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LOG-LOCATION SCALE MODELS

A lifetime T has a log-location-scale family of distributions if
In T has a location- scale family i.e. In T = u+ oU, where
@ if InT ~ N(u,0) then T is lognormal(p, o), i.e. InT =+ oU and
where U ~ N(0,1)
e if In T ~ logistic(u, o) then T is log-logistic(y, o), i.e. InT = pu+oU
and where U ~ logistic(0, 1)
e if T is Weibull(6, ), i.e. InT =In6+ LU and where
U ~ Gumbel(0,1), then In T ~ Gumbel(In6,1/«)
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SOME COMMON DISTRIBUTIONS

Typically location- scale family correspond to a ®(x), centered around 0.
such that

Y-
PinT<y)=09¢
(InT <y)=o(=—)
Nomal: 6() = [~ o(u)du where o(u) = ——e I
ormal : ®(x) = u)du where u) = —e
. V2T
eX ex 2
Logistic : ®(x) = 15 o where  ¢(x) = T o

Gumbel : ®(x) =1— e where ¢(x) ="

Bo Lindqvist Slides 10 TMAA4275 LIFETIME ANALYSIS 3/19



DISTRIBUTION OF T

InT=p+0cU

Fr(t)=P(T <t)
=P(nT <Int)
=P(p+oU<Int)

SO

and
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LIKELIHOOD FUNCTION

Thus for all log- location-scale models:
| P — 1 In P —
Lpo) = TT o) T (1= o))
i:6;=1 i

and log-likelihood is

o) = 3 (ns("E) o~ nyi) + 3 im0
i:0;=1 i:6;=0
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VARIANCES AND STANDARD ERRORS OF ESTIMATORS

Same theory as for Weibull (6, «) holds, for Var(fi) , Var(5) as regards
standard deviation, standard confidence interval etc.

&I(p,0) & I(p,0)
~oay | o2 ~ Oupdo
’(W’)—[ P Plo)

~Oudo T 902

and
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EXAMPLE: SHOCK ABSORBER DATA

Lognormal, /i = 10.1448, and & = 0.530068
E(T) = MTTF = eftt3%" — ¢10.144845:0530068 _ 59997 5
SD(T) = /e2i+52(e0” — 1) = 16687.1

Median(T) = e = 25457.6, %905 = e#~0678 = 17805.2 ,
fo.75 = e/ T0676 — 36309.0 and 1, = eAt9® 7 (P) in general.
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PERCENTILES t, FOR LOG-LOCATION SCALE FAMILIES

Definition:
P(T<t)=p

Int, —
p=P(T<t)=P(nT <Int,)=o(—2—F)
g

_ Int, —
o7} (p) = =L

Int, = p+od '(p) analogous with InT = p+oU

_ utod (p

where ®~1(p) differs from model to model.
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SPECIAL CASES

o T is Lognormal:
®~1(p) is in our tables of standard normal distribution. In particular
. —1
median : tg5 = e/t7® T (05) — et 35 ®=1(0.5) = 0
— ehto®71(0.25) _ u—0.6750

to.25
to 75 = elto®T1(0.25) _ ou+0.6750
o T is Weibull:

®~Y(p) = In(~In(1 — p))
t, = eu—&—oln(—ln(l—p)) — eln@—i—éln(—ln(l—p))
_ noin(— In(1-p)H/e]

= 0 (~In(L-p))"/°
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SPECIAL CASES