a field and q ∈ k is not a root of unity. Indeed, detecting the D Tr-periodic
modules over this algebra by means of support varieties was the motivation for this
paper in the first place.

2. Preliminaries

Throughout we let k be a commutative Artin ring and Λ an indecomposable
Artin k-projective k-algebra with Jacobson radical r. Unless otherwise specified
all modules considered are finitely generated left modules. We denote by modΛ
the category of all finitely generated left Λ-modules, and we fix a nonzero module
M ∈ mod Λ with minimal projective resolution

P : · · · → P2
d2−→ P1

d1−→ P0
d0−→ M → 0.
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Let F : mod Λ → mod Λ be an exact k-functor. It follows from a theorem of
Watts (see [Rot, Corollary 3.34]) that there exists a bimodule Q having the property
that F is naturally equivalent to the functor Q⊗Λ−, and that Q may be chosen to
be F (Λ). Since Q is in modΛ it has finite k-length and is therefore finitely generated
also as a right module, and this implies that Q is projective as a right module (it
is flat). Suppose Q is projective also as a left module (but not necessarily as a
bimodule). Then if P is a projective Λ-module the functor HomΛ(F (P ),−), being
naturally isomorphic to HomΛ(P, HomΛ(Q,−)), is exact, hence F (P ) is projective.

For such a functor F and a positive integer t ∈ N, define a homogeneous product
in the graded k-module

Extt∗
Λ (F ∗(M),M) =

∞⊕
n=0

Exttn
Λ (Fn(M), M)

as follows; if η and θ are two homogeneous elements in Extt∗
Λ (F ∗(M), M), then

ηθ
def= η ◦ F |η|/t(θ),

where “◦” denotes the Yoneda product. In other words, if η and θ are given as
exact sequences

η : 0 → M → Atn−1 → · · · → A0 → Fn(M) → 0
θ : 0 → M → Btm−1 → · · · → B0 → Fm(M) → 0,

then ηθ is given as the exact sequence obtained from the Yoneda product of the
sequence η with the sequence

Fn(θ) : 0 → Fn(M) → Fn(Btm−1) → · · · → Fn(B0) → Fm+n(M) → 0.

Furthermore, for a Λ-module N , define a homogeneous right scalar action on
Extt∗

Λ (F ∗(M), N) from Extt∗
Λ (F ∗(M), M) as follows; if µ ∈ Extt∗

Λ (F ∗(M), N) and
η ∈ Extt∗

Λ (F ∗(M), M) are homogeneous elements, then µη
def= µ ◦ F |µ|/t(η).

Lemma 2.1. Extending the homogeneous product and scalar product defined
above to all graded elements makes Extt∗

Λ (F ∗(M),M) into a graded k-algebra and
Extt∗

Λ (F ∗(M), N) into a graded right Extt∗
Λ (F ∗(M),M)-module.

Proof. The product in Extt∗
Λ (F ∗(M),M) is associative, and the right distributive

law holds; if θ1, θ2 and η are homogeneous elements such that θ1 and θ2 are of the
same degree tn, then

(θ1 + θ2)η = (θ1 + θ2) ◦ Fn(η) = θ1 ◦ Fn(η) + θ2 ◦ Fn(η) = θ1η + θ2η.

Now suppose the degree of η is tm. We can represent θi as a map

Ωtn
Λ (Fn(M))

fθi−−→ M,

and since the functor Fm preserves direct limits (in particular pushouts) and pro-
jective resolutions (though it may not preserve minimal resolutions), we see that
the map

Fm(Ωtn
Λ (Fn(M)))

F m(fθi
)−−−−−→ Fm(M)

represents Fm(θi). As Fm is additive we have Fm(fθ1+fθ2) = Fm(fθ1)+Fm(fθ2) as
elements of HomΛ(Fm(Ωtn

Λ (Fn(M))), Fm(M)), and this implies that Fm(θ1+θ2) =
Fm(θ1)+Fm(θ2). Therefore the left distributive law also holds for the homogeneous
product;

η(θ1 + θ2) = η ◦ (Fm(θ1 + θ2)) = η ◦ (Fm(θ1) + Fm(θ2))
= η ◦ Fm(θ1) + η ◦ Fm(θ2) = ηθ1 + ηθ2.



TWISTED SUPPORT VARIETIES 3

Extending this homogeneous product in the natural way we see that
Extt∗

Λ (F ∗(M),M) becomes a graded k-algebra, and similar arguments show that
Extt∗

Λ (F ∗(M), N) is a graded right Extt∗
Λ (F ∗(M), M)-module. ¤

Example. Suppose k is a field and Λ is selfinjective, and consider a bimodule B
in the stable category mod Λe of finitely generated Λe-modules modulo projectives.
The Auslander-Reiten translation τΛe = D Tr is a self-equivalence on mod Λe, and
we can endow the graded k-vector space

A(B, τΛe) = HomΛe(B, B)⊕
∞⊕

i=1

HomΛe(τ i
Λe(B), B)

with a product as follows; for two homogeneous elements f ∈ A(B, τΛe)m and
g ∈ A(B, τΛe)n we define fg to be the composition f ◦ τm

Λe(g) ∈ A(B, τΛe)m+n. In
this way A(B, τΛe) becomes a graded k-algebra. Now for any selfinjective Artin
algebra Γ the functors τ i

Γ and Ω2i
ΓN i are isomorphic by [ARS, Proposition IV.3.7],

where N is the Nakayama functor D HomΓ(−, Γ). Therefore the orbit algebra
A(B, τΛe) of the bimodule B has the form

HomΛe(B,B)⊕
∞⊕

i=1

HomΛe(Ω2i
Λe(N iB), B),

giving an isomorphism

A(B, τΛe) '
∞⊕

i=0

Ext2i
Λe(N iB, B)

of graded k-algebras.
The algebra A(Λ, τΛe) is called the Auslander-Reiten orbit algebra of Λ, and

these algebras have been extensively studied by Z. PogorzaÃly. In [Po1] it was
shown that they are invariant under stable equivalences of Morita type between
symmetric algebras; if Γ and ∆ are finite dimensional symmetric K-algebras (where
K is a field) stably equivalent of Morita type, then A(Γ, τΓe) and A(∆, τ∆e) are
isomorphic K-algebras. This was generalized in [Po2] to arbitrary finite dimensional
selfinjective algebras. In [Po4] the Auslander-Reiten orbit algebras of a class of finite
dimensional basic connected selfinjective Nakayama K-algebras were computed.
Namely, it was shown that if Γ is such an algebra of τΓe -period 1, then A(Γ, τΓe) '
K[x] if Γ is a radical square zero algebra, and if not then there exists a natural
number t such that A(Γ, τΓe) ' K[x, y]/(yt). In [Po3] τ -periodicity was investigated
using similar techniques as was used in [Sch] to study syzygy-periodicity.

3. Twisted Hochschild cohomology

The underlying geometric object used in [EHSST] and [SnS] to define sup-
port varieties was the Hochschild cohomology ring HH∗(Λ, Λ) = Ext∗Λe(Λ, Λ) =⊕∞

n=0 Extn
Λe(Λ,Λ) of Λ (where Λe is the enveloping algebra Λ⊗k Λop of Λ). For an

Artin k-algebra Γ and any pair of Λ-Γ-bimodules X and Y the tensor map

−⊗Λ X : Ext∗Λe(Λ,Λ) → Ext∗Λ⊗kΓop(X,X)

is a homomorphism of graded k-algebras, making Ext∗Λ⊗kΓop(X,Y ) a left and right
Ext∗Λe(Λ,Λ)-module via the maps − ⊗Λ Y and − ⊗Λ X, respectively (followed by
Yoneda product). Now since Λ is projective as a k-module, it follows from [Yon,
Proposition 3] that for any two Λ-Λ bimodules B and B′ which are both projective
as right Λ-modules, and for any homogeneous elements η ∈ Ext∗Λe(B,B′) and θ ∈
Ext∗Λ⊗kΓop(X,Y ), the Yoneda relation

(†) (η ⊗Λ Y ) ◦ (B ⊗Λ θ) = (−1)|η||θ|(B′ ⊗Λ θ) ◦ (η ⊗Λ X)
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holds (see also [SnS, Theorem 1.1]). By specializing to the case Γ = Λ and B =
B′ = X = Y = Λ we see that the Hochshild cohomology ring HH∗(Λ, Λ) of Λ is
graded commutative, whereas the case Γ = k and B = B′ = Λ shows that for any
pair of Λ-modules X and Y the left and right scalar actions from HH∗(Λ,Λ) on
Ext∗Λ(X, Y ) are related graded commutatively.

Denote the commutative even subalgebra
⊕∞

n=0 Ext2n
Λe(Λ,Λ) of HH∗(Λ,Λ) by

Hev. The support variety of the Λ-module M is the subset

V(M) def= {m ∈ MaxSpec Hev | AnnHev Ext∗Λ(M, M) ⊆ m}
of the maximal ideal spectrum of Hev. As shown in [EHSST] and [SnS], the theory
of support varieties is rich and in many ways similar to the theory of cohomological
varieties for groups, especially under the hypothesis that Hev is Noetherian and
that Ext∗Λ(X, Y ) is a finitely generated Hev-module for all Λ-modules X and Y .

