TATE-HOCHSCHILD HOMOLOGY AND COHOMOLOGY OF
FROBENIUS ALGEBRAS

PETTER ANDREAS BERGH & DAVID A. JORGENSEN

ABSTRACT. Let A be a two-sided Noetherian Gorenstein k-algebra, for k a
field. We introduce Tate-Hochschild homology and cohomology groups for
A, which are defined for all degrees, non-negative as well as negative, and
which agree with the usual Hochschild homology and cohomology groups for
all degrees larger than the injective dimension of A. We prove certain duality
theorems relating the Tate-Hochschild (co)homology groups in positive degree
to those in negative degree, in the case where A is a Frobenius algebra. We
explicitly compute all Tate-Hochschild (co)homology groups for certain classes
of Frobenius algebras, namely, certain quantum complete intersections.

1. INTRODUCTION

Hochschild cohomology was introduced by Hochschild in [Hol, Ho2] as a tool
for studying the structure of associative algebras. A bit later, Tate introduced
a cohomology theory based on complete resolutions, which consequently defined
cohomology in all degrees, positive and negative (cf. the end of [Tat]). In this paper
we combine these two notions of cohomology and extend Hochschild cohomology to
the ‘negative side,” arriving at what we call Tate-Hochschild cohomology. It turns
out that the ‘positive side’ of Tate-Hochschild cohomology agrees with the usual
Hochschild cohomology. We show that in some cases the ‘positive’ and ‘negative’
sides are symmetric. However, this is not the case in general, and we illustrate
this by computing explicitly both sides of Tate-Hochschild cohomology for certain
classes of algebras.

More specifically, let k be a field and A denote a two-sided Noetherian Gorenstein
k-algebra. Then A has a complete resolution T over the enveloping algebra A¢ of A,
and for a A-A-bimodule B one can define the Tate-Hochschild cohomology groups
with coefficients in B by

HH (A, B) = H"(Homy (T, B))

for all n € Z. (See Section 2 for details.)

When A is a finite dimensional algebra and B is finitely generated, then the Tate-
Hochschild cohomology groups are finite dimensional vector spaces over k. We prove
in Section 2 general duality results which relate the vector space dimensions of the
positive cohomology to those of the negative cohomology with coefficients in a dual
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module. We use these results in Section 3 to establish, for example, the following
consequence when A is moreover a Frobenius algebra:

Theorem. Let A be a Frobenius algebra, with Nakayama automorphism v. Then

dimyg F (A, A) = dimy, TH (A, y2A1)

for all n € Z, where ,2Ay denotes the bimodule A twisted on the right by the

automorphism v?.

Thus Tate-Hochschild cohomology is symmetric when v squares to the iden-
tity automorphism, and this is the case, for example, when A is a symmetric
algebra or an exterior algebra. On the other hand, for certain classes of Frobe-
nius algebras, Tate-Hochschild cohomology is not symmetric. In Section 4 we
compute the Tate-Hochschild cohomology for the quantum complete intersection
A=KX,Y)/(X? XY — qYX,Y") with a,b > 2 and ¢ not a root of unity in k,
finding that

1 ifn=0
dim T (4, A) = fﬁf;
0 ifn+£0,1,2.

Throughout the paper we simultaneously treat the homology version as well,
Tate-Hochschild homology. Tt turns out that the Tate-Hochschild homology behaves
quite different than does the cohomology. For example, in Section 3 we give the
companion to the theorem above, showing that Tate-Hochschild homology is always
symmetric when A is a Frobenius algebra. This result was first proved in [EuS].

Theorem. Let A be a Frobenius algebra. Then
dimk ﬁﬁn (A, A) = dimk ﬁﬁ_(,L+1) (A, A)
foralln € Z.

Again, this theorem is a consequence of more general duality statements which
we prove in Section 2.

2. TATE-HOCHSCHILD (CO)HOMOLOGY

Let k be a commutative ring and A a k-algebra. We denote by A°P the oppo-
site algebra of A, and by A° the enveloping algebra A ®; A°P of A. The k-dual
Homy (—, k) is denoted by D(—), and the ring dual Homu (—, A) by (—)*.

The classical Hochschild cohomology groups of an algebra were introduced by
Hochschild in [Hol, Ho2]. For every non-negative integer n, let @, denote the n-
fold tensor product A ®y -+ - @ A of A over k, with Q¢ = k. If B is a A-A-bimodule,
the corresponding Hochschild cohomology complex

0 1 2
s 00 H S g L g2 g

is defined as follows:

0 for n <0,
H"=<{ B for n =0,
Hom (@, B) for n >0,
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with differentiation given by
(°b)(\) = Ab—bA
@"HM @@ A1) = Mf(Ae®@ @ Aup1)

+ Z(_l)if@l @ @ A1 @ - @ Apy)
i=1
+ (_1)n+1f(/\1 Q& /\n))\n—i-l-
The cohomology of this complex is the Hochschild cohomology of A, with coef-
ficients in B. We denote this by HH*(A, B). The homological counterpart to
Hochschild cohomology is defined using tensor product instead of the Hom-functor.
The Hochschild homology complex

~-~—>H36—3>H28—2>H16—1>H0—>0—>0—>“'

is defined as follows:
0 for n <0,
H,=< B for n =0,
B®, Q, forn >0,
with differentiation given by

GdROA @ @A) = DAL,
n—1
+ Z(—l)ib®/\1®-~'®/\i/\i+1®-~'®/\n
i=1

- (_1)n)\nb®/\1 ®"'®)\n—1-

The homology of this complex is the Hochschild homology of A, with coefficients in
B. We denote this by HH, (A, B).

When the algebra A is projective as a module over the ground ring k, the
Hochschild cohomology and homology groups can be interpreted using Ext and
Tor over the enveloping algebra A®. Namely, for each non-negative integer n, let
P, = Qn2, that is, the (n+ 2)-fold tensor product of A over k. We endow P,, with
a left A°~-module structure (that is, a bimodule structure) by defining

AN M ® @ Ar1) =M@+ @ A1 N,

and for each n > 1, define a bimodule homomorphism P, d—"> P,_1 by
A ® @ A1 '—>Z(*l)iko®“'®)\z’)\i+1®"'®)‘n+1'
i=0

The sequence

S: PP 2P P B A0
of bimodules and homomorphisms, where p is the multiplication map, is exact (cf.
[CaE, p. 174-175]), and we denote by S, the complex obtained by deleting A. Since
P, and A° ®j Q,, are isomorphic as A®-modules, adjointness gives

Hompe (P, B) & Homg(Q,,, Homa-(A®, B)) = Homy(Q.,, B),

and the Hochschild cohomology complex is isomorphic to the complex Home(Sy, B)
(where we view B as a left A®-module). Similarly, the Hochschild homology com-
plex is isomorphic to the complex B&peSy (where we view B as a right A®-module).
Now, if A is projective as a module over k, then so is @,, hence the functor
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Homy (@, —) is exact. By adjointness, this functor is isomorphic to the functor
Hompe (P, —), and therefore P, is a projective bimodule. Thus the sequence S is
a projective bimodule resolution of A, giving isomorphisms

HH*(A,B) = Exti.(A,B)
HH,(A,B) = Torl (B,A).

