HOCHSCHILD HOMOLOGY AND SPLIT PAIRS

PETTER ANDREAS BERGH & DAG MADSEN

ABSTRACT. We study the Hochschild homology of algebras related via split
pairs, and apply this to fibre products, trivial extensions, monomial algebras,
graded-commutative algebras and quantum complete intersections. In par-
ticular, we compute lower bounds for the dimensions of both the Hochschild
homology and cohomology groups of quantum complete intersections.

1. INTRODUCTION

The Hochschild homology of a finite dimensional algebra is an invariant about
which little is known. One of the main unsolved problems is whether an algebra of
infinite global dimension can have finite total Hochschild homology. This started
as a question in cohomology. In [Hap|, Happel noted that if a finite dimensional
algebra over an algebraically closed field is of finite global dimension, then all its
higher Hochschild cohomology groups vanish. He then remarked that “the converse
seems to be not known”. Thus, the question of whether all the higher Hochschild
cohomology groups can vanish for a finite dimensional algebra (not necessarily over
an algebraically closed ground field) of infinite global dimension became known as
“Happel’s question”. As shown in [AvI], the answer is yes when the algebra is
commutative. However, it was shown in [BGMS] that this does not hold in general.

The homology version of Happel’s question is still open: if all the higher
Hochschild homology groups of a finite dimensional algebra vanish, then is the
algebra of finite global dimension? As in the cohomology case, the answer is yes
for commutative algebras (cf. [AV-P]). It was conjectured by Han in [Han] to hold
for all finite dimensional algebras, and is therefore known as “Han’s conjecture”.
As mentioned, this is one of the main unsolved problems concerning Hochschild
homology.

In this paper, we study the functorial behavior of Hochschild homology. In
particular, we study the Hochschild homology of algebras which are related via
split pairs. Given an algebra together with a split pair subalgebra, the homology
of this subalgebra is a subspace of the homology of the larger algebra. Given
several such subalgebras, one may ask: do the corresponding homology submodules
intersect nontrivially? We prove that, in many cases, they do not. Consequently,
the direct sum of the homology of the subalgebras is a submodule of the homology
of the larger algebra. Thus, we obtain a lower bound for the dimension of the
homology groups of the algebra. We apply this to fibre products of algebras, trivial
extensions, monomial algebras, path algebras of quivers containing loops, graded-
commutative algebras, and to quantum complete intersections. For the latter, we
compute lower bounds for the dimensions of both the Hochschild homology and
cohomology groups.
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2. HOCHSCHILD HOMOLOGY

Let & be a commutative ring, and let A be a k-algebra. Thus, there exists a
nonzero ring homomorphism k& — A, whose image is contained in the center of A.
For now, we do not assume that A is finitely generated as a k-module. Let B be a
A-A-bimodule. For each n > 1, consider the map

BoA®" 4, B A®M-D

bOMR@-—- @A, = b AMOAN®--Q A\,
n—1
+Z(—1)ib®>\1®"'®>\¢>\i+1®"'®>\n
i=1
+(*1)n)\nb®>\1®®)‘n—la

where unadorned tensor products are tensor products over the ground ring k. Then
dpdny1 =0 (cf. [CaE, IX.6]), and so we may form a complex

S BOA® B BoA®? 2, BNl B L)

in which B is in degree 0. The nth homology group of this complex, denoted
HH,, (A, B), is the nth Hochschild homology group of A with coefficients in B. This
is a k-module, in general not finitely generated. Of particular interest is the special
case B = A; we write HH,,(A) instead of HH, (A, A), and in this case we refer to
the above complex as the Hochschild complex of A.

In this paper, we shall study the ordinary Hochschild homology groups HH,,(A),
as well as homology groups HH,, (A, , A1), with coefficients in twisted bimodules of
the form A1, where ¢ is an algebra automorphism of A. The bimodule structure
of 4 Ay is given by letting A act from the left via ¢, i.e.

A A A ) AN

for A € y Ay and A1, A2 € A. As the following lemma shows, Hochschild homology
with coefficients in twisted bimodules is functorial when we only consider maps
commuting with the automorphisms.

Lemma 2.1. Let k be a commutative ring, and let T' and A be k-algebras. Fur-
thermore, let T’ 20 and A %5 A be automorphisms. Then for any n > 0, an

algebra homomorphism T’ Lo A such that fo = f induces a k-homomorphism

FO(n+1) )
HH, (T, 4I'1) — HH,, (A, 4 A1) given by

DA ene- @y +Indyy =Y fO)@ () @@ f(7h) + Imdp 1.