In order to obtain a partly similar theory of twisted support varieties, the under-
lying geometric object we use is a “twisted” version of the Hochschild cohomology
ring. Let Γ be any ring and let ρ, φ : Γ → Γ be two ring automorphisms. If X is a left
Γ-module and B is a Γ-Γ-bimodule, denote by φX and φBρ the left module and bi-
module whose scalar actions are defined by γ ·x = φ(γ)x and γ1 ·b ·γ2 = φ(γ1)bρ(γ2)
for γ, γ1, γ2 ∈ Γ, x ∈ X, b ∈ B. The functor assigning to each Γ-module X the
twisted module ρX is exact and isomorphic to the functor ρΓ1⊗Γ−, and it preserves
projective modules and minimal resolutions when the latter makes sense.

Fix a k-algebra automorphism

ψ : Λ → Λ

and a positive integer t ∈ N, and consider the graded k-module

HHt∗(ψ∗Λ1,Λ) = Extt∗
Λe(ψ∗Λ1, Λ) =

∞⊕
n=0

Exttn
Λe(ψnΛ1,Λ).

By the above and Lemma 2.1 the pairing

Exttm
Λe (ψmΛ1, Λ)× Exttn

Λe(ψnΛ1, Λ) → Extt(m+n)
Λe (ψm+nΛ1,Λ)

(η, θ) 7→ η ◦ψm θ

defines a multiplication under which HHt∗(ψ∗Λ1,Λ) becomes a graded k-algebra,
i.e. if η and θ are homogeneous elements given as exact sequences

η : 0 → Λ → Etm−1 → · · · → E0 → ψm Λ1 → 0
θ : 0 → Λ → Ttn−1 → · · · → T0 → ψn Λ1 → 0,

then their product ηθ is given as the Yoneda product of the sequence η with the
sequence

ψmθ : 0 → ψm Λ1 → ψm(Ttn−1)1 → · · · → ψm(T0)1 → ψm+n Λ1 → 0.

Before giving an example, recall that a finite dimensional algebra Γ over a field
K is Frobenius if ΓΓ and D(ΓΓ) are isomorphic as left Γ-modules, where D denotes
the usual K-dual HomK(−,K). For such an algebra Γ, let ϕl : ΓΓ → D(ΓΓ) be
an isomorphism. Let y ∈ Γ be any element, and consider the linear functional
ϕl(1) · y ∈ D(Γ), i.e. the K-linear map Γ → K defined by γ 7→ ϕl(1)(yγ). Since ϕl

is surjective there is an element x ∈ Γ having the property that ϕl(x) = ϕl(1) · y,
giving x · ϕl(1) = ϕl(1) · y since ϕl is a map of left Γ-modules. It is not difficult
to show that the map y 7→ x defines a K-algebra automorphism on Γ, and its
inverse νΓ is called the Nakayama automorphism of Γ (with respect to ϕl). Thus
νΓ is defined by ϕl(1)(γx) = ϕl(1)(νΓ(x)γ) for all γ ∈ Γ. This automorphism is
unique up to an inner automorphism; if ϕ′l : ΓΓ → D(ΓΓ) is another isomorphism of
left modules yielding a Nakayama automorphism ν′Γ, then there exists an invertible
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element z ∈ Γ such that νΓ = zν′Γz−1. Note that ϕl is an isomorphism between
the bimodules 1Γν−1

Γ
and D(Γ), and since ν−1

Γ : νΓΓ1 →1 Γν−1
Γ

is an isomorphism of
bimodules we see that νΓΓ1 ' D(Γ).

As D(ΓΓ) is an injective left Γ-module, we see that a Frobenuis algebra is
always left selfinjective, but in fact the definition is left-right symmetric. For
if ϕl : ΓΓ → D(ΓΓ) is an isomorphism of left Γ-modules, we can dualize and
get an isomorphism D(ϕl) : D2(ΓΓ) → D(ΓΓ) of right modules, and composing
with the natural isomorphism ΓΓ ' D2(ΓΓ) we get an isomorphism ϕr : ΓΓ →
D(ΓΓ) of right Γ-modules. Moreover, we can view this last map as an isomor-
phism ϕr : ΓopΓop → D(Γop

Γop) of left Γop-modules, thereby giving an isomorphism
ϕl⊗ϕr : Γ⊗K Γop → D(ΓΓ)⊗K D(Γop

Γop) of Γ-Γ-bimodules. As D(ΓΓ)⊗K D(Γop
Γop)

is isomorphic to D(Γ⊗K Γop) as a Γ-Γ-bimodule, we see that the enveloping algebra
Γe = Γ⊗K Γop of Γ is also Frobenius.

Example. Suppose k is a field and Λ is Frobenius. Recall from the example in
Section 2 that for a bimodule B in the stable category mod Λe the orbit algebra

A(B, τΛe) = HomΛe(B, B)⊕
∞⊕

i=1

HomΛe(τ i
Λe(B), B)

is isomorphic to the algebra
∞⊕

i=0

Ext2i
Λe(N iB, B),

where N is the Nakayama functor D HomΛe(−, Λe). This functor maps the projec-
tive cover of a simple Λe-module to its injective envelope, and is therefore isomorphic
as a functor to D(Λe) ⊗Λe −. As Λ is a Frobenius algebra, so is Λe, and we know
that D(Λe) is isomorphic to νΛe Λe

1 as a Λe-Λe-bimodule, giving an isomorphism

A(B, τΛe) '
∞⊕

i=0

Ext2i
Λe(νi

Λe
B, B)

of graded k-algebras.

Next we address the question of commutativity in HHt∗(ψ∗Λ1, Λ). For two ho-
mogeneous elements

η : 0 → Λ → Etm−1 → · · · → E0 → ψm Λ1 → 0
θ : 0 → Λ → Ttn−1 → · · · → T0 → ψn Λ1 → 0

the Yoneda relation (†) gives the equality

η ◦ (ψmΛ1⊗Λθ) = (−1)|η||θ|θ ◦ (η ⊗Λ ψn Λ1),

in which the left hand side is the product ηθ (we can identify ψm Λ1⊗Λθ with
ψmθ). However, the extension on the right hand side is in general not the product
θη; it is the Yoneda product of θ with ηψ−n , and although we have bimodule
isomorphisms 1 Λψ−n ' ψn Λ1 and ψm Λψ−n ' ψm+n Λ1 we cannot in general identify
ηψ−n with ψnη unless n = 0. In fact, the following example shows that the algebra
HHt∗(ψ∗Λ1,Λ) in general is not graded commutative.

Example. Suppose k is an algebraically closed field not of characteristic 2, and for
any natural numbers m and n, with n ≥ 2, let Qm,n be the quiver

· α1
2// · · ·α

1
n−1// · α1

n

¹¹
· α2

2// · · ·α
2
n−1// · α2

n

¹¹
· αm

2 // · · ·α
m
n−1// · αm

n

¼¼
1·
α1

1 ..

β1
1

00
·
α2

1 ..

β2
1

00
· · · · ·

αm
1 ..

βm
1

00
1·

·
β1
2

// · · ·
β1

n−1

// ·
β1

n

HH
·

β2
2

// · · ·
β2

n−1

// ·
β2

n

HH
·

βm
2

// · · ·
βm

n−1

// ·
βm

n

DD
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in which the leftmost vertex is the same as the rightmost vertex. Denote by am,n

the ideal in the path algebra kQm,n generated by the paths of length n+1, the sums
of the parallel paths of length n, and the paths {β1

1αm
n , α1

1β
m
n , βi+1

1 αi
n, αi+1

1 βi
n}m−1

i=1 .
Finally, denote the finite dimensional algebra kQm,n/ am,n by Λm,n. It was shown
in [Rie] and [ScW] that the algebras {Λm,n}1≤m,2≤n represent the distinct stable
equivalence classes of Möbius algebras. Moreover, in [Asa] and [M-H] it was shown
that these algebras also represent the distinct derived equivalent classes of Möbius
algebras.

Let Λ be an algebra of the above type. By [EHS, Theorem 3.5] there is an

automorphism Λ
ψ−→ Λ such that Ωp

Λe(Λ) ' ψ−1 Λ1, where p = 2n − 1. Thus the
initial part of the minimal bimodule resolution of Λ has the form

0 → ψ−1 Λ1 → Qp−1 → · · · → Q0 → Λ → 0,

and twisting this exact sequence with ψ we obtain the initial part

0 → Λ → ψ(Qp−1)1 → · · · → ψ(Q0)1 → ψ Λ1 → 0

of the minimal bimodule resolution of ψ Λ1. The latter exact sequence corresponds
to an element µ in HHp∗(ψ∗Λ1, Λ), and if this algebra is graded commutative then
the relation µ2 = (−1)p2

µ2 implies µ2 = 0 (since p is odd). However, since
Ω2p

Λe(ψ2 Λ1) = Λ, we may represent the element µ2 ∈ Ext2p
Λe(ψ2 Λ1, Λ) by the identity

map Ω2p
Λe(ψ2 Λ1)

id−→ Λ, and so if µ2 = 0 then the identity on Λ factors through a
projective bimodule. Then Λ itself is projective as a bimodule, and therefore semi-
simple as an algebra. This is obviously impossible, hence the algebra HHp∗(ψ∗Λ1,Λ)
cannot be graded commutative.

The above example shows that the twisted Hochschild cohomology ring in gen-
eral is not graded commutative. In light of this example and the Yoneda rela-
tion (†), all we can say about commutativity in HHt∗(ψ∗Λ1,Λ) is that a homo-
geneous degree zero element commutes with everything, which is not unexpected
since HH0(ψ0Λ1,Λ) = Ext0Λe(Λ, Λ) = Z(Λ) (the center of Λ). The next result gives
a criterion under which commutativity relations hold, but first recall the following
from [CaE, page 174-175]: for each n ≥ 0 let Qn denote the n-fold tensor product
of Λ over k (with Q0 = k), and define

Bn = Qn+2 = Λ⊗k · · · ⊗k Λ︸ ︷︷ ︸
n+2 copies of Λ

.