The Hochschild cohomology of an algebra lives only in positive degrees, as does
the Hochschild homology. The focus of this paper is a (co)homological theory which
extends the classical one. In order to give the definition, we recall some general
notions from [AvM]. Suppose A is a two-sided Noetherian Gorenstein ring, say of
Gorenstein dimension d. That is to say, the injective dimensions of A, both as a

left and as a right module over itself, are equal to d. Then every finitely generated
left A-module M admits a complete resolution

T: - >Th -1 Ty —>T 1 —>T o9—---
i.e. an acyclic complex of finitely generated projective modules with the following
properties (see [AvM, Theorem 3.2]):
(1) the dual complex T* is acyclic,

(2) there exists a projective resolution P of M and a chain map T I, P with
the property that f,, is bijective for n > d.
Property (2) implies that T is “eventually” a projective resolution of M. Given
—n
another A-module N and an integer n € Z, the Tate cohomology group Ext, (M, N)
is the nth cohomology of the complex Homy (T, N). If N is a right module, the

Tate homology group To\rfL(N, M) is the nth homology of the complex N ®4 T.
Naturally, the Tate (co)homology is independent of the complete resolution of M,
and, in the homological case, it can be computed using a complete resolution of N
[ChJ]. Moreover, by property (2) there are isomorphisms

Exty(M,N) = Ext?(M,N)
—A
Tor,, (N, M) Tor (N, M)

I

for all n > d + 1. The original cohomological definition is due to Tate, who intro-
duced the cohomology groups for modules over the integral group ring of a finite
group in order to study class field theory (cf. [CaE, XII, §3]).

Having recalled the classical defnition of Tate cohomology and homology, we
may now define the Hochschild cohomological and homological versions.

Definition. Let k be a commutative ring and A a k-algebra such that the envelop-
ing algebra A° is two-sided Noetherian and Gorenstein. For an integer n € Z and

a bimodule B, the nth Tate-Hochschild cohomology group oo’ (A, B) and the nth
Tate-Hochschild homology group HH,, (A, B) are defined as

HH (A,B) = Bxtye(A,B)
AH,(A,B) = Tor. (B,A).

Note that if the Gorenstein dimension of the enveloping algebra is d, then for
every n > d+1 there are isomorphisms HH (A, B) & Ext}. (A, B) and HH,, (A, B) &
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Torﬁ}e (B,A). In particular, when A is projective as a k-module, then there are
isomorphisms

HH (A,B) =~ HH"(A,B)
HH,(A,B) =~ HH,(A,B)

whenever n > d + 1. A special case appears when the enveloping algebra is two-
sided Noetherian and selfinjective. By definition, the enveloping algebra is then
of Gorenstein dimension zero, and the Tate-Hochschild (co)homology groups are
therefore defined and agree with the classical Hochschild (co)homology groups in
all positive degrees. In particular, this is the case for finite dimensional Frobenius
algebras (see the next section); for such algebras, the Tate-Hochschild (co)homology
agrees with the stable Hochschild (co)homology introduced in [EuS].

We shall mainly be working with finite dimensional k-algebras (hence k will be
a field), hence the requirement (in the definition of Gorenstein algebras) that the
enveloping algebra be two-sided Noetherian is unnecessary. In other words, a finite
dimensional algebra is Gorenstein if and only if its injective dimensions as a left
and right module over itself are finite. It is known that in this case the two injective
dimensions are the same. The following result shows that if a finite dimensional
algebra is Gorenstein, then so is its enveloping algebra. We include a proof due
to the lack of a reference. Consequently, Tate-Hochschild (co)homology is defined
for finite dimensional Gorenstein algebras. Note that the result shows in particular
that the enveloping algebra of a selfinjective algebra is again selfinjective.

Lemma 2.1. If k is a field and A and T are finite dimensional Gorenstein k-
algebras of Gorenstein dimensions s and t, respectively, then their tensor product
A @ T is Gorenstein of Gorenstein dimension at most s + t. In particular, the
enveloping algebra A° is Gorenstein of Gorenstein dimension at most 2s.

Proof. Choose injective resolutions
0=A—=I = =TI —=0

and
0T =12 - =Ih—0

over A and T, respectively, both as left modules. When we delete the algebras and
tensor the resulting complexes over k, we obtain a complex

E:0E° S FE' ... 5 Estt 50

in which E™ = @?zo(li R I{f*j). In general, if Iy and I+ are injective left modules
over A and T', respectively, then the right modules D(Ix) and D(It) are projective,
and so D(I5)® D(Ir) is a projective right (A®T')-module. But this right (A®T)-
module is isomorphic to D(Iy ®y It), and consequently the left (A ® I')-module
I ®y It is injective. This shows that the complex E is an injective resolution of
A ® T as a left module over itself. Similarly, by starting with injective resolutions
of right modules, we end up with an injective resolution (of length s +t) of A®; T
as a right module over itself. This proves the first part of the lemma. The second
part follows immediately, since the opposite algebra of a Gorenstein algebra is also
Gorenstein of the same dimension. [
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Note also that when A is finite dimensional algebra and B is a A-A-bimodule
which is finitely generated as either a left or right A-module, then the Tate-
Hochschild homology ﬁﬁn(A,B) and cohomology ﬁﬁn(A,B) are just finite di-
mensional vector spaces over k for all n € Z.

The main results in this section establish Tate-Hochschild duality isomorphisms
for Gorenstein algebras. These results follow from a more general duality result for
Tate homology, which we prove after the following two lemmas. The first lemma
is well known in the case of ordinary (co)homology: over any finite dimensional
algebra I' there is an isomorphism

D (Exth(X,Y)) = Tor} (D(Y), X)
for all 4 > 0 and all modules X,Y (cf. [CaE, VI, Proposition 5.3]).

Lemma 2.2. Let A be a finite dimensional Gorenstein algebra and M and N two
left A-modules, with M finitely generated. Then there is an isomorphism

D (E;RZ(M, N)) ~ Tor, (D(N), M)
for allm € Z. In particular, if B is a bimodule, then there is an isomorphism
D (ﬁﬁ"(/\, B)) ~ HH, (A, D(B))
foralln e Z.

Proof. Let T be a complete resolution of M, and for each i € Z, denote by QY (T) the
image of the ith differential in T. Fix n € Z, and denote the Gorenstein dimension
of A by d. Let m be any integer with the property that m +mn > d. Then there are
isomorphisms

I
!
=

=
=
o
B

o

=

2

D (E\xtX(M, N))

Il
!
—~

7
al
> 3
+
3
2
=
3
=
N

I
5
9

1%

H, (D(N) @4 T)
Tor,, (D(N), M),

1%

and we have proved the first part. The second part follows from the first and the
definition of Tate-Hochschild (co)homology. O

The second lemma seems to be well known; it is a special case of [AnF, Propo-
sition 20.10]. We include a proof.