®(n+1)
Proof. For every n the map f induces a map ,I'; ® ['®" I/, v M ® A®™ of

k-modules, by applying f to each tensor component. Let n > 1, and consider the
diagram

¢F1 ® T®n i> ¢r1 ® F®(n—1)

J/f®(n+l) if®n

’LZJAI ®A®’n $'¢;A1 ®A®(n—1)
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Given a generator w =7 ® 7y ® - -+ @ Yy, in 41 ® ", direct computation gives

[ dn(w) = f(wl) ®f(r2) @ @ fvn)
+Z V@ f(n) @@ f(iYie1) @+ @ f(7n)
+@4)ﬂﬂ%0)®fWﬂ®~“®fWWﬂ7
whereas
do fET (W) = f() (1) ® f(12) @+ @ F(7m)

n—1

Z V)@ f(n) @@ f(1i)f(Vit1) ®@ -+ @ fvn)

G*)¢fh@f()®fhﬁ®'~®fwm4%

Since f is a ring homomorphism and f¢ = 1 f, we see that f®"d,(w) equals
dn fO ) (w), that is, the above diagram is commutative. Thus we obtain a map

dy

--*>¢F1®F®3i>¢f‘1®l‘®2d*2>¢1“1®]? ol 0

J= | |- d |

d d
"*>¢A1®A®3*3>¢A1®A®2*2>wA1®A : » M1 0
of complexes, and the proof is complete. O

In particular, Hochschild homology HH,(A) (with coefficients in the algebra
itself) is functorial in the ordinary sense.

3. SPLIT PAIRS

Given two objects X, Y in a category, we say that the diagram
xLysx

is a split pair if the composition gf is the identity morphism on X. Now let k
be a commutative ring, and let I' and A be k-algebras, that is, there are ring
homomorphisms from k into the centers of the two algebras. Furthermore, let

riAsT
be a split pair. Then 7 (A —j7m(A)) = 0 for all A € A, and consequently A €
Im j+Ker7. Since Im jNKerm = 0, it follows that A = Im j @ Ker 7 as a k-module.

Let A % A be an automorphism under which Im j and Ker 7 are both invariant,
ie. ¥ (Imyj) CImyj and ¢ (Kerw) C Kern. Then since v is an automorphism and
Imj N Kerm = 0, the inclusions are actually equalities, i.e. ¥ (Imj) = Imj and
¥ (Kerm) = Ker . Now define an algebra homomorphism

r & r
v o= mi(y).

This is easily seen to be an automorphism of I'. The following result shows that
the Hochschild homology of I' with coeflicients in 4I'; is a direct summand of the
Hochschild homology of A with coefficients in  Aj.

Proposition 3.1. Let k be a commutative ring, and let T’ LA T bea split pair

of k-algebras. Furthermore, let A Yy A be an automorphism under which Im j and
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Ker 7 are both invariant, and define I' 27 by ¢ = wpj. Then for every n > 0, the
diagram

®(n+1) A®(+D)

HH,, (T, ,T1) 2—— HH, (A, 4 Ay) = HH,, (T, 4T,

is o split pair of k-modules. In particular, the k-module HH,, (T, 4I'1) is isomorphic
to a direct summand of HH,, (A, » A1).

Proof. Let v be any element of I". Since Imj is invariant under 1, the element
¥j () is of the form j(v') for some element 4/ € T'. This gives

Jo(y) = jmbj(y) = jmi(y') = j(v') = ¥i(v),

showing jo = ¥j.

Now let A be any element of A. Since A = Im j@Ker 7, we can write A = j(v)+w,
where v € T" and w € Ker . Moreover, since Ker 7 is invariant under v, the element
¥(w) is mapped to zero under 7. Therefore

TP(A) = mp(§(7) + w) = 7j(7) = ¢(y) = ¢m(N),

showing mi) = ¢m.
By Lemma 2.1, for every n > 0 the maps j and 7 induce k-homomorphisms

(@ (n+1) A®(n+1)

HH,, (T, 4T1) 2—— HH, (A, 4 A) T—— HH, (T, 4T1).

This diagram is obviously a split pair of k-modules. O

Thus, in the setting described in the proposition, we may view HH, (T, 4I'1) as
a direct summand of HH,, (A, ,, Aq).