We give Bn a Λe-module structure by defining

λ(λ0 ⊗ · · · ⊗ λn+1)λ′ = λλ0 ⊗ · · · ⊗ λn+1λ
′,

and as Ae-modules we then have an isomorphism Bn ' Λe⊗kQn. Note that Bn

is Λe-projective since the functor HomΛe(Λe⊗kQn,−) is naturally isomorphic to
Homk(Qn,−) by adjointness. Now for each n ≥ 1, define d : Bn → Bn−1 by

λ0 ⊗ · · · ⊗ λn+1 7→
n∑

i=0

(−1)iλ0 ⊗ · · · ⊗ λiλi+1 ⊗ · · · ⊗ λn+1.

The sequence
B : · · · → B3 d−→ B2 d−→ B1 d−→ B0 µ−→ Λ → 0,

where µ is the “multiplication map”, is an exact Λe-projective resolution called the
standard resolution (or Bar-resolution) of Λ.

Proposition 3.1. Let η ∈ HHt∗(ψ∗Λ1,Λ) be a homogeneous element of degree tm
represented by the map fη : ψmBtm

1 → Λ. If for some n ≥ 1

fη(ψ−n(λ0)⊗ · · · ⊗ ψ−n(λtm)⊗ 1) = ψ−nfη(λ0 ⊗ · · · ⊗ λtm ⊗ 1)
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for all λ0 ⊗ · · · ⊗ λtm ⊗ 1 in ψmBtm
1 , then ηψ−n = ψnη, and consequently ηθ =

(−1)|η||θ|θη for every homogeneous element θ ∈ HHt∗(ψ∗Λ1, Λ) such that tn divides
|θ|. In particular, if

fη(ψ−1(λ0)⊗ · · · ⊗ ψ−1(λtm)⊗ 1) = ψ−1fη(λ0 ⊗ · · · ⊗ λtm ⊗ 1)

for all λ0 ⊗ · · · ⊗ λtm ⊗ 1 in ψmBtm
1 , then η belongs to the graded center of

HHt∗(ψ∗Λ1,Λ).

Proof. Suppose the given condition on fη holds for n. When viewing ηψ−n as
a tm-fold extension of ψn Λ1 by ψm+n Λ1, we use the bimodule isomorphisms
ψ−n : ψm+n Λ1 →ψm Λψ−n and ψn : 1 Λψ−n →ψn Λ1. A lifting of the former along
ψm+nB1 is given by the maps

(ψ−n)⊗i+2 : ψm+nBi
1 → ψmBi

ψ−n

λ0 ⊗ · · · ⊗ λi+1 7→ ψ−n(λ0)⊗ · · · ⊗ ψ−n(λi+1)

for i ≥ 0, giving the commutative diagram

· · · //
ψm+nBtm

1

(ψ−n)⊗tm+2

²²

d //
ψm+nBtm−1

1

(ψ−n)⊗tm+1

²²

d // · · · //
ψm+n Λ1

ψ−n

²²

// 0

· · · // ψmBtm
ψ−n

d //

fη

²²

ψmBtm−1
ψ−n

d // · · · // ψm Λψ−n // 0

1 Λψ−n

ψn

²²
ψn Λ1

with exact rows. Therefore the extension ηψ−n is represented by the map composite
map

ψn ◦ fη ◦ (ψ−n)⊗tm+2 : ψm+nBtm
1 →ψn Λ1,

under which the image of an element λ0 ⊗ · · · ⊗ λtm+1 ∈ ψm+nBtm
1 is easily seen to

be fη(λ0 ⊗ · · · ⊗ λtm+1) because of the assumption on fη.
This shows that we may identify the extensions ηψ−n and ψnη, and by induction

we see that ηψ−jn = ψjnη for all j ≥ 1. Consequently, if θ ∈ HHt∗(ψ∗Λ1, Λ) is
a homogeneous element such that tn divides |θ|, say |θ| = tnj, then the Yoneda
relation gives

ηθ = (−1)|η||θ|θ ◦ ηψ−jn = (−1)|η||θ|θ ◦ ψjnη = (−1)|η||θ|θη.

¤

For reasons to be explained in the next section, we make the following definition
motivated by the above proposition.

Definition 3.2. A commutative graded subalgebra H ⊆ HHt∗(ψ∗Λ1, Λ) is strongly
commutative if ηψ−1 = ψη for all homogeneous elements η ∈ H.

We end this section with an example of a Frobenius algebra for which the twisted
Hochschild cohomology ring with respect to the Nakayama automorphism and t = 2
is strongly commutative.

Example. Let k be a field not of characteristic 2 and q ∈ k a nonzero element
which is not a root of unity, and denote by Λ the k-algebra

Λ = k〈x, y〉/(x2, xy + qyx, y2).
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Denote by D the usual k-dual Homk(−, k), and consider the map ϕ : Λ Λ → D(ΛΛ)
of left Λ-modules defined by

ϕ(1)(α + βx + γy + δyx) def= δ.

It is easy to show that this is an injective map and hence also an isomorphism
since dimk Λ = dimk D(Λ), and therefore Λ is a Frobenius algebra by definition.
Straightforward calculations show that x · ϕ(1) = ϕ(1) · (−q−1x) and y · ϕ(1) =
ϕ(1) · (−qy), hence since x and y generate Λ over k we see that the Nakayama
automorphism ν (with respect to ϕ) is the degree preserving map defined by

x 7→ −q−1x, y 7→ −qy.

In [Be2] the Hochschild cohomology of this 4-dimensional graded Koszul algebra
was studied, and for every degree preserving k-algebra automorphism ψ : Λ → Λ the
cohomology groups HH∗(Λ, 1Λψ) = Ext∗Λe(Λ, 1Λψ) were computed. In particular,
from [Be2, 3.4(iv)] we get

dimk Ext2n
Λe(Λ, 1Λνn) =

{
1 for n even
0 for n odd

when n > 0, whereas Ext0Λe(Λ, 1Λν0) = Z(Λ) is two dimensional (the elements
1 and yx form a basis for the center of Λ). Moreover, it is not difficult to
see that Ext2n

Λe(Λ, 1Λνn) is isomorphic to Ext2n
Λe(νnΛ1,Λ). Therefore the algebra

HH4∗(ν2∗Λ1, Λ) =
⊕∞

n=0 Ext4n
Λe(ν2nΛ1,Λ) is two dimensional in degree zero and one

dimensional in the positive degrees.
We now recall the construction of the minimal bimodule projective resolution of

Λ from [BGMS]. Define the elements

f0
0 = 1, f1

0 = x, f1
1 = y,

fn
−1 = 0 = fn

n+1 for each n ≥ 0,

and for each n ≥ 2 define elements {fn
i }n

i=0 ⊆ Λ⊗k · · · ⊗k Λ︸ ︷︷ ︸
n copies

inductively by

fn
i = fn−1

i−1 ⊗ y + qifn−1
i ⊗ x.

Denote by Fn the Λe-projective module
⊕n

i=0 Λ⊗kfn
i ⊗k Λ, and by f̃n

i the element
1⊗ fn

i ⊗ 1 ∈ Fn (and f̃0
0 = 1⊗ 1). The set {f̃n

i }n
i=0 generates Fn as a Λe-module.

Now define a map δ : Fn → Fn−1 by

f̃n
i 7→

[
xf̃n−1

i + (−1)nqif̃n−1
i x

]
+

[
qn−iyf̃n−1

i−1 + (−1)nf̃n−1
i−1 y

]
.

It is shown in [BGMS] that

(F, δ) : · · · → Fn+1 δ−→ Fn δ−→ Fn−1 → · · ·
is a minimal Λe-projective resolution of Λ.

For each m ≥ 1 consider the Λe-linear map

g4m : ν2mF 4m
1 → Λ

f̃4m
i 7→

{
1 for i = 2m
0 for i 6= 2m.

The only generators in ν2mF 4m+1
1 which can possibly map to f̃4m

2m under the map

ν2mF 4m+1
1

δ−→ν2m F 4m
1 are f̃4m+1

2m and f̃4m+1
2m+1 , and so it follows from the equalities

g4m ◦ δ(f̃4m+1
2m ) = g4m(xf̃4m

2m − q2mf̃4m
2m x)

= g4m

(
[q2mx] · f̃4m

2m − f̃4m
2m · [q2mx]

)

= 0
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and

g4m ◦ δ(f̃4m+1
2m+1 ) = g4m(q2myf̃4m

2m − f̃4m
2m y)

= g4m

(
y · f̃4m

2m − f̃4m
2m · y

)

= 0

that g4m belongs to the kernel of the map δ∗ : HomΛe(ν2mF 4m
1 , Λ) →

HomΛe(ν2mF 4m+1
1 ,Λ). Moreover, there cannot exist a Λe-linear map ν2mF 4m−1

1 →
Λ making the diagram

ν2mF 4m
1

δ //

g4m

²²

ν2mF 4m−1
1

xxqqqqqqqqqqq

Λ
commute, since δ is a map of graded degree 1, whereas the degree of g4m is
0. This shows that g4m represents a generator for the one dimensional space
Ext4m

Λe (ν2mΛ1,Λ). Note that if we multiply this map with yx, then there does
exist a map making the above diagram commute, hence whenever we multiply
any homogeneous element of positive degree in HH4∗(ν2∗Λ1, Λ) with the element
yx ∈ HH0(ν0Λ1, Λ) we get zero.