Lemma 2.3. Let A be any ring and M a left A-module. If P is a finitely generated
projective left A-module, then there is an isomorphism

Yp: Homp (P, A) ® M — Homy (P, M)

given by vp(f @ m)(p) = f(p)m. This isomorphism is natural in P.
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Proof. The map ¢p is well defined since the pairing

Homy (P,A) x M % Homy (P, M)
(fym) = (p— f(p)m)
satisfies 6(fA,m) = 6(f, Am) for all A € A. When P = A, this map is just the
composition of the isomorphisms

Homp (AA, AAL) @A M — Ap @4 M — M — Homp (5 A, M)

and hence an isomorphism itself. Extending to the case when P is a finitely gen-
erated free module, and then to the case when P is a summand of such a module,
we see that the first half of the lemma holds.

As for the naturality in P, let Py LN P, be a map between finitely generated
projective left A-modules, and consider the diagram

Homm (Po, A) @4 M "2 Homy (P, A) @5 M

lil)Pg lwpl

Hom (Py, M) — "~ Homy (P, M)
If f € Homp (Ps,A),m € M and p € Py, then

("o yp,)(f@m)l(p) = (dp,(f@m)oh)(p)
= ¥p,(f @m) (h(p))
= [(h(p))m
= (foh)(p)m
= ¢¥p,(foh®@m)(p)
[(Yp, o (h* @ 1a))(f @ m)] (p),

hence the diagram commutes. O

We are now ready to prove the general duality result for Tate homology and co-
homology. Recall first that when k is a field and A is a finite dimensional k-algebra,
then every finitely generated module M admits a minimal projective resolution

d d d
—>P2—2>P1—1)P()—O>M—>0

This projective resolution appears as a direct summand of every projective resolu-
tion of M, and it is unique up to isomorphism. For every n > 0, the nth syzygy of
M, denoted Qf (M), is the image of the map d,,.

Theorem 2.4. Let A be a finite dimensional Gorenstein algebra, M, L two finitely
generated left modules, and N a finitely generated right module. If the Gorenstein
dimension of A is at most d, then there are vector space isomorphisms

——A —A

Tor, (N, M) = Tor-(,_y1)(2(M)*, D(N))
—n ———(n—d+1

Exty(M,L) = Exty ' (LD(Q4(M)))

for allmn € Z.
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Proof. Consider the minimal projective resolution
o= PP P —-M=0

of M. Tt follows from [AvM, Lemma 2.5 and Construction 3.6] that M admits a
complete resolution

[s) 1¢] o) o_
T: oo Ty ST 5Ty ST 4 —T g—---

such that there exists a chain map

a_
15 02 T o 1o % T ~T,
lfz lfl lfo lfl lfz
Py Py Py 0 0

in which f, is bijective for n > d. Consequently the image of the map J; is
isomorphic to Q4 (M); we denote this module by X. We must show that

—A —A
TOI'n (Nv X) = Torf(nJrl)(X*v D(N))

A —A
for all n, since Tor,, (N, X) is isomorphic to Tor,, , 4(NN, M).

By adjointness, the complexes Homy (N ®4 T, k) and Homy (T, Homy (N, k)) are
isomorphic, that is, there is an isomorphism

D(N @, T) = Homu (T, D(N))
of complexes. Moreover, by Lemma 2.3, there is an isomorphism

-+ = Hom(Ty_1, D(N)) —2"—~ Homp (T, D(N)) ——> - --

l%l le,i

-+ = Homp(Tp—1,A) ®2 D(N) = Homp (T, A) @5 D(N) —> - --

between the complexes Homy (T, D(N)) and T*®p D(N). In general, note that if C
is a complex of finite dimensional vector spaces over k, then H,, (C) and H_,,(D(C))
have the same dimension, and are therefore isomorphic as vector spaces. This
explains the second isomorphism below. Now since T* is a complete resolution of
X*, we see that

—A
Tor,, (N, X)

=~ Hn+d(N XA T)

> H_(pta) (D(N @4 T))

> H_(,yq (Homa (T, D(N)))
= H_(uta) (T" @1 D(N))

1%

_— A .
Tor_(,41) (X", D(N))

and the proof of the homology part is complete.
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For the cohomology part, we use Lemma 2.2 twice, together with the homology
part we just proved:

1

D (Bxip(M, L)) = Tor, (D(L), M)

1

—— A
Tor_(,,_g41) (Qfl\(M)*, DQ(L))

1%

—A

Tor—(n—d+1)(Q/d\(M)*7L)
——(n—d

~ D(ExtA( “)(L,D(Qi(M)*))).

(n—d+1)

Hence E}?LZ(M, L) and E}RK (L, D(Q4(M)*)) are isomorphic. O

We can now prove the duality result for Tate-Hochschild (co)homology; this is
just a direct application of Theorem 2.4.

Theorem 2.5. If A is a finite dimensional Gorenstein algebra of Gorenstein di-
mension d, and B is a A-A-bimodule which is finitely generated as either a left or
right A-module, then there are isomorphisms of vector spaces

— —— A€

HHn(Av B) = Tor—(n—2d+1) (Qidc (A)*7 D(B))
—n ———(n—2d+1) 2d «
HH (A,B) = Extye (B, D (24(A)))

for all n € Z, where (—)* = Hompe(—, A®). In particular, there are isomorphisms
— __AC .
HH”(Aa A) = Tor—(n—2d+1) (Qid“ (A) l D(A))
—n ———(n—2d
A" (A A) = Y (A D (922 A)))
foralln € Z.

Proof. By Lemma 2.1, the enveloping algebra A® is Gorenstein of dimension at most
2d, hence the isomorphisms in the first part follow immediately from Theorem 2.4:

e e

HH,, (A, B) = Tor,, (B,A) 2 Tor_(,_s441)(Q3E(A)", D(B))
— "N _ —2d+1
HH"(A, B) = Bxtye (A, B) = Extye (B, D (222 (A)7)) .
The last part of the theorem follows directly from the first. O

We end this section by specializing to selfinjective algebras. Such and algebra is
by definition Gorenstein, and its Gorenstein dimension is zero. Therefore, for this
class of algebras, Theorem 2.5 takes the following form.

Theorem 2.6. If A is a finite dimensional selfinjective algebra, and B is a bimod-
ule, then there are isomorphisms of vector spaces

_— _——A°®
HHn(AvB) = Torf(n%»l) (A*aD(B))
A (A, B) = Exta (B, D(A)

for all n € Z, where (—)* = Hompe(—, A®). In particular, there are isomorphisms

— —A
HHn(A,A) = TOI‘*(TH’l) (A*, D(A))

—n ———(n+1)
AH'(A,A) =~ HAH (A, D(A"))
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foralln € Z.