Remarks 3.2. (i) When ¢ (and hence also ¢) is the identity automorphism, then

Im j and Ker 7 are of course automatically invariant. That is, if [ & A = T is any
split pair of k-algebras, then for every n > 0, the diagram

PICERY 2@+

HH,, (') -—— HH,(A) =—— HH, (")

is a split pair of k-modules.

(ii) When the algebras involved have finite length over k, then so do the twisted
bimodules induced by the automorphisms. Therefore the Hochschild homology
groups also have finite length as k-modules.

Now consider a diagram of two split pairs

T

ijr
ja

A—"s A2 A

im

T

of k-algebras running through A. Let A Y, A be an automorphism under which
Im jr, Im ja, Kernr and Ker ma are all invariant, and define the automorphisms

I 2% T and A 22 A by ¢r = mrjr and éa = Tatja, respectively. By
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Proposition 3.1, for every n > 0 the above diagram induces a diagram

HH, (T, 4.I'1)

i (@ (n+1)
®(n+1) S

(A, g3 A1) 2 HEHL (A, 5 Ar) 2 HH (A, o, Ay)

im@wfl)

HH, (T, 4.I'1)

of split pairs. In particular, the k-modules HH, (T, 4. I'1) and HH, (A, 4, A7) are
both direct summands of HH,, (A, A1), thus it makes sense to compare them. The
following result shows that, under certain conditions, these direct summands have
trivial intersection. Consequently, we may identify the direct sum

HH,, (F, ¢FF1) ¢ HH,, (A, ba Al)
with a submodule of HH,, (A, , A1). However, recall first the following notion. Let k
be a commutative ring, and let 3 be a k-algebra given in terms of a ring homomor-

phism k& . %) Then X is an augmented k-algebra if there exists a homomorphism
¥ 2 k of k-algebras such that the diagram

ELow Lk

is a split pair of k-algebras (that is, the composition gf is the identity on k). We
may then identify k with the subalgebra Im f of ¥, and ¥ = Im f & Kerg. The
map g is the augmentation map of 3, and the ideal Ker g is the augmentation ideal.
The latter is denoted by ax.

Theorem 3 3. Let k be a commutative ring, and let T A TS T oand
A 22 A T2 A be two split pairs of augmented k-algebras, with the property
that jr(ar) C Kerwa. Furthermore, let A 2, A be an automorphism under which

Im jr,Im ja, Ker nr and Ker wa are all invariant, and define T’ 25T and A 225 A
by ¢r = mrjr and ¢a = TAYjIa, respectively. Then, viewed as submodules of
HH, (A, A1), we have HH, (T, 4. T'1) NHH, (A, 3, A1) =0, forn > 1.

Proof. Let x be an element of HH, (T, .I'1), and write

t
T = <Z¢®vi®~~®%> +Imdp g

for some element Z 707 ®q; € Kerd, C 4.I'1 @ T®". Then j
is the element

®(n+1)( )

(Z]r ) ® jr(7i) ®---®jr(%i)> +Imd, 1

of HH,, (A, 4 A1). Now every v € I' is of the form v = a + a for some o € k and
a € ar. Then since jr(ar) is contained in Kerwa, we see that

jf?("ﬂ)(x) =a(l® - ®1)+w+Imd,1

for some « € k and w € Ker wi("ﬂ).

If nis odd, then 1®- - -®1 = dy, 41 (1®- - -®1), and hence j x) =wt+lmd, 1.
If n is even, then d,(1®---®1) =1®---® 1, and so since a(1 ® --- @ 1) + w
is an element of Kerd,, we see that & = 0. Thus in this case we also obtain

®(n+1)(



6 PETTER ANDREAS BERGH & DAG MADSEN

GE (1) = w + Imdyy 41, hence 75" T8 (2) = 0 for all n > 1. This shows
that HH,, (T, 4.I'1) " HH, (A, y, A1) =0 for n > 1. O

Corollary 3.4. Let k be a commutative ring, and let T’ TN T T and A 22
A T2 A be two split pairs of augmented k-algebras, with the property that jr(ar) C
Kerma. Then, viewed as submodules of HH, (A), we have HH,(T') N HH, (A) = 0,
forn > 1.

4. APPLICATIONS

In this section we apply the results of the previous section, and obtain results
and some interesting examples of the behavior of Hochschild homology.