For each 0 ≤ i ≤ 4 define Λe-linear maps ḡ4m+i : ν2(m+1)F 4m+i
1 →ν2 F i

1 by

ḡ4m : f̃4m
i 7→

{
f̃0
0 for i = 2m

0 otherwise

ḡ4m+1 : f̃4m+1
i 7→





q2mf̃1
0 for i = 2m

f̃1
1 for i = 2m + 1

0 otherwise

ḡ4m+2 : f̃4m+2
i 7→





q4mf̃2
0 for i = 2m

q2mf̃2
1 for i = 2m + 1

f̃2
2 for i = 2m + 2

0 otherwise

ḡ4m+3 : f̃4m+3
i 7→





q4mf̃3
1 for i = 2m + 1

q2mf̃3
2 for i = 2m + 2

0 otherwise

ḡ4m+4 : f̃4m+4
i 7→

{
q4mf̃4

2 for i = 2m
0 otherwise.

Then for each 1 ≤ i ≤ 4 the diagram

ν2(m+1)F 4m+i
1

ḡ4m+i

²²

δ //
ν2(m+1)F 4m+i−1

1

ḡ4m+i−1

²²
ν2F i

1
δ //

ν2F i−1
1

commutes, hence the maps ḡ4m+i for 0 ≤ i ≤ 4 provide a lifting of

ν2(m+1)F 4m
1

ν2g4m−−−−→ ν2 Λ1 along the projective bimodule resolution ν2(m+1)F1 of
ν2(m+1) Λ1. Moreover, the composition g4 ◦ ḡ4m+4 equals the map q4mg4m+4. There-
fore, if we denote by θ the extension in Ext4Λe(ν2Λ1, Λ) corresponding to the map
g4, we see that for each m ≥ 2 the element θm is the (nonzero) extension in
Ext4m

Λe (ν2mΛ1,Λ) corresponding to the map q4(1+2+···+m−1)g4m.
As a result, we see that we have an isomorphism

HH4∗(ν2∗Λ1,Λ) ' k[x]×k k
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of graded k-algebras, with x of degree 4, and in particular HH4∗(ν2∗Λ1,Λ) is com-
mutative. Moreover, it is easily shown that we may identify the extensions θν−2

and ν2θ, and so HH4∗(ν2∗Λ1,Λ) is actually strongly commutative.

4. Twisted support varieties

In order to obtain a theory of twisted support varieties, the underlying geometric
object we shall use is the twisted Hochschild cohomology ring HHt∗(ψ∗Λ1, Λ) =

Extt∗
Λe(ψ∗Λ1,Λ) studied in the previous section (where Λ

ψ−→ Λ is an automorphism
and t ∈ N). Similarly as for HHt∗(ψ∗Λ1, Λ), the graded k-module Extt∗

Λ (ψ∗M,M) =⊕∞
n=0 Exttn

Λ (ψnM, M) is a k-algebra, and for each Λ-module N the graded k-module
Extt∗

Λ (ψ∗M, N) =
⊕∞

n=0 Exttn
Λ (ψnM, N) becomes a graded right Extt∗

Λ (ψ∗M, M)-
module by defining

ζµ
def= ζ ◦ ψmµ

for ζ ∈ Exttm
Λ (ψmM, N) and µ ∈ Exttn

Λ (ψnM, M). Moreover, the tensor map

−⊗Λ M : HHt∗(ψ∗Λ1, Λ) → Extt∗
Λ (ψ∗M,M)

η 7→ η ⊗Λ M

is a homomorphism of graded k-algebras, thus making Extt∗
Λ (ψ∗M, N) a graded

right HHt∗(ψ∗Λ1,Λ)-module. Similarly Extt∗
Λ (ψ∗M, N) becomes a graded left

HHt∗(ψ∗Λ1,Λ) via the homomorphism

−⊗Λ N : HHt∗(ψ∗Λ1, Λ) → Extt∗
Λ (ψ∗N,N)

η 7→ η ⊗Λ N

of algebras.
We now make the following assumption:

Assumption. Given the automorphism Λ
ψ−→ Λ and the integer t ∈ N, the graded

subalgebra H =
⊕∞

n=0 Htn of HHt∗(ψ∗ Λ1, Λ) is strongly commutative with H0 =
HH0(Λ,Λ) = Z(Λ).

Why do we restrict ourselves to strongly commutative algebras instead of
“ordinary” commutative algebras? The answer is that we want the bifunc-
tion Extt∗

Λ (ψ∗−,−), which maps the pair (M,N) of Λ-modules to the H-module
Extt∗

Λ (ψ∗M, N), to preserve maps. Namely, consider two homogeneous elements
ζ ∈ Exttm

Λ (ψmM, N) and η ∈ Exttn
Λe(ψn Λ1, Λ). By definition ζ · η is the extension

ζ ◦ ψm(η ⊗Λ M) = ζ ◦ (ψmη ⊗Λ M), and if ψmη = ηψ−m we get ψmη ⊗Λ M =
ηψ−m ⊗Λ M = η ⊗Λ ψmM . Hence in this case we may identify the right scalar
product ζ ·η with (Λ⊗Λζ)◦ (η⊗Λ ψmM), and then by the Yoneda relation (†) from
the previous section we get

ζ · η = (Λ⊗Λζ) ◦ (η ⊗Λ ψmM) = (−1)|ζ||η|(η ⊗Λ N) ◦ (ψn Λ1 ⊗Λ ζ).

However, the extension (η ⊗Λ N) ◦ (ψn Λ1 ⊗Λ ζ) is precisely the left scalar product
η · ζ, and so if H is strongly commutative we see that

ζ · η = (−1)|ζ||η|η · ζ
for all homogeneous elements η ∈ H and ζ ∈ Extt∗

Λ (ψ∗M,N).
The fact that the left and right scalar multiplications basically coincide is

what makes Extt∗
Λ (ψ∗−,−) preserve maps. To see this, let f : M → M ′ be a

Λ-homomorphism. This map induces a homomorphism f̂ : Extt∗
Λ (ψ∗M

′, N) →
Extt∗

Λ (ψ∗M, N) of graded groups, under which the image of a homogeneous ele-
ment

θ : 0 → N → Xtn → · · · → X1 → ψnM ′ → 0
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is the extension θf given by the commutative diagram

θf : 0 // N // Xtn
// · · · // X2

// Y //

²²

ψnM //

f

²²

0

θ : 0 // N // Xtn
// · · · // X2

// X1
//
ψnM ′ // 0

in which the module Y is a pullback. For a homogeneous element η ∈ Htm we then
get

f̂(θ · η) = (−1)|η||θ|f̂(η · θ)
= (−1)|η||θ|f̂ ((η ⊗Λ N) ◦ ψmθ)

= (−1)|η||θ|(η ⊗Λ N) ◦ ψm(θf)

= (−1)|η||θ|η · f̂(θ)

= f̂(θ) · η,

showing f̂ is a homomorphism of H-modules. Similarly Extt∗
Λ (ψ∗−,−) preserves

maps in the second argument.

Remark. It should also be noted that in many cases considering only strongly com-
mutative algebras is not a severe restriction. For example, let H be a commutative
Noetherian graded subalgebra of HHt∗(ψ∗ Λ1, Λ), as will be the case in most of the
results in this section. Then by [Be1, Proposition 2.1] there exists an integer w
and a homogeneous element η ∈ H of positive degree, say |η| = tn, such that the
multiplication map

Hti η·−→ Ht(i+n)

is injective for i ≥ w. Now for any homogeneous element θ ∈ Htm the product θ · η
is by definition the extension θ◦ψmη = (θ⊗ΛΛ)◦(ψm Λ1⊗Λη), which by the Yoneda
relation (†) from Section 3 equals the extension (−1)|η||θ|(Λ⊗Λη) ◦ (θ ⊗Λ ψn Λ1) =
(−1)|η||θ|η ◦ θψ−n . However, the extension η ◦ θψ−n corresponds to the product
η · ψ−nθψ−n in H, and so since H is commutative we get

η · θ = θ · η = (−1)|η||θ|η · ψ−nθψ−n .

Now if |θ| ≥ tw then θ = (−1)|η||θ|ψ−nθψ−n due to the injectivity of the multiplica-
tion map induced by η, and twisting both sides in this equality by ψn from the left
we get ψnθ = (−1)|η||θ|θψ−n .

The algebra H, being Noetherian, is generated over H0 by a finite set of homo-
geneous elements, say {x0, . . . , xr}. Suppose now that k contains an infinite field.
Then from the proof of [Be1, Theorem 2.5] we see that we may choose the ele-
ment η above such that |η| = lcm{|x0|, . . . , |xr|} In particular, if all the generators
x0, . . . , xr are of the same degree, i.e. |xi| = t, then the subalgebra H0⊕⊕∞

i=w Hti

of H is strongly commutative.

Having made all the necessary assumptions, we are now ready to define twisted
support varieties. For two Λ-modules X and Y , denote by Aψ

H(X,Y ) the ideal
AnnH Extt∗

Λ (ψ∗X, Y ), i.e. the annihilator in H of Extt∗
Λ (ψ∗X, Y ). This ideal is

graded since Extt∗
Λ (ψ∗X,Y ) is a graded H-module. As for ordinary support vari-

eties, the defining ideal for the twisted support variety of M is Aψ
H(M, Λ / r).