3. FROBENIUS ALGEBRAS

In this section, we apply the Tate-Hochschild duality results from the last section
to a special class of selfinjective algebras. Recall that a finite dimensional algebra
A is Frobenius if A and D(A) are isomorphic as left A-modules, and symmetric if
they are isomorphic as bimodules. Suppose A is Frobenius, and fix an isomorphism
¢: A — D(A) of left modules. Let y € A be any element, and consider the linear
functional ¢(1)-y € D(A). This is the k-linear map A — k defined by A — ¢(1)(y\),
where k is the ground field. Since ¢ is surjective, there is an element z € A having
the property that ¢(x) = ¢(1) - y, giving x - ¢(1) = ¢(1) - y since ¢ is a map of left
A-modules. The map y — x defines a k-algebra automorphism on A, and its inverse
v is the Nakayama automorphism of A (with respect to ¢). Thus v is defined by
d(1)(Ax) = ¢(1)(v(x)A) for all A,z € A. The Nakayama automorphism is unique
up to an inner automorphism. Namely, if ¢': A — D(A) is another isomorphism of
left modules yielding a Nakayama automorphism ¢/, then there exists an invertible
element z € A such that v = z2/27!. Note that A is symmetric if and only if the
Nakayama automorphism is the identity.

Since D(A) is an injective left A-module, a Frobenuis algebra is always left self-
injective. However, the definition is left-right symmetric. For if ¢: oA — D(Ay)
is an isomorphism of left A-modules, we can dualize and obtain an isomorphism
D(¢): D*(Ap) — D(aA) of right modules. Composing with the natural isomor-
phism Ax =2 D?(A,), we obtain an isomorphism Ay — D(,A) of right A-modules.
This left-right symmetry implies that the opposite algebra of a Frobenius algebra is
also Frobenius, and that its Nakayama automorphism is the inverse of the original
one.

Lemma 3.1. If A is a Frobenius algebra with a Nakayama automorphism v, then
A°P is Frobenius with v=! as a Nakayama automorphism.

Proof. As seen above, the definition of a Frobenius algebra is left-right symmetric.
Moreover, an isomorphism A — D(A) of right A-modules may be viewed as an
isomorphism A°P — D(A°P) of left A°P-modules. Hence A is Frobenius if and only
if A°P is.

Now suppose A is Frobenius, and let ¢: A — D(A) be an isomorphism of left
modules with corresponding Nakayama automorphism v: A — A. The composition
of isomorphisms

A = DA 22 pa)
of right A-modules can then be viewed as an isomorphism ¢°P of left A°P-modules.
Thus ¢°P(1)(A) = ¢(A)(1) for all A € A°P. Denote the multiplication of two elements
x and y in A°P by x -y, so that x - y = yx, where yx is the ordinary product in A.
Then

PPN -z) = ¢ (1)(xA)
¢(zA)(1)

S~ (@))(1)
= ¢ (@)
= oM (2)-N)
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for all A,z € A°P, hence v~! is a Nakayama automorphism for A°P. O

The tensor product of two Frobenius algebras is also Frobenius, with the obvious
Nakayama automorphism. We record this in the following lemma.

Lemma 3.2. If A and I' are Frobenius k-algebras with Nakayama automorphisms
vp and vr, respectively, then A ® I' is Frobenius with va ® vr as a Nakayama
automorphism.

Proof. Let ¢p: A — D(A) and ¢r: I' — D(T") be isomorphisms of left modules,
with corresponding Nakayama automorphisms vy and vp, respectively. Then the
composition

A®, T 2229 D(A) @, D(T) — D(A @, T)

of left (A ®j I')-isomorphisms shows that A ®j, I" is Frobenius.
Denote this composition by ¢. Then

p(1@ 1) (Aeqllzey]) = ¢(1@1L)(Ax®7y)
= oa(Az)or(vy)
= oa(wa(z)N)or(vr(y)y)
= ¢(1@1)(valz)A @ vr(y)y)
(1@ 1)([va(z) @ vr(y)][A ®@1])

for all \®vy and z®y in A®I. This shows that vy ®uvr is a Nakayama automorphism
for A®T. O

Combining Lemma 3.1 and Lemma 3.2, we see that the enveloping algebra of a
Frobenius algebra is again Frobenius.

Corollary 3.3. If A is a Frobenius algebra with a Nakayama automorphism v,
then A° is Frobenius with v @ v~ as a Nakayama automorphism.

The Tate-Hochschild duality results below for Frobenius algebras involve twisted

modules. If A is an arbitrary ring and A o Ais an automorphism, then we can
endow a A-module M with a new A-module structure as follows: for A € A and
m € M, let A\-m = f(A\)m. We denote this twisted A-module by ;M. If B

is a bimodule over A, and A % A another automorphism, then we can twist on
both sides and obtain a bimodule fBg. A special case is the bimodule ng, which
is isomorphic to ¢-1A P when the two automorphisms f and g commute. In
particular, the bimodules sA; and ;A;-1 are isomorphic, and so are ;A f and A
itself. Note that the twisted module ;M is isomorphic to yA; ®x M.

Suppose now, as before, that A is Frobenius with an isomorphism ¢: A — D(A)
of left modules, and let v be a corresponding Nakayama automorphism. Then ¢ is
an isomorphism between the bimodules 1A,-1 and D(A), and from above we see
that D(A) is also isomorphic to ,A;. We can use this to show that the ring dual of
a A-module is just the k-dual twisted by v.

Lemma 3.4. If A is a Frobenius algebra with a Nakayama automorphism v, then
for any finitely generated left module M, the right modules M* and D(M), are
isomorphic.
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Proof. Standard Hom-tensor adjunction gives

M* = Homp(M,A)
=~ Homy (M, D*(A))
= Homp (M,Homy(D(A), k))
>~ Homy(D(A) @ M, k)
>~ Homg(,Ay ®p M, k)
>~ Homg(,M,k)
= D(,M).

Since D(M), = D(, M), the result follows. O

Using this lemma, Theorem 2.4 takes the following form for modules over a
Frobenius algebra.

Theorem 3.5. Let A be a Frobenius algebra with a Nakayama automorphism v,
M, L two finitely generated left modules, and N a finitely generated right module.
Then there are isomorphisms of vector spaces

—A

Tory (N, M) = Tor- sy (D(M),, D(N))

Exty(M,L) = Bxty " (L,,M)

for alln € Z.

Proof. The homology isomorphism is obtained directly by combining Theorem 2.4
with Lemma 3.4, and so does the cohomology isomorphism, when noting that there
are isomorphisms

of left A-modules. (|

Before applying this to Tate-Hochschild (co)homology, we include a result which
shows the following: if one of the modules in a Tate homology group is twisted by
an automorphism, then we may instead twist the other module by the inverse.

Lemma 3.6. Let A be a ring with an automorphism A ER A, and M and N a right
and a left A-module, respectively. Then there is an isomorphism Tor? WMy, N) =
TorA(M —1N) for everyn > 0. If in addition A is a finite dzmenszonal Gorenstein

algebm and M is finitely generated, then there are isomorphisms Tor n(Mg, N) =
Torn (M, y-1N) for every n € Z.

Proof. For the first part, note that the map My ®y N — M ®4 -1 N given by
m®mn +— m ®n is well defined, and therefore an isomorphism. Moreover, if P
is a projective right A-module, then so is Py, and the twisting operation is exact.
Therefore, if P is a projective resolution of M, then Py is a projective resolution of
My, giving

Tor (My,N) = H, (P; ® N) = H, (P®, ;-1 N) = Tor (M, ;-1 N).