We start with a result on different types of “products”. Let k be a commutative
ring, and A and T two augmented k-algebras with augmentation maps A 2% k and
I' %5 k. Recall that the pullback of the diagram

A

\LQA
gr

I'——%

is called the fibre product of A and T' (over k), and denoted by A x;I'. Thus, the
fibre product is isomorphic to the subalgebra {(A\,7) € A®T | ga(A) = gr(7)}-
Now let ¥ be any k-algebra, and B be a ¥-Y-bimodule. Recall that the k-module
3 ® B, endowed with the multiplication

(@1,b1)(z2,b2) o (x122, T1b2 + b122),

is called the trivial extension of ¥ with B, and denoted by X x B.

Theorem 4.1. Let k be a commutative ring.

(1) If A and T are augmented k-algebras, then HH, (A) @ HH, (T") is a direct
summand of HH,, (A xI') for every n > 1.

(2) If A is a k-algebra and B a bimodule, then HH,,(A) is a direct summand of
HH,, (A xB) for every n > 0.

Proof. For (1), we can write A = k @ ay and I' = k£ @ ar, where a, and ar are the
augmentation ideals. Then the fibre product A x;I" is the algebra k® ap ® ar, with
apar = 0 = arap. The result now follows from Corollary 3.4. As for (2), note that
there is an obvious split pair

A—->AxB— A

of k-algebras, and so the result follows from Remarks 3.2. O

The next result is an application of split pairs to path algebras. Note that
the algebras considered are not necessarily finitely generated over the commutative
ground ring.

Theorem 4.2. Let k be a commutative ring, let QQ be an oriented quiver with a
subquiver Q', and let I be an ideal in the path algebra kQ. Furthermore, let Jog
be the ideal in kQ/I generated by all the arrows not in Q. Suppose that every
path p € kQ' has the property that p is nonzero in kQ'/(I N kQ') if and only if
it is nonzero in (kQ/I) /Jq/. Then HH, (kQ'/(I NkQ")) is a direct summand of
HH, (kQ/I) for every n > 0.

Proof. The assumptions given imply that there is a split pair

EQ'/(INkQ") — kQ/I — kQ' /(I NkQ")

of k-algebras. The result now follows from Remarks 3.2. O
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This theorem is particularly useful when studying the Hochschild homology of
monomial algebras. Recall that these are algebras of the form kQ/I, where @ is
an oriented quiver, and the defining ideal I is generated by (some) paths of length
at least two. For such an algebra, given any subquiver @’ of ), the hypothesis
in Theorem 4.2 is satisfied. Consequently, for every n > 0, the homology group
HH, (kQ'/(I N kQ")) is a direct summand of HH,, (kQ/I). We record this in the
following corollary.

Corollary 4.3. Let k be a commutative ring, and kQ/I a monomial algebra with
underlying quiver Q and defining ideal I. Then for any subquiver Q' C Q and any
n > 0, the homology group HH,, (kQ'/(INkQ")) is a direct summand of HH,, (kQ/I).

In the remaining part of this section, we shall need some well known results on
the Hochschild homology of a truncated polynomial ring in one variable. For the
convenience of the reader, we now recall these results. Fix a commutative ring k,
and let A be a k-algebra which is projective as a k-module. Then for any bimodule
B and every n > 0, the Hochschild homology group HH,,(A, B) is isomorphic to
Torﬁc (B, A) as a k-module, where A° is the enveloping algebra A ®; A°P of A. Now
consider the commutative k-algebra A = k[z]/(z*), where a > 2. This algebra
is free as a k-module, hence the above applies. A minimal projective bimodule
resolution of A is given by

o otten . (Ti et o)

A e IO | ge 14,

where p is the multiplication map v ® v — wv. Given an A-A-bimodule B, the
Hochschild homology group HH,, (A, B) is the nth homology group of the complex
obtained by applying B ® 4« — to the deleted projective resolution. Therefore, we
see that HH,,(A, B) is the nth homology group of the two-periodic complex

RN JEIN S JCRY ; JEIR - )

in which the maps f and g are given by
f:b — bx—x-b

a—1
g:b — in~b'x“*1*i.
i=0

By taking B = A, we see immediately that HH, (A) # 0 for all n > 0. If moreover
k is a field, then

a whenn =0
dimHH,(4) =< a when n > 0 and char k divides a
a—1 when n > 0 and char k does not divide a.

Now suppose that k is a field and a € k is a nonzero element which is not a root
of unity, and denote by 1 the automorphism on A given by = — «az. Then direct
computation shows that, for n > 1, the Hochschild homology group HH,, (A4, , A1)
is given by

1 when « is a primitive mth rot of unity and m|a

dim HH,, (A, y41) = { 0 otherwise.

We summarize these facts on truncated polynomial rings in the following lemma.