Definition 4.1. The twisted support variety Vψ
H(M) of M (with respect to the

automorphism ψ, the integer t and the ring H) is the subset

Vψ
H(M) def= {m ∈ MaxSpec H | Aψ

H(M, Λ / r) ⊆ m}
of the maximal ideal spectrum of H.
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Note that since M and therefore also Extt∗
Λ (ψ∗M, Λ / r) is nonzero, the degree

zero part of Aψ
H(M, Λ / r) must be contained in the radical rad H0 of the local ring

H0 = Z(Λ) (if not then Aψ
H(M, Λ / r) contains the identity in H). Hence the twisted

variety Vψ
H(M) always contains the unique graded maximal ideal

mH = rad H0 ⊕Ht ⊕H2t ⊕ · · ·
of H, and we shall say the variety is trivial if it does not contain any other element.

The following proposition lists some elementary and more or less expected prop-
erties of twisted varieties.

Proposition 4.2. (i) The ideal Aψ
H(M, M) is also a defining ideal for the

twisted variety of M , i.e.

Vψ
H(M) = {m ∈ MaxSpec H | Aψ

H(M, M) ⊆ m}.
(ii) If Exttn

Λ (ψnM, M) = 0 for n À 0, then Vψ
H(M) is trivial. In particular, the

twisted variety of M is trivial whenever the projective or injective dimension
of M is finite.

(iii) Given nonzero Λ-modules M ′ and M ′′ and an exact sequence

0 → M ′ → M → M ′′ → 0,

the relation
Vψ

H(M) ⊆ Vψ
H(M ′) ∪Vψ

H(M ′′)
holds. Moreover, if Ωt−1

Λ (M ′) 6= 0, then the relation

Vψ
H(M ′′) ⊆ Vψ

H(M) ∪Vψ
H(Ωt−1

Λ (ψM ′))

holds, and if M ′′ = Ωt−1
Λ (M ′′′) for some module M ′′′, then the relation

Vψ
H(M ′) ⊆ Vψ

H(M) ∪Vψ
H(ψ−1M ′′′)

holds.
(iv) If M ′ and M ′′ are nonzero Λ-modules such that M = M ′ ⊕ M ′′, then

Vψ
H(M) = Vψ

H(M ′) ∪Vψ
H(M ′′).

Proof. For a Λ-module N , denote by Vψ
H(M, N) the variety whose defining ideal is

Aψ
H(M, N). To prove (i), we must show that Vψ

H(M, Λ / r) and Vψ
H(M,M) are equal,

and we start by proving by induction on the length of N that Vψ
H(M, N) is contained

in Vψ
H(M, Λ / r). For any simple Λ-module S the ideal Aψ

H(M, Λ / r) is contained in
Aψ

H(M, S) since S is a summand of Λ / r, hence Vψ
H(M, S) ⊆ Vψ

H(M, Λ / r). If the
length of N is greater than 2, take any simple submodule S ⊂ N and consider the
exact sequence

0 → S → N → N/S → 0.

This sequence induces the exact sequence

Extt∗
Λ (ψ∗M, S) → Extt∗

Λ (ψ∗M, N) → Extt∗
Λ (ψ∗M,N/S)

of H-modules, from which the inclusion

Aψ
H(M, S) ·Aψ

H(M, N/S) ⊆ Aψ
H(M, N)

follows. This implies that Vψ
H(M,N) ⊆ Vψ

H(M,S) ∪ Vψ
H(M, N/S), and since

both Vψ
H(M,S) and Vψ

H(M, N/S) are contained in Vψ
H(M, Λ / r) by induction,

we get Vψ
H(M,N) ⊆ Vψ

H(M, Λ / r). In particular Vψ
H(M,M) is contained in

Vψ
H(M, Λ / r). The reverse inclusion Vψ

H(M, Λ / r) ⊆ Vψ
H(M, M) follows from the

inclusion Aψ
H(M, M) ⊆ Aψ

H(M, Λ / r) of ideals in H, thus proving (i).
Now suppose Exttn

Λ (ψnM, M) = 0 for n À 0, let m ⊂ H be a maximal ideal
containing Aψ

H(M, Λ / r), and let x ∈ H+ =
⊕∞

n=1 Htn be a homogeneous element.
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As the scalar action from H on Extt∗
Λ (ψ∗M, Λ / r) factors through Extt∗

Λ (ψ∗M, M),
some power of x must lie in Aψ

H(M, Λ / r). Therefore x must be an element of m,
implying m is a graded ideal. But mH is the only graded maximal ideal of H. This
proves (ii).

Next suppose we are given an exact sequence as in (iii). The sequence induces
the exact sequence

Extt∗
Λ (ψ∗M

′′,Λ / r) → Extt∗
Λ (ψ∗M, Λ / r) → Extt∗

Λ (ψ∗M
′, Λ / r)

of H-modules, giving the inclusion

Aψ
H(M ′,Λ / r) ·Aψ

H(M ′′,Λ / r) ⊆ Aψ
H(M, Λ / r)

of ideals of H. The relation Vψ
H(M) ⊆ Vψ

H(M ′) ∪Vψ
H(M ′′) now follows.

The original exact sequence also induces the two exact sequences

0 → HomΛ(M ′′, Λ / r) → HomΛ(M, Λ / r)

Exttn−1
Λ (ψnM ′,Λ / r) → Exttn

Λ (ψnM ′′,Λ / r) → Exttn
Λ (ψnM, Λ / r)

for n ≥ 1, in which we may identify Exttn−1
Λ (ψnM ′, Λ / r) with

Extt(n−1)
Λ (ψn−1Ωt−1

Λ (ψM ′), Λ / r). Consequently the inclusion

Aψ
H(M, Λ / r) ·Aψ

H(Ωt−1
Λ (ψM ′), Λ / r) ⊆ Aψ

H(M ′′, Λ / r)

holds whenever Ωt−1
Λ (M ′) 6= 0, giving Vψ

H(M ′′) ⊆ Vψ
H(M) ∪Vψ

H(Ωt−1
Λ (ψM ′)).

Finally, the short exact sequence induces the exact sequence

Exttn
Λ (ψnM, Λ / r) → Exttn

Λ (ψnM ′, Λ / r) → Exttn+1
Λ (ψnM ′′,Λ / r)

for n ≥ 0. If M ′′ = Ωt−1
Λ (M ′′′) for some module M ′′′, then we may identify

Exttn+1
Λ (ψnM ′′,Λ / r) with Extt(n+1)

Λ (ψn+1(ψ−1M ′′′), Λ / r), and the inclusion

Aψ
H(M, Λ / r) ·Aψ

H(ψ−1M ′′′, Λ / r) ⊆ Aψ
H(M ′, Λ / r)

holds. This gives Vψ
H(M ′) ⊆ Vψ

H(M) ∪ Vψ
H(ψ−1M ′′′), and the proof of (iii) is

complete.
To prove (iv), note that by (iii) the inclusion Vψ

H(M) ⊆ Vψ
H(M ′) ∪ Vψ

H(M ′′)
holds, whereas the inclusions Aψ

H(M, Λ / r) ⊆ Aψ
H(M ′, Λ / r) and Aψ

H(M, Λ / r) ⊆
Aψ

H(M ′′, Λ / r) give Vψ
H(M ′) ⊆ Vψ

H(M) and Vψ
H(M ′′) ⊆ Vψ

H(M). ¤

As a corollary, we obtain a result whose analogue in the theory of support vari-
eties says that varieties are invariant under the syzygy operator.

Corollary 4.3. If Ωt
Λ(M) is nonzero, then Vψ

H(M) = Vψ
H(Ωt

Λ(ψM)).

Proof. The exact sequence

0 → Ω1
Λ(M) → P0 → M → 0

gives Vψ
H(M) ⊆ Vψ

H(P0)∪Vψ
H(Ωt−1

Λ (ψΩ1
Λ(M))), and since Vψ

H(P0) is trivial we get
Vψ

H(M) ⊆ Vψ
H(Ωt

Λ(ψM)). On the other hand, the exact sequence

0 → Ωt
Λ(ψM) → ψPt−1 → Ωt−1

Λ (ψM) → 0

gives Vψ
H(Ωt

Λ(ψM)) ⊆ Vψ
H(ψPt−1) ∪Vψ

H(ψ−1(ψM)), and since Vψ
H(ψPt−1) is trivial

we get Vψ
H(Ωt

Λ(ψM)) ⊆ Vψ
H(M). ¤

We illustrate this last result with an example.
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Example. Suppose k is a field and Λ is a Frobenius algebra, let ψ = νΛ be the
Nakayama automorphism of Λ, and take t = 2. We saw in the example following
Lemma 2.1 that the Auslander-Reiten translation τ = D Tr is isomorphic to Ω2

ΛN ,
where N is the Nakayama functor D HomΛ(−,Λ). Moreover, in the example prior
to Proposition 3.1 we saw that the latter is isomorphic to ν Λ1⊗Λ−. Therefore,
from the corollary above we get

Vν
H(M) = Vν

H(Ω2
Λ(νM)) = Vν

H(Ω2
Λ(νΛ1⊗ΛM)) = Vν

H(τ(M))

whenever Ω2
Λ(M) is nonzero.

A fundamental feature within the theory of support varieties for modules over
both group algebras of finite groups and complete intersections is the finite gener-
ation of Ext∗(X,Y ) (where X and Y are modules over the ring in question) as a
module over the commutative Noetherian graded ring of cohomological operators
(see [Ben] and [Car] for the group ring case and [Avr] and [AvB] for the complete
intersection case). In order to obtain a similar theory for selfinjective algebras in
[EHSST], it was necessary to assume that the same finite generation hypothesis
held, since there exist selfinjective algebras for which it does not hold.