Suppose now that A is a finite dimensional Gorenstein algebra, and M is finitely
generated. If T is a complete resolution of M, then by definition there exists a

projective resolution P of M and a chain map T 2 P with the property that



TATE-HOCHSCHILD HOMOLOGY AND COHOMOLOGY OF FROBENIUS ALGEBRAS 13

h, is bijective for n > d. Twisting by f, we see that h is also a chain map

Ty uN P;. Moreover, we know that Py is a projective resolution of My, and that
the complex Ty is acyclic and consists of finitely generated projective modules.
Now, if X is an arbitrary right A-module and Y is a bimodule, then the map
Homy (Xyf,Y) — Homa(X,Yy-1) given by g + g is an isomorphism of left A-
modules. Therefore

(Tf)* = HomA(Tf,A) = HOHIA(']T7 1Af71) =~ HomA(T,fAl) =~ f(T*),

hence (T f)* is also acyclic. Consequently T is a complete resolution of My, giving

A
TOI' (Mf,N) H,, (Tf @A N) = Hn(T(X)A f—lN)gTorn(M,f—lN).
This completes the proof. [

We may now prove the Tate-Hochschild duality result for Frobenius algebras.
The duality for the Tate-Hochschild homology HH,, (A, A) was proved by Eu and
Schedler in [EuS].

Theorem 3.7. If A is a Frobenius algebra with a Nakayama automorphism v, and
B a bimodule, then there are isomorphisms

e

— —A
HH, (A, B) = Tor_(,; (A, ,-1D(B),)

HH"(A,B) = Bxto (B,,.A,)

for allm € Z. In particular, there are isomorphisms

HH, (A, A) = HH_(41)(A,A)
' (A A) = 83H TV, LeA)

foralln € Z.

Proof. For the homology isomorphism, we use Theorem 3.5 together with Lemma
3.6:

HH,(A,B) = Tor, (BvA)
= TOI' (n—‘,—l) ( )yAe (B))
—A°
~ Tor_ —(n+1) ( Al)(u@v 1) D(B))

1

Tor_ —(n+1) A (v®1)> (B))
—— A€

(D
(
__A° (
= Tor_(,41)(A, we1)-1D(B))

—A°
= TOI'_(n+1)(A,V—1D(B)1).

For the cohomology isomorphism, we use Theorem 3.5 directly:

HH (A,B) = Exty.(A,B)
~ Fxiyn (B, A)
— Extnd (B, vy A)
= B BA )
= Exty(B,eAy)
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. N T=—(n+1) .
When B = A, then the isomorphism HH (A,A) = HH (A, ,2A,) follows di-
rectly, whereas the isomorphism HH,, (A, A) = HH_,11)(A, A) follows from the fact
that D(A) = ,A;. O

Of course, when the Nakayama automorphism squares to the identity, then the
duality for Tate-Hochschild cohomology is as nice as for the homology. We end this
section by recording this in the following corollary.

Corollary 3.8. If A is a Frobenius algebra with a Nakayama automorphism v such
that v?> = 1, then there is an isomorphism

—n ———(n+1

(A, A) =~ 8 TV A0

foralln € Z.

4. QUANTUM COMPLETE INTERSECTIONS

Quantum complete intersections are noncommutative analogues of truncated
polynomial rings, and are obtained by replacing the ordinary commutation relations
between the generators by quantum versions. The terminology dates back to work
by Avramov, Gasharov and Peeva, and, ultimately, Manin; the notion of quantum
symmetric algebras was introduced in [Man], and that of quantum regular sequences
in [AGP].

Fix a field k, let ¢ > 1 be an integer, and let q = (g;;) be a ¢ x ¢ commutation
matrix with entries in k. That is, the diagonal entries g;; are all 1, and ¢;;¢;; = 1
for all 4, j. Furthermore, let a. = (ay,...,a.) be an ordered sequence of ¢ integers
with a; > 2. The quantum complete intersection A%e determined by these data is
the algebra

ac d_Ef a;
Aq = k‘<X1, ‘e 7XC>/(XZ ,XZ'X]‘ — quXle>,
a finite dimensional algebra of dimension [];_, a;,. The image of X; in this quotient

will be denoted by x;. Note that the class of all quantum complete intersections
includes the exterior algebras

(X1, Xe)/ (X2, X X5 + X;X,),
as well as finite dimensional commutative complete intersections of the form
kX1, ..., X/ (X7, .., XS,

These two types of algebras are Frobenius, and the following result shows that this
is the case with all quantum complete intersections.

Lemma 4.1. [Ber, Lemma 3.1] A quantum complete intersection A5 is Frobenius,

, . . .9 i ,
with an isomorphism A%e — D(A%°) of left modules and corresponding Nakayama

automorphism A% Z A given by

. . i‘... il —
()| D i, awlal | = a1a
1yt

c
(H it )
i=1

v(Ty)

forl<w<e.
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Thus the Tate-Hochschild duality results from the previous section applies to
quantum complete intersections, in particular, there are isomorphisms

HIL, (A%, A%) = HH_ () (A, A%)

—n N ———(n+1) ) )
I (A%, 4%) = HH (A2, ,0(4%) )

for all n € Z. As in Corollary 3.8, the quantum complete intersections whose
Nakayama automorphisms square to the identity satisfies the same nice duality
for Tate-Hochschild cohomology as for homology. In particular, this holds for the
exterior algebras.

Theorem 4.2. If k is a field and A an exterior algebra
A=k(Xq,..., X)) (X2 X X; + X; X)),

then there are isomorphisms

HH, (A, 4) = HH_(41)(4, A)
AR (4,4) =~ A "4, 4

foralln € Z.

Proof. Only the cohomology isomorphism needs explanation. By Lemma 4.1, the
Nakayama automorphism of A is the identity when ¢ is odd, and maps a generator x;
to —x; when c is even. In either case, the automorphism squares to the identity. [

We shall calculate the dimensions of the Tate-Hochschild (co)homology groups
of all exterior algebras and certain commutative complete intersections. Moreover,
we shall also find lower bounds for the dimensions of the homology groups of a
general quantum complete intersection. In order to do this, we need an explicit
description of a complete bimodule resolution of these algebras “near zero”. Let
therefore A denote a general quantum complete intersection A%, and consider the
element

E — iy (Qy—1y—1 b i —te—1 a;—i;—1
S = H unU(au tu ) xzc...'Tll@xgc te ...xll 1
0<ii<ar \1Su<wv<c

0<ic<ac

in the enveloping algebra A®. Furthermore, let (A¢)¢ 7y A¢ be the map obtained
by multiplying an element of (A®)¢ by the ¢ x 1 matrix

(1®m1—x1®1---1®xc—xc®1)T

from the right. We claim that the sequence

(A% Ly a0 2 4°
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of left A®-homomorphisms is exact. A direct (but tedious) computation shows that,
for 1 <t < ¢, the expression

i e g . ) i P
E H quu(au iu—1) gle ... g8 @ gheTie 1~~m?1 =1y,
0<ii<ar \1<u<w<e
0<ic<ac
E —iy(@y—1y—1) i i1 Ae—te—1 ay—i1—1
o H Quo” " Tyl Ty Q@S Ty

0<i1<ar 1<u<v<c

0§ié<ac
is zero in A®. But this expression is the product (1 ® x; — 2 ® 1)s, hence the
sequence is a complex. Since the cokernel of the left map is A, it is enough to show
that the dimension of the image of the right map is at least the dimension of A,
namely aias - - - a.. This is easy: the elements
(2 2] ®1)s 0<j <an...,0<j. <a

are linearly independent in A°.
Consequently the sequence is exact, and may therefore be considered as the part

P4 py Sy p
of a complete bimodule resolution of A. We shall use it to calculate ﬁﬁo(A, »A1)

for various twisted bimodules A1, with the help of the following lemma.