Lemma 4.4. Let k be a commutative ring, and A the algebra k[x]/(x®) for some
a > 2. Then HH, (A) is nonzero for every n > 0. If moreover k is a field, then the
following hold:
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(1)
a when n =0

dimHH,(4)=4¢ a when n > 0 and char k divides a
a—1 whenn >0 and char k does not divide a.

(2) If 0 # a € k is not a root of unity, and A Y, A is the automorphism
T — ax, then

. 1 when « is a primitive mth rot of unity and m|a
dim HHy, (4, 4 A1) = { 0 otherwise.

We now use what we have just recalled above in the following result, which is
no more than a special case of Theorem 4.2. It shows that the positive Hochschild
homology groups of certain quotients of path algebras are always nonzero. To ease
the notation, given an algebra A over some commutative ground ring, we define

HHdim A % sup{n € Z | HH,(A) # 0}.
This is the Hochschild homology dimension of A.
Theorem 4.5. Let k be a commutative ring, let kQ be the path algebra of an
oriented quiver Q, and let I C kQ be an ideal. Suppose @ contains a loop y with
the property that, for every i > 1, the element y* is nonzero in kQ/I if and only
if it is nonzero in (kQ/I) /J,, where Jy is the ideal in kQ/I generated by all the

arrows except y. Moreover, suppose y is nilpotent with nilpotency index a > 1.
Then HHdim KQ/I = co. In particular, if k is a field, then

. a when char k divides a
dim HH,,(kQ/T) = { a—1 otherwise

foralln > 1.

Proof. The given assumptions imply that there is a split pair

klyl/(y*) — kQ/I — k[y]/(y*)

of k-algebras, and so the result follows from Remarks 3.2 and Lemma 4.4. O

Example. Let k& be a commutative ring and ) the quiver

Furthermore, let I C k@ be the ideal generated by the elements
yt, @a+bb, bb+cé, éc+dd, dd+ ee, ée+ aa
for some t > 2. Then HH,,(kQ/I) is nonzero for all n. In particular, if k is a field,
then
t when n =0

dimHH,, (kQ/I) > ¢ t when n > 0 and char k divides a
t—1 otherwise.

A special case occurs when the underlying quiver contains a loop which squares
to zero in the path algebra modulo relations.
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Corollary 4.6. Let k be a commutative ring, let kQ be the path algebra of an
oriented quiver @, and let I C kQ be an ideal. If @ contains a loop y ¢ I with the
property that y> = 0 in kQ/I, then HHdim KQ/I = oo.

We next apply our results to graded algebras. Let k be a field and A = $72,A;
a graded k-algebra. Then A is connected if Ag = k, and graded-commutative if
zy = (=1)l#Wlyz for all homogeneous elements x,y € A, where |z| and |y| de-
note the degrees of these elements. The following result shows that if a graded-
commutative connected algebra has nonzero elements of odd degree, then its
Hochschild dimension is infinite.

Theorem 4.7. Let k be a field and A = &2, A; a graded-commutative connected
k-algebra. If either

(1) chark # 2 and there exists an odd integer j with A; # 0, or
(2) A is finitely generated and either chark =2 or A = @2, Az,

then HHdim A = oo.

Proof. If (1) holds, then let j be the smallest odd integer with A; # 0, and let

x € A; be part of a k-basis for A;. Then 2% = 0, and there is a split pair
klz]/(2%) — A — k[z]/(a?)

of k-algebras. The rightmost map is obtained by taking the quotient of A with all
the A; for ¢ # j, and all the elements in a k-basis for A; different from . Thus it
follows from Remarks 3.2 and Lemma 4.4 that HHdim A = oo in this case. If (2)
holds, then our algebra is commutative and finitely generated, hence HHdim A = oo
by [AV-P]. O

Corollary 4.8. If k is a field and A a graded-commutative connected Noetherian
k-algebra, then HHdim A = oo.

We now turn our attention to a class of algebras which are noncommutative
analogues of truncated polynomial rings. Let k be a field, let ¢ > 1 be an integer,

and let q = (¢;;) be a ¢ x ¢ commutation matrix with entries in k. That is,
the diagonal entries g;; are all 1, and ¢;5q;;, = 1 for i # j. Furthermore, let
a. = (ay,...,a.) be an ordered sequence of ¢ integers with a; > 2. The quantum

complete intersection A% determined by these data is the algebra

def .
A = k(z1,. .., 20) /(28 2izj — qijzixi),

which is finite dimensional of dimension [] a;. The image of x; in this quotient will
also be denoted by x;. The following result gives a lower bound for the dimension
of the Hochschild homology groups of this algebra.