We now introduce a finite generation hypothesis similar to that used in [Be1],
where instead of assuming finite generation of Ext∗(X,Y ) for all modules X and
Y , a local variant focusing on a single module was used.

Assumption (Fg(M, H, ψ, t)). Given the automorphism Λ
ψ−→ Λ and the integer

t ∈ N, there exists a strongly commutative Noetherian graded subalgebra H =⊕∞
n=0 Htn of HHt∗(ψ∗Λ1, Λ) such that H0 = HH0(Λ, Λ) = Z(Λ), and with the

property that Extt∗
Λ (ψ∗M, Λ / r) is a finitely generated H-module.

As mentioned in the remark prior to Definition 4.1, considering only strongly
commutative algebras instead of “ordinary” commutative algebras is not a severe
restriction. In fact, the following result shows that if Fg(M, H,ψ, t) holds for a
commutative Noetherian graded algebra H which is not necessarily strongly com-
mutative, then there exist a positive integer s and a strongly commutative Noe-
therian subalgebra H ′ ⊆ H for which Fg(M, H ′, ψs, ts) holds.

Proposition 4.4. Let Λ
ψ−→ Λ be an automorphism and t ∈ N an integer, and

suppose there exists a commutative Noetherian graded subalgebra H =
⊕∞

n=0 Htn

of HHt∗(ψ∗Λ1,Λ) such that H0 = HH0(Λ, Λ) = Z(Λ), and with the property that
Extt∗

Λ (ψ∗M, Λ / r) is a finitely generated H-module. Then there exist a positive
integer s and a strongly commutative Noetherian graded subalgebra H ′ of H for
which Fg(M, H ′, ψs, ts) holds

Proof. From the remark prior to Definition 4.1 we see that there exist two positive
integers n and w such that ψnθ = θψ−n for every homogeneous element θ ∈ H
with |θ| ≥ tw. Let η1, . . . , ηr ∈ H be homogeneous elements of positive degrees
generating H as an algebra over H0, and denote the integer wn by s. Then the
subalgebra H ′ = H0[ηs

1, . . . , η
s
r ] of H is strongly commutative with respect to the

automorphism ψs, and Ext(ts)∗Λ ((ψs)∗M, Λ / r) is a finitely generated H ′-module. ¤

We now show that introducing the above finite generation hypothesis enables us
to compute the dimension of the twisted variety of a module. Recall first that if
X =

⊕∞
n=0 Xn is a graded k-module of finite type (that is, the k-length of Xn is

finite for all n), then the rate of growth of X, denoted γ(X), is defined as

γ(X) def= inf{c ∈ N ∪ {0} | ∃a ∈ R such that `k(Xn) ≤ anc−1 for n À 0}.
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For a Λ-module Y with minimal projective resolution · · · → Q1 → Q0 → Y → 0,
we define the m-complexity of Y (where m ≥ 1 is a number) as the rate of growth
of

⊕∞
n=0 Qmn, and denote it by cxm Y . Note that the 1-complexity of a module

coincides with the usual notion of complexity, and that the identity

cxm Y = γ (Extm∗
Λ (Y, Λ / r))

always holds (the latter can be seen by adopting the arguments given in [Be1,
Section 3]).

The following result allows us to compute the dimension of Vψ
H(M) in terms of

the t-complexity of M provided Fg(M,H, ψ, t) is satisfied. In particular Dade’s
Lemma holds.

Proposition 4.5. If Fg(M,H, ψ, t) holds, then dimVψ
H(M) = cxt M . In partic-

ular Vψ
H(M) is trivial if and only if M has finite projective dimension.

Proof. Adopting the arguments used to prove [Ben, Proposition 5.7.2] and [EHSST,
Proposition 2.1] gives dim Vψ

H(M) = γ
(
Extt∗

Λ (ψ∗M, Λ / r)
)
. For any Λ-module Y

and any k-automorphism Λ
φ−→ Λ there is an isomorphism Y ' φY of k-modules,

and so if · · · → Q1 → Q0 → Y → 0 is a minimal projective resolution we see that
the m-complexity of Y equals the rate of growth of

⊕∞
n=0 φn(Qmn). In particular

the equalities

cxt M = γ

( ∞⊕
n=0

ψn(Ptn)

)
= γ

(
Extt∗

Λ (ψ∗M, Λ / r)
)

hold, where

P : · · · → P2
d2−→ P1

d1−→ P0
d0−→ M → 0

is the minimal projective resolution of M . ¤

Note that whenever Fg(M, H, ψ, t) is satisfied the dimension of Vψ
H(M), and

therefore also the t-complexity of M , must be finite; since H is commutative graded
Noetherian it is generated as an algebra over H0 by a finite set {x0, . . . , xr} of
homogeneous elements of positive degrees, giving γ

(
Extt∗

Λ (ψ∗M, Λ / r)
) ≤ r (see

the discussion prior to [Be1, Proposition 3.1]). It then follows from the proof of the
above proposition that cxt M ≤ r.

The next result gives a sufficient and necessary condition for the variety to be one
dimensional. Recall that a Λ-module Y is periodic if there exists a positive integer p
such that Y ' Ωp

Λ(Y ), whereas it is eventually periodic if Ωi
Λ(Y ) is periodic for some

i ≥ 0. For a k-automorphism Λ
φ−→ Λ we define Y to be φ-periodic if there exists

a positive integer p such that Y ' Ωp
Λ(φY ), and eventually φ-periodic if Ωi

Λ(Y ) is
φ-periodic for some i ≥ 0.

Proposition 4.6. If Fg(M,H, ψ, t) holds, then dimVψ
H(M) = 1 if and only if

M is eventually ψi-periodic for some i ≥ 1. Moreover, when this occurs there is a
positive integer w such that Ωtj

Λ (M) ' Ωt(j+w)
Λ (ψwM) for some j ≥ 0.

Proof. If M is eventually ψi-periodic, then the sequence

`k(P0), `k(P1), `k(P2), . . .

must be bounded, that is, the 1-complexity of M is 1. But then the sequence

`k(P0), `k(Pt), `k(P2t), . . .

is also bounded, that is, the t-complexity of M is also 1, and consequently
dimVψ

H(M) = 1.
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Conversely, suppose the latter of the above sequences is bounded. By [Be1,
Proposition 2.1] there exists a homogeneous element η ∈ H of positive degree, say
|η| = tw, such that the multiplication map

Extti
Λ(ψiM, Λ / r)

·η−→ Extt(i+w)
Λ (ψi+wM, Λ / r)

is injective for i À 0. Represent the element η ⊗Λ M ∈ Extt∗
Λ (ψ∗M,M) by a map

fη : Ωtw
Λ (ψwM) → M . Then for each i ≥ 0 there is a map fi : ψw(Ptw+i) → Pi

making the diagram

· · · //
ψw(Ptw+2)

f2

²²

dtw+2 //
ψw(Ptw+1)

f1

²²

dtw+1 //
ψw(Ptw)

f0

²²

// Ωtw
Λ (ψwM)

fη

²²

// 0

· · · // P2
d2 // P1

d1 // P0
d0 // M // 0

with exact rows commute. If θ ∈ Extt∗
Λ (ψ∗M, Λ / r) is a homogeneous ele-

ment, say |θ| = tn, and represented by a map fθ : ψn(Ptn) → Λ / r, then θη ∈
Extt(w+n)

Λ (ψw+nM, Λ / r) is represented by the composite map

ψw+n(Pt(w+n))
ψnftn−−−−→ ψn(Ptn)

fθ−→ Λ / r .

For any i ≥ 0 the complex ψiP is a minimal projective resolution of ψiM , and
therefore Extti

Λ(ψiM, Λ / r) = HomΛ(ψi(Pti),Λ / r). Moreover, the multiplication
map

Extti
Λ(ψiM, Λ / r)

·η−→ Extt(i+w)
Λ (ψi+wM, Λ / r)

is just the map

HomΛ(ψi(Pti),Λ / r)
(ψifti)

∗

−−−−−→ HomΛ(ψi+w(Pt(i+w)), Λ / r)
g 7→ g ◦ψi fti,

and since the exact sequence

ψi+w(Pt(i+w))
ψifti−−−→ ψi(Pti) → ψi(Coker fti) → 0

shows that the kernel of the multiplication map is isomorphic to
HomΛ(ψi(Coker fti), Λ / r), we see that Coker fti = 0 for i À 0. Conse-
quently, for each i À 0 there exists a surjective map Ωt(w+i)

Λ (ψwM) ³ Ωti
Λ(M) and

therefore also a sequence

· · · ³ Ωt(3w+i)
Λ (ψ3wM) ³ Ωt(2w+i)

Λ (ψ2wM) ³ Ωt(w+i)
Λ (ψwM) ³ Ωti

Λ(M)

of surjections. However, by assumption the sequence

`k(P0), `k(Pt), `k(P2t), . . .

is bounded, and therefore Ωt((q+1)w+i)
Λ (ψ(q+1)wM) must be isomorphic to

Ωt(qw+i)
Λ (ψqwM) for large q and i. By setting j = qw + i and twisting with the

automorphism ψ−qw, we see that Ωtj
Λ (M) ' Ωt(j+w)

Λ (ψwM) for j À 0. ¤

As a particular case of the proposition we obtain the following result on D Tr-
periodicity over a Frobenius algebra.