Lemma 4.3. Let A = A% be a quantum complete intersection, and A Y A an

automorphism given by x; — ayx;, where aq,...,a. are nonzero scalars. Further-

more, let ef, denote the wth standard generator in the c-fold direct sum AS, and

« the element
(Itar+-+af Nl +as+-+ag2 ) (I+ac+ - +a ).

Then there is an isomorphism

1® 1®(-s
¢A1 X Ae (Ae)c *f> wAl ® pe A® #— ¢A1 ® ge A®

S

p AT : v A1 - A1

of complexes, where the maps df’ are given as follows:

C w
Y e U ¢ _ u; U Ue U +1 Uy
dy (wee---aytey) = |aw || g — || @ | (e aye™ 2t
i=w j=1
W g uy 0 if u; > 0 for one
dy (zge---ayt) = ac—1 ai—-1 - — . =0
azrle™ .- a] ifu; =+ =u.=0.

Proof. Clearly

dy (e - arel) = (e alh) (1@ 2y — 24 ® 1),
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where the product means right scalar action on A, from A°. Therefore

di (aie-airel) = Wlap)ale o aft —ale o aiiay

Ue

= QulypTec - xit —xlde -zt ay,

w

(&
_ Uj U U Uy +1 Uy
= |ow a0 | @eeapttai.
i=w j=1

As for dg’, this is just right multiplication with s. Since the total weight of x; in s is
a; — 1, it is easy to see that d (z% ---2%') = 0 if u; > 1. Thus only d¢ (1) remains:

g1y = 1-s

—iy(ay—tiy—1) Ae—1te—1 a;—i1—1\, i i1
E H Qo “ ¢(xc ¢ R )mc Ty

0<ii<ar \1<u<w<ec

0<ic<ac

ac—1 a;—1

= ax. - Ty

O

As a first application of Lemma 4.3, we calculate the Tate-Hochschild (co)homology
groups of certain finite dimensional commutative complete intersections.

Theorem 4.4. Let k be a field of characteristic p, and A a finite dimensional
commutative complete intersection of the form

A= k[Xlw"7Xc}/(Xilﬂ"'axa)’

where a > 2. Then
_ (% e ifpla
dimHH,(A4,4)=<¢ a“—1 ifpta andn=0
oy ()i )ata— 1 ifpia andn> 1
forn >0, and

dim HH,, (A, A) = dim HH (A, A) = dim HH_(,11)(A, A) = dim BH

foralln € Z.

A, A)

Proof. Since A is symmetric, it follows from Lemma 2.2 that the dimension of
HH (A, A) equals that of HIH, (A, A) for all n € Z. Together with Theorem 3.7,
this gives the three dimension equalities.

To calculate ﬁﬁo (A, A), we use Lemma 4.3 with ¢ = 1. The map di is clearly
the zero map, hence dim ﬁﬁo(A, A) = dimKer d}. Since

0 if u; > 0 for one 7
1 Ue ,,, pU1 = *
dolwe” 1) {x g == e =0,
we obtain
dim fig(A4, 4) = { @~ 1 ifpta
0 a® if p| a.
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To calculate ﬁﬁn(A, A) for n > 1, we use the fact that dimﬁﬁn(A,A)

dimﬁﬁn(A,A), and that, for such n, there is an isomorphism ﬁﬁn(A,A)
HH"(A, A). Moreover, by [Mac, Theorem X.7.4], there is an isomorphism

R

HH"(4,4) = @ (HH™ (K[X])/(X*)) @ - @ HH™ (K[X]/(X)),

ni+--Fne=n

hence

0 dimHH"(4,4) = ) (H dim HH™ (k[X] /(X“))) .

nit-4ne=n \i=1
By [Hol, Proposition 2.2], the dimensions of the Hochschild cohomology groups of
the truncated polynomial algebra k[X]/(X®) are given by

a whenn =0
dim HH" (k[X]/(X*) =< a whenn >0and p|a
a—1 whenn>0andpta.

Therefore, when p | a, then

dimHH"(A,A) = >ooaf

ni+--Fne=n

_ (c-i—n—l)aC.
n

When p { a, then we have to keep track of how many times HH’ (k[X]/(X®))
appears in each summand in the formula (1), since now dim HH® (k[X]/(X%)) = a
whereas dimHH™ (k[X]/(X*)) = a — 1 for m > 1. If exactly ¢ out the numbers
ni,...,Ne are zero, then the remaining ¢ — ¢ are nonzero. The number of integer
solutions to

T1+ o+ Teeg=n, x;2>1

is the same as the number of solutions to

Y1+ + Yt =n-—c+t, y; >0,

n—1
n—c+t/)’

Therefore, in the formula (1), the total contribution from all the summands in which
precisely t out the numbers nq,...,n. are zero, is

(L e

Summing up, we see that when p 4 a, then

dim HH" (A, A) = Z (j) (n’:it) at(a — 1),

t=0

namely
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Remark. Theorem 4.4 is probably well known to some, at least in terms of the
ordinary Hochschild (co)homology. However, we were unable to find a reference.
Note that the same method of proof also applies to general finite dimensional com-
mutative complete intersections of the form

kX1, ..., X/ (X7, .., XS,
However, the resulting formulas become much more complicated.

Next, we calculate the Tate-Hochschild (co)homology groups of all exterior al-
gebras.

Theorem 4.5. Let k be a field of characteristic p, and A an exterior algebra
A=k(X1,..., X)) (X2 XiX; + X, X;).

Then .
__ (0 =2
dimHH,, (A, A) = { 2¢—2°¢71 ifp#2andn=0
2071t ifp#£2 andn>1
forn >0, and
dim T, (A, A) = dim HH" (A, A) = dim TH_ ;1) (A, A) = dim T (4, 4)

foralln € Z.

Proof. For positive n, the dimensions of ﬁl\{n(A, A) and ﬁﬁn(A,A) are given by
[XuH, Theorem 2 and Theorem 3|, and those results also show equality. In view of

— —0
Theorem 4.2, we therefore only have to calculate HHy(A, A) and HH (A4, A).

First we calculate the dimension of HHy(A4, A). In the terminology of Lemma
4.3, we must calculate the homology of the complex

c 4 b
AC—= A= A

with maps given by

Bt o aien) = (L)t (e (g )
0 if u; > 0 for one %
1 u P ul p— v
do(afcc :Cl) {QCIC"'xl ifu; =+ =wu.=0.