Proposition 4.9. For each n > 1, the inequality

dim HH,, (A%°) > Z a; — c+ #{a; | chark divides a;}

i=1
holds.
Proof. For each 1 <wu < ¢, let A, be the subalgebra of Agc generated by x,. Then
A, = E[xy]/(2%), and there is a split pair

Ay Az T4,
of k-algebras. The augmentation ideal in A, is just the radical (x,), and j,(x,)
is contained in Kerm, whenever u # v. Therefore, from Corollary 3.4, we see
that HH, (A,) NHH, (A,) = 0 for u # v, when wiewing HH,,(4,) and HH,,(4,) as

subspaces of HH,,(A%¢). Hence HH,,(A;)®- - -®HH,,(A.) is a subspace of HH,, (A%°),
and the result follows from Lemma 4.4. O
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As for the Hochschild cohomology groups of the quantum complete intersections,
these can be computed using Hochschild homology. Recall that if & is a field and A a
finite dimensional k-algebra with a bimodule B, then the nth Hochschild cohomology
group of A, with coefficients in B, is the vector space

HH" (A, B) % Ext?. (A, B).
When B = A, we write HH"(A) for HH"(A,A). From [CaE, VI.5.3] it follows
that D (HH"(A, B)) ~ HH, (A, D(B)), where D denotes the k-dual Homy(—, k).
In particular, the dimension of HH" (A, B) equals that of HH, (A, D(B)). Now,

a quantum complete intersection A%e is Frobenius, with an isomorphism A 2,
D(A%¢) of left modules given by

¢(1) . all7-~y7fcxcc ‘rl = aa1—17...,ac—l-
i17"'7i(‘.

That is, the element ¢(1) maps an element w € A3° to the coefficient of the socle
element z%~1... 2%~ in w. The Nakayama automorphism Age Z A%, with the

defining property that w - ¢(1) = ¢(1) - v(w) for all w € Age, is then given by

c
a;—1
Loy > Hq“i Ty
i=1

(cf. [Ber, Lemma 3.1]). The bimodules D(Age) and ,(Age): are isomorphic, hence
dim HH" (Ag®) = dim HH,, (Agc, V(A:C)l)
from the above arguments. Using Theorem 3.3, we then obtain the following result.

C

Proposition 4.10. For each 1 < u < ¢, denote the element [[;_, q?uifl by o, and
let Ay be the subalgebra of Age generated by .. Then

dim HH" (A%*) > ) dim HH, (Au, ¢, (Au)1),
u=1

where A, LN A, is the automorphism given by Ty — QuXy.

The Hochschild homology and cohomology groups of an arbitrary quantum com-
plete intersection have been completely described in [Opp]. As we saw in Proposi-
tion 4.9, the homology groups never vanish. However, the vanishing of the coho-
mology groups HH"(Aje) depend heavily on the commutators g;;, as the following
examples illustrate.

Examples. (i) Let A be the quantum complete intersection

k(z,y)/ (2, xy — qyz, "),
where a,b > 2. If ¢ is not a root of unity, then HH"(A) = 0 for n > 3, as was shown
in [BeE] (the special case when a = b = 2 was treated in [BGMS)).
(ii) Suppose all the commutators ¢;; are roots of unity. Then HH"(Age) is
nonzero for all n, as was shown in [BeO].
(iii) Let A be the quantum complete intersection with ¢ = 4 and commutator
matrix given by

1 g 1 1
o q12 1 1 1
S IS T B R

1 1 qa3 1
Then A = A2 ®j, Ass, where A;; is the quantum complete intersection

Aij = Kwi, )/ (257, 2w — qijajwi, 3.



HOCHSCHILD HOMOLOGY AND SPLIT PAIRS 11

The Hochschild cohomology of A decomposes as
HH"(A) = @7, HH (A12) @ HH"¥(As4),

and so from the above examples we see that HH"(A) # 0 for n > 5 if and only if
one of ¢i2,q34 is a root of unity.

(iv) Suppose a column (or, equivalently, a row), say column u, in the commuta-
tion matrix q consists entirely of 1s, that is, ¢;,, = 1 for 1 <4 < ¢. Then v(z,) = Ty,
and so from Proposition 4.10 we see that

a when char k divides a
dim HH" (A2°) > v . v
( k! )= a, — 1 otherwise
for all n > 1.
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