Proposition 4.7. Suppose k is a field and Λ is a Frobenius algebra, and let Λ ν−→ Λ
be a Nakayama automorphism. If M does not have a nonzero projective summand
and Fg(M, H, νn, 2n) holds for some n ≥ 1, then dimVν

H(M) = 1 if and only if
M ' τp(M) for some p ≥ 1.
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Proof. By the previous proposition the variety Vν
H(M) is one dimensional if and

only if there is a positive integer w such that Ω2nj
Λ (M) ' Ω2n(j+w)

Λ (νnwM) for
some j ≥ 0. Taking cosyzygies we see that the latter happens precisely when
M ' Ω2nw

Λ (νnwM), that is, when M ' τnw(M). ¤

We illustrate this last result with an example.

Example. Let k be an algebraically closed field of odd characteristic and q ∈ k a
nonzero element which is not a root of unity, and denote by Λ the k-algebra

Λ = k〈x, y〉/(x2, xy + qyx, y2).

We saw in the example following Proposition 3.1 that the Nakayama automorphism
ν of Λ is defined by

x 7→ −q−1x, y 7→ −qy,

and that HH4∗(ν2∗Λ1, Λ) is isomorphic to the fibre product k[θ]×kk with θ of degree
4. In particular HH4∗(ν2∗Λ1, Λ) is strongly commutative, and we denote this ring
by H.

For elements α, β ∈ k, denote by M(α,β) the Λ-module Λ(αx+βy) (see [Sma] for
a counterexample, using the module M(1,1), to a question raised by Auslander, a
question for which a counterexample was first given in [JoS]). Consider the module
M = M(1,β) for β 6= 0, and for each i ≥ 0 let Pi = Λ. The sequence

P : · · · → P3
·(x+q3βy)−−−−−−→ P2

·(x+q2βy)−−−−−−→ P1
·(x+qβy)−−−−−−→ P0

·(x+βy)−−−−−→ M → 0

is a minimal projective resolution of M , hence since νnP is a minimal projective
resolution of νnM for any n ≥ 1 we see that Ext2n

Λ (νnM, k) = HomΛ(νnΛ, k) is one
dimensional. We shall prove that Fg(M,H, ν, 2) holds.

Recall from the example following Proposition 3.1 the minimal bimodule projec-
tive resolution

(F, δ) : · · · → Fn+1 δ−→ Fn δ−→ Fn−1 → · · ·
of Λ, where the set {f̃n

i }n
i=0 generates Fn as a Λe-module and the differential

δ : Fn → Fn−1 is given by

f̃n
i 7→

[
xf̃n−1

i + (−1)nqif̃n−1
i x

]
+

[
qn−iyf̃n−1

i−1 + (−1)nf̃n−1
i−1 y

]
.

The element θ ∈ H4 represented by the map

g4 : ν2F 4
1 → Λ

f̃4
i 7→

{
1 for i = 2
0 for i 6= 2

generates H as an algebra over H0. The resolution F ⊗Λ M is also a projective
resolution of M , and defining Λ-linear maps

hn : Pn → Fn ⊗Λ M

1 7→
(

n∑

i=0

q
i(i+1)

2 βif̃n
i

)
⊗ (x + βy)

gives a commutative diagram

· · · // P2

h2

²²

·(x+q2βy) // P1

h1

²²

·(x+qβy) // P0

h0

²²

·(x+βy) // M // 0

· · · // F 2 ⊗Λ M
δ⊗1 // F 1 ⊗Λ M

δ⊗1 // F 0 ⊗Λ M // M // 0
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with exact rows. Consequently, the element θ⊗ΛM ∈ Ext4Λ(ν2M, M) is represented
by the composite map

f̄θ : ν2(P4)
(g4⊗1)◦h4−−−−−−−→ Λ⊗ΛM ' M

1 7→ q3β2(x + βy).

Now for each i ≥ 0 define fi : ν2(Pi+4) →ν2 (Pi) by 1 7→ q2i+3β2. We then obtain
a commutative diagram

· · · //
ν2(P7)

f3

²²

·(x+q7βy)//
ν2(P6)

f2

²²

·(x+q6βy)//
ν2(P5)

f1

²²

·(x+q5βy)//
ν2(P4)

f0

²²

//

f̄θ

""FFFFFFFF
· · ·

· · · // P3

·(x+q3βy) // P2

·(x+q2βy) // P1

·(x+qβy) // P0

·(x+βy) // M // 0

with exact rows, hence if µ ∈ Ext2n
Λ (νnM, k) = HomΛ(νn(P2n), k) is an ele-

ment represented by a map f̄µ : νn(P2n) → k we see that the element µ · θ ∈
Ext2(n+2)

Λ (ν(n+2)M, k) is represented by the composite map

ν(n+2)(P2(n+2))
νn (f2n)−−−−−→ νn(P2n)

f̄µ−→ k.

Moreover, this composition is nonzero whenever µ is nonzero, since f2n is just
multiplication with q4n+3β2. Therefore, since Ext2n

Λ (νnM, k) is one dimensional for
each n ≥ 1, the H-module Ext2∗Λ (ν∗M,k) is finitely generated; it is generated as
an H-module by any k-basis in Ext0Λ(ν0M,k) = HomΛ(M,k) together with any
nonzero elements µ1 ∈ Ext2Λ(νM, k) and µ2 ∈ Ext4Λ(ν2M,k).

The above shows that Fg(M(1,β), H, ν, 2) holds for β 6= 0, and since the 2-
complexity of M(1,β) is obviously 1 we see from Proposition 4.5 that the variety
Vν

H(M(1,β)) is one dimensional. From Proposition 4.7 we conclude that M(1,β) '
τw(M(1,β)) for some w ≥ 1. Indeed, in [LiS] it is shown that M(1,β) is isomorphic
to τ(M(1,β)).

Recall that each nonprojective indecomposable Λ-module is annihilated by yx,
and is therefore a module over the algebra Λ /(yx) (see [Sch, Section 4]). The
latter is stably equivalent to the Kronecker algebra, an equivalence under which
the representation

k

β
((

α

66 k

corresponds to the module M(α,β). Denoting M(α,β) by M1
(α,β), it follows from the

well known representation theory of the Kronecker algebra (see, for example, [ARS]
and [ASS]) that the indecomposable τ -periodic Λ-modules are divided into distinct
countable classes {M i

(α,β)}∞i=1, one for each pair (α, β) ∈ {(0, 1)}∪{(1, β)}β∈k, such
that for each i ≥ 1 there exists a short exact sequence

0 → M i
(α,β) → M i−1

(α,β) ⊕M i+1
(α,β) → M i

(α,β) → 0,

where M0
(α,β) = 0. Now each such exact sequence induces an exact sequence

Ext2∗Λ (ν∗M
i
α, k) → Ext2∗Λ (ν∗M

i−1
α , k)⊕ Ext2∗Λ (ν∗M

i+1
α , k) → Ext2∗Λ (ν∗M

i
α, k)

of H-modules, and so since H is Noetherian and Ext2∗Λ (ν∗M
1
(1,β), k) is a finitely

generated H-module whenever β is nonzero, an induction argument shows that
Ext2∗Λ (ν∗M

i
(1,β), k) is a finitely generated H-module for any i ≥ 1 and β 6= 0. We

conclude that Fg(M i
(1,β), H, ν, 2) holds for all the modules {M i

(1,β)}∞i=1 when β is
nonzero.
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However, there are two more classes of indecomposable τ -periodic Λ-modules,
namely {M i

(1,0)}∞i=0 and {M i
(0,1)}∞i=0. Do these modules satisfy the finite generation

hypothesis? The answer is no, and to see this, consider the module M(1,0) = Λ x.
Letting Pi = Λ for each i ≥ 0 we see that the sequence

· · · → P3
·x−→ P2

·x−→ P1
·x−→ P0

·x−→ M(1,0) → 0

is a minimal projective resolution of M(1,0), and defining Λ-linear maps

hn : Pn → Fn ⊗Λ M(1,0)

1 7→ f̃n
0 ⊗ x

gives a commutative diagram

· · · // P1

h1

²²

·x // P0

h0

²²

·x // M(1,0) // 0

· · · // F 1 ⊗Λ M(1,0)
δ⊗1 // F 0 ⊗Λ M(1,0)

// M(1,0) // 0

with exact rows. Since the map h4 does not “hit” the generator f̃4
2 ⊗ x ∈ F 4 ⊗Λ

M(1,0), we see that the element θ⊗Λ M ∈ Ext4Λ(ν2M, M) is represented by the zero
map. This shows that Ext2∗Λ (ν∗M

i
(1,0), k) cannot be a finitely generated H-module,

and a similar argument shows that the same is true for the module M(0,1).
Note also that the finite generation condition cannot hold for any nonzero inde-

composable nonprojective Λ-module which is not τ -periodic; if X is such a mod-
ule and Ext2∗Λ (ν∗X, k) is finitely generated over H, then the rate of growth of
Ext2∗Λ (ν∗X, k) is not more than that of H. However, the latter equals the Krull
dimension of H, thus γ

(
Ext2∗Λ (ν∗X, k)

) ≤ γ(H) = 1. Since X is nonprojective
we conclude that the rate of growth of Ext2∗Λ (ν∗X, k) is 1, and so by Proposition
4.5 the variety Vν

H(X) is one dimensional. But then Proposition 4.7 implies X is
τ -periodic, a contradiction.