Suppose that p # 2. Then z¥ - --x}* € Imdj if and only if uj +- - - +u,. is a positive
even number, and so

dimImd} = (;) + (Z) bomoel

Moreover, the dimension of Ker dj is 2¢ — 1. If p = 2, then d} and d} are both zero,
and consequently

2¢ if p=2

dim HHy (A, A) = { 2¢ — 201 ifp £ 9

—0
Next, we calculate the dimension of HH (A4, A). If ¢ is odd or p = 2, then A is
—0 —
symmetric, and so dim HH (A, A) = dim HHy(A, A) in this case. Suppose therefore
—0
that ¢ is even and p # 2. By Lemma 2.2, the dimension of dim HH (A, A) equals
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that of dim ﬁﬁO(A,VAl), and the Nakayama automorphism v maps z; to —x;.
Using Lemma 4.3, we must therefore calculate the homology of the complex

dy dg
I/Afi — uAl — VAla
with

d (e gtel) = — ((71)uw+1+---+uc + (71)u1+--~+uw71) (zle ... :EZ;“+1 coexih)

and d§ = 0. We see that 2% ---z{* € Imdj if and only if us + - - - + u, is a positive

odd number, and so
c c
dimImd} = =20l

—0 —
Consequently, the dimension of HH (A, A) equals that of HHy(A, A) also in this
case, namely 2¢ — 2671, O

The next result establishes lower bounds for the dimensions of the Tate-Hochschild
homology groups of an arbitrary quantum complete intersection.

Theorem 4.6. Let k be a field of characteristic p, and
AZC = k<X1, RN Xc>/(XZa77XZXj — qZ]XjXZ)

a quantum complete intersection with a; > 2 for all i. Furthermore, suppose p
divides d of the exponents a1, ...,a.. Then

- Sijai—c ifn=0,—1 and pta; for alli
dimHH, (A5, A%°) > Yoiyai—c+1 ifn=0,-1 andp|a; for some i
Yijai—c+d ifn#0,-1,

in particular ﬁﬁn(AgC, Age) # 0 for alln € Z.

Proof. Denote the algebra by A. It follows from [BeM, Proposition 4.9] that the
dimension of HH,, (A, A) is at least >.;_, a; — ¢+ d when n > 1. Therefore, by
Theorem 3.7, we only need to establish the bound for the dimension of HHg(A, A).

As before, we use Lemma 4.3: the space ﬁﬁo(A,A) is the homology of the
complex
d} dg
A A% A,

with maps given by

dhate o aires,)

c w

Ui Ui u Uy +1 u1
qui_quw (xcc'“xww ‘rl)
i=w =1

0 if u; > 0 for one ¢
dY(gle ... pM) = IR
o(xe ") { (I, ai) ate=t- a Liifuy =~ =wu.=0.
Forany 1 <w < cand 1 <u < a, — 1, the element z, in A is not contained in
the image of di, because dj (x%teS) = 0. Also, the identity in A is not contained
in this image, hence

dimImd} < dim A — Z(ai -1)-1.

=1
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As for the dimension of Ker d}, this is dim A when p divides one of the exponents

at,...,a., and dim A — 1 if not. The lower bound for the dimension of ﬁﬁo(A, A)
follows immediately from this. [

Of course, for some quantum complete intersections, the difference between the
actual dimensions of the Tate-Hochschild homology groups and the lower bound
given in Theorem 4.6 can be arbitrarily large. For example, suppose that A is
either a finite dimensional commutative complete intersection of the form

E[X1,..., X/ (XY, ..., x8),
or an exterior algebra
(X1, Xe)/ (X2, XX, + X, X,).
Then Theorem 4.4 and Theorem 4.5 show that
lim dim ﬁﬁn(A, A) = oo,

n—+oo

in fact, when n > 1, then dim ﬁﬁn (A, A) is given by a polynomial of degree ¢ — 1.

However, as the following result shows, there are quantum complete intersections
where the lower bound given in Theorem 4.6 is the actual dimension of the Tate-
Hochschild homology groups.

Theorem 4.7. Let k be a field of characteristic p, and
A=k(X,Y)/(X* XY —qV X, Y?)
a quantum complete intersection with a,b > 2 and q not a root of unity in k. Then

a+b—2 ifn=0,-1andpta,b
- a+b—1 ifn=0,—1landplaorpl|d
dimHH,(4,A) =< a+b—2 ifn#0,—-1andpta,b
a+b—1 ifn#£0,—1 and eitherp|a orp|b
a+b ifn#0,—1 and p | a,b.

Proof. The dimensions of ﬁﬁn(A,A) for n > 1 follow from [BeE, Theorem 3.1],
and so by Theorem 3.7, we only need to calculate the dimension of HHy(A, A). By
Lemma 4.3, this homology group is the homology of the complex

9 di dg
A — A — A,

with maps given by

di(y“a"el) = (¢"—1)y"a"*!
di(y“a"e3) = (1—q")y
0 ifu>0orv>0
1/, u, v _
doly"a") = { aby?~lze=1 ifu=v=0.

It is easy to see that an element y“z¥ € A belongs to Imd} if and only if both u and
v are positive: for then di(y*~1zve3) = (1 —¢”)y“z?, and 1 — ¢” is nonzero since ¢
is not a root of unity. This shows that dimImd} = (a —1)(b—1) =ab—a—b+ 1.
The dimension of Ker d} is ab— 1 if p does not divide any of a, b, and ab if not. The

dimension of ﬁﬁO(A, A) follows from this. O
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When it comes to cohomology, the situation is totally different than for homol-
ogy. On the one hand, if A is either a finite dimensional commutative complete
intersection, or an exterior algebra, then from Theorem 4.4 and Theorem 4.5 we see
that ﬁﬁn(A, A) is nonzero for all n € Z. In fact, just as for homology, when n > 1,
then dim HH (A, A) is given by a polynomial of degree ¢—1 (where ¢ is the number
of defining generators for A). On the other hand, if A is as in Theorem 4.7, then it
follows from [BeE, Theorem 3.2] that ﬁﬁn(A, A) = 0 when n > 3. Consequently,
there is no cohomological counterpart to Theorem 4.6: there is no universal lower
bound for the dimensions of the Tate-Hochschild cohomology groups of quantum
complete intersections.

Our final main result in this paper is the cohomological version of Theorem 4.7;
we shall determine the dimensions of all the Tate-Hochschild cohomology groups of
the quantum complete intersection

A=k(X,Y)/(X* XY —qV X, Y?)

when ¢ is not a root of unity in k. To do this, we first calculate the dimension of
the (ordinary) Hochschild homology group HH,, (A, ,-14;) for n > 1. By Lemma
4.1, the automorphism v~! is given by z — ¢* 'z, y — ¢*~%.