Returning to the general theory, we now impose the finite generation hypothesis
on both M and Ω1

Λ(M). The following result shows that, in this situation, if
the variety of M is nontrivial (that is, when M does not have finite projective
dimension) then there exists a homogeneous element in H “cutting down” the
variety by one dimension. Recall first that if η ∈ HHt∗(ψ∗Λ1, Λ) is a homogeneous
element, say η ∈ Exttm

Λe (ψmΛ1, Λ), then it can be represented by a Λe-linear map
fη : Ωtm

Λe (ψmΛ1) → Λ. This map yields a commutative diagram

0 // Ωtm
Λe (ψmΛ1) //

fη

²²

ψm(P tm−1)

²²

// Ωtm−1
Λe (ψmΛ1) // 0

0 // Λ // Kη // Ωtm−1
Λe (ψmΛ1) // 0

with exact rows, in which we have denoted by P i the ith module in the minimal
projective bimodule resolution of Λ. Note that up to isomorphism the module Kη

is independent of the map fη chosen to represent η.

Proposition 4.8. If both Fg(M, H,ψ, t) and Fg(Ω1
Λ(M), H, ψ, t) hold and M does

not have finite projective dimension, then there exists a homogeneous element η ∈ H

of positive degree such that dimVψ
H(Ω1

Λe(Kη)⊗Λ M) = dimVψ
H(M)− 1.

Proof. By assumption the H-modules Extt∗
Λ (ψ∗M, Λ / r) and Extt∗

Λ (ψ∗Ω1
Λ(M), Λ / r)

are finitely generated, hence by slightly generalizing the proof of [Be1, Proposition
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2.1] we see that there exists a homogeneous element η ∈ H of positive degree, say
η ∈ Htm ⊆ Exttm

Λe (ψmΛ1,Λ), such that the multiplication maps

Extti
Λ(ψiM, Λ / r)

·η−→ Extt(i+m)
Λ (ψi+mM, Λ / r)

Extti
Λ(ψiΩ1

Λ(M), Λ / r)
·η−→ Extt(i+m)

Λ (ψi+mΩ1
Λ(M),Λ / r)

are both k-monomorphisms for i À 0. Consider the short exact sequence

0 → Λ → Kη → Ωtm−1
Λe (ψmΛ1) → 0

obtained from η. As Ωtm−1
Λe (ψmΛ1) is right Λ-projective, the sequence splits when

considered as a sequence of right Λ-modules, and consequently the sequence

0 → M → Kη ⊗Λ M → Ωtm−1
Λe (ψmΛ1)⊗Λ M → 0

is exact. For each i ≥ 0 the latter sequence induces a long exact sequence

Extti
Λ(ψi(Kη ⊗Λ M), Λ / r) → Extti

Λ(ψiM, Λ / r) ∂ti−−→
Extt(i+m)

Λ (ψi+mM, Λ / r) → Extti+1
Λ (ψi(Kη ⊗Λ M), Λ / r) →

Extti+1
Λ (ψiM, Λ / r)

∂ti+1−−−→ Extt(i+m)+1
Λ (ψi+mM, Λ / r)

in which we have replaced Extj
Λ(ψi(Ωtm−1

Λe (ψmΛ1)⊗Λ M),Λ / r) with
Extj+tm−1

Λ (ψi+mM, Λ / r), due to the fact that ψi(Ωtm−1
Λe (ψmΛ1)⊗Λ M) is a

(tm − 1)th syzygy of ψi+mM . By [Mac, Theorem III.9.1] the connecting homo-
morphism ∂j is then the Yoneda product with the extension (−1)j

ψi(η ⊗Λ M), in
particular we see that ∂ti is scalar multiplication with (−1)tiη.

Now consider the connecting homomorphism ∂ti+1. Applying the Yoneda rela-
tion (†) from Section 3 to η and the short exact sequence

θ : 0 → Ω1
Λ(M) → P0 → M → 0

gives the relation

(η ⊗Λ Ω1
Λ(M)) ◦ (ψm Λ1 ⊗Λ θ) = (−1)tm(Λ⊗Λθ) ◦ (η ⊗Λ M),

which we may twist by ψi to obtain the relation

ψi(η ⊗Λ Ω1
Λ(M)) ◦ ψi+mθ = (−1)tm

ψiθ ◦ ψi(η ⊗Λ M).

This gives a commutative diagram

Extti
Λ(ψiΩ1

Λ(M), Λ / r)

·(−1)t(i+m)+1η

²²

ψi θ
// Extti+1

Λ (ψiM, Λ / r)

∂ti+1

²²
Extt(i+m)

Λ (ψi+mΩ1
Λ(M), Λ / r)

ψi+mθ
// Extt(i+m)+1

Λ (ψi+mM, Λ / r)

in which the horizontal maps are isomorphisms, hence the connecting homomor-
phism ∂ti+1 is also basically just scalar multiplication with η, as was the case with
∂ti. Consequently they are both injective for i À 0, giving a short exact sequence

(††) 0 → ti
Λ(ψiM, Λ / r)

·η−→ t(i+m)
Λ (ψi+mM, Λ / r) → ti+1

Λ (ψi(Kη ⊗Λ M), Λ / r) → 0

for large i (in which we have used the short hand notion j
Λ(−,−) for

Extj
Λ(−,−)). Note that we may identify Extti+1

Λ (ψi(Kη ⊗Λ M),Λ / r) with
Extti

Λ(ψi(Ω1
Λe(Kη)⊗Λ M), Λ / r); since Kη is right Λ-projective the projective bi-

module cover
0 → Ω1

Λe(Kη) → Q → Kη → 0
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of Kη splits as a sequence of right Λ-modules, and therefore stays exact when
tensored with M . In addition, the Λ-module Q⊗Λ M is projective, hence

Extti+1
Λ (ψi(Kη ⊗Λ M),Λ / r) ' Extti

Λ(ψi(Ω1
Λe(Kη)⊗Λ M),Λ / r).

Consider now the H-module Extt∗
Λ (ψ∗(Ω1

Λe(Kη)⊗Λ M), Λ / r), and let w
be an integer such that the sequence (††) is exact for i ≥ w. Then
the submodule

⊕∞
i=w Extti

Λ(ψi(Ω1
Λe(Kη)⊗Λ M), Λ / r) is finitely generated over

H, being a factor module of the submodule
⊕∞

i=w Extt(i+m)
Λ (ψi+mM, Λ / r) of

the finitely generated H-module Extt∗
Λ (ψ∗M, Λ / r). But then the H-module

Extt∗
Λ (ψ∗(Ω1

Λe(Kη)⊗Λ M),Λ / r) must be finitely generated itself, since each graded
part Exttj

Λ (ψj (Ω1
Λe(Kη)⊗Λ M),Λ / r) is finitely generated over H0. Also, from [Be1,

Proposition 3.1] we get

γ

( ∞⊕

i=w

Extti
Λ(ψi(Ω1

Λe(Kη)⊗Λ M), Λ / r)

)
= γ

( ∞⊕

i=w

Extt(i+m)
Λ (ψi+mM, Λ / r)

)
− 1,

and since for any Λ-module X the rate of growth of Extt∗
Λ (ψ∗X, Λ / r) equals that

of
⊕∞

i=w Extti
Λ(ψiX, Λ / r) we get

γ
(
Extt∗

Λ (ψ∗(Ω1
Λe(Kη)⊗Λ M), Λ / r)

)
= γ

(
Extt∗

Λ (ψ∗M, Λ / r)
)− 1.

Therefore the equality cxt
(
Ω1

Λe(Kη)⊗Λ M
)

= cxt M −1 holds, and so from Propo-
sition 4.5 we conclude that dim Vψ

H(Ω1
Λe(Kη)⊗Λ M) = dimVψ

H(M)− 1. ¤

Finally we turn to the setting in which Fg(X, H, ψ, t) holds for all Λ-modules
X, and derive two corollaries from Proposition 4.8. Observe first that if
Fg(Λ / r,H, ψ, t) holds, then Fg(S, H,ψ, t) holds for every simple Λ-module S,
and so by induction on the length of a module we see that Fg(X, H, ψ, t) holds
for every Λ-module X; namely, if `(X) ≥ 2, choose a submodule Y ⊂ X such that
`(Y ) = `(X)− 1. The exact sequence

0 → Y → X → X/Y → 0

induces the exact sequence

Extt∗
Λ (ψ∗(X/Y ), Λ / r) → Extt∗

Λ (ψ∗X, Λ / r) → Extt∗
Λ (ψ∗Y, Λ / r)

of H-modules, and since the end terms are finite over H, so is the middle term.

Corollary 4.9. If Fg(Λ / r,H, ψ, t) holds and dimVψ
H(M) = d > 0, then there ex-

ist homogeneous elements η1, . . . , ηd−1 ∈ H of positive degrees such that the module

Ω1
Λe(Kηd−1)⊗Λ · · · ⊗Λ Ω1

Λe(Kη1)⊗Λ M

is eventually ψi-periodic for some i ≥ 1.

Proof. This is a direct consequence of Proposition 4.6 and Proposition 4.8. ¤

Corollary 4.10. Suppose k is a field and Λ is a Frobenius algebra, and let Λ ν−→ Λ
be a Nakayama automorphism. If Fg(Λ / r,H, νn, 2n) holds for some n ≥ 1 and
dimVν

H(M) = d > 0, then there exist homogeneous elements η1, . . . , ηd−1 ∈ H of
positive degrees such that every nonzero nonprojective indecomposable summand of

Ω1
Λe(Kηd−1)⊗Λ · · · ⊗Λ Ω1

Λe(Kη1)⊗Λ M

is τ -periodic.

Proof. This is a direct consequence of Proposition 4.7 and Proposition 4.8. ¤
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