For parameters t,4,u,v, all non-negative integers, define the following eight

scalars:

b—1

Ky (t,i,u,v) = gorb—ab-1 qu(a+%+v—1) i even i < 2
§=0
a—1 )
Ks(t,i,u,v) = qu(bt+b_%+u_1) ieven ,i < 2t
7=0
Ks(t,i,u,v)=qw—ql‘“ iodd ,i<2t—1
K4(t,i7u,v)=qw—l iodd ,i<2t—1
Ks(t,i,u,v) :qlfa*q# ieven ,i < 2t
a—1 )
Ke(t,i,u,v) = qu(bter_%Jru) ieven ,i <2t
§=0
b—1 '
K (t i, u,v) = g+o—av—1 qu(ﬁ%ﬂ) iodd i<2t+1
§=0

2bt—bi43b4+2u—2
2

Kg(t,i,u,v) =gq -1 todd ,i <2t+1.

Note that since ¢ is not a root of unity and a,b > 2, all these scalars are nonzero
in k. Next, for each integer n > 0, denote by @_,Ae" the vector space consisting
of n+ 1 copies of A. Finally, for each n > 1, define a map

On -1 -1
DigAe] = @5 Aejf
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by
ot ylavelt

Ky (i, u, )yt ave? ™ 4+ Ko (t, i, u,v)y e’ 1e? 1 for i even

Ks(t,i,u,v)y* T ave? ™ + Ky(t,i,u,v)y avTle? for 7 odd

Sota1: y l.ve2t+1 .

Ks(t,i,u,v)y" tave?t + Ke(t,i,u,v)yta’T@ et | for i even

Kr(t,i,u,0)y* 0= avet + Kg(t,i,u,v)yta®Tte?t |, for i odd,

where we use the convention e = ey, ; = 0. With this notation, it follows from
[BeE, page 510-511] that HH,, (A4, ,-1 A7) is the homology of the complex

C @M Al Snt1 s B Ael LN O Al
of k-vector spaces.
Proposition 4.8. Let k be a field and
A=k(X,Y)/(X* XY —qVX,Y")
a quantum complete intersection with a,b > 2 and q not a root of unity in k. Then
HH, (A, ,-141) =0 forn > 1.
Proof. We first compute the kernel of do; for ¢ > 1. If 7 is even, then

u>1,v>14€{0,2,...,2t}, or
Sor(yave?) =0 u>1,0=0,i=0, or
u=0,v>11=2t.

There are (b —1)(a —1)(t+ 1) + (b — 1) + (a — 1) such vectors. If ¢ is odd, then
Sor(yave?) =0 u=b—1l,v=a—1,i € {1,3,... 2t — 1},

and there are t such vectors. Finally, the nontrivial linear combinations in Ker do;
are

zvedt + Oy (t,i,u,v)y" tav et v>1,1€{0,2,...,2t — 2}

yU et + Co(t,i,u,v)y" e et u>1,i€{2,4,...,2t},
where Cy(t,i,u,v) and Ca(t,4,u,v) are suitable nonzero scalars in k. There are
(a+b—2)t such linear combinations in total. Summing up, we see that the dimension

of Ker do; is abt +ab — 1.
Next, we compute the kernel of do;y1 for ¢ > 0. If i is even, then

w v 21y u=b—1,0v>1,1€{0,2,...,2t}, or
Oz (y"ate; )_O@{ uw=b-1,0=0,i=0,

There are (a — 1)(t 4+ 1) + 1 such vectors. If ¢ is odd, then

w v 241 u>lv=a-1,i€{1,3,...,2t+ 1}, or
Oaura (y"ate ™) = O‘l’{ w=00=a—1,i=2t+1,
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and there are (b — 1)(t + 1) 4+ 1 such vectors. Finally, the nontrivial linear combi-
nations in Ker o1 are

ylavelt T 4 Cg(t,i,u,v)yuﬂx“*leﬁtl u<b—2,v>11€{0,2,...,2t}
ng*le?’Hr1 + Cy(t,i,u, U)m“ilefﬁl 1€ {2,4,...,2t},
for suitable nonzero scalars C3(t, i, u,v) and Cy(t,4,u,v) in k. There are (b—1)(a—
1)(t+1)+t such linear combinations. Consequently, the total dimension of Ker do; 41
is abt + ab + 1.
We have shown that when n > 1, then

ab"TJr2 —1 for n even

dim Ker 0y, = { ab’%r1 +1 for n odd.

The exact sequence
0 — Kerd, — @™ Ae™ 2% Tm6, — 0
gives dimImé,, = (n + 1)ab — dim Ker d,,, and so

ab"%‘2 —1 for n even
ab"%‘1 +1 for n odd.

This shows that HH,, (A, ,-14;) =0 for n > 1. O

dimImd, 1 = {

Using Proposition 4.8, we can now compute all the Tate-Hochschild cohomology
groups of A. Note that the characteristic of the ground field does not matter,
contrary to the homology case in Theorem 4.7.

Theorem 4.9. Let k be a field and
A=k(X,Y)/(X* XY —qVX,Y")

a quantum complete intersection with a,b > 2 and q not a root of unity in k. Then

1 ifn=0
dim T (4, A) = f%i;
0 ifn#0,1,2.

Proof. For n > 1, the dimensions follow from [BeE, Theorem 3.2]. Moreover, by
Theorem 3.7 and Lemma 2.2 there are equalities

dim T (4, 4) = dimAH T(4,,04))

= dimHH_(,,1)(A, D(,241))
= dimﬁﬁ,(n+1)(A,V71A1)

for all n € Z. It follows from Proposition 4.8 that ﬁﬁn(A, ,—141) =0forn > 1,
hence ﬁﬁn(A, A) = 0 for n < —2. What remains is therefore to compute ﬁﬁO(A A)
and HH (4, A).

Since dimﬁﬁo(é\/l) = dimﬁﬁo(A,l,Al) by Lemma 2.2, we use Lemma 4.3.
Namely, the space HHy(A, , A1) is the homology of the complex

dy dy
2 M1 0
vAl — I/Al — VAla
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with maps given by

du(yuxve?) _ (qu+17b o 1)yuxv+1
di (y*z'e3) = (¢" " —q")y 2"
& (') 0 fu>lorv>1
= a—ba
o\ E qq 11‘31(11 11yb Lpa=1l jfyu=0v=0.
We see that

y'z’ € Imd} < (u,v) ¢ {(0,0),(b—1,a— 1)},
hence dimImd} = ab — 2. Since dim Ker dg = ab — 1, it follows that the dimension
of HH (A, A) is 1.
Finally, we compute ﬁﬁ_l(A,A). From the beginning of the proof we know

——1 —
that dimHH (A, A) = dim HHg(A, ,-1 A1), so once again we use Lemma 4.3. The
space HHy(A, ,-1A41) is the homology of the complex

L1 -1

V- 1A2 N T Sy
with maps given by
e (yuxUGQ) = (q“PTT - 1)yt
di " (y"ated) = (¢ gy et
O N B S
ﬁﬁy ifu=v=0.

Here we see that »
y“z" € Imd{ < (u,v) # (0,0),
hence dimImdy ' = ab — 1. Since dimKerd = ab — 1, it follows that
——1
HH (A, A) =0. O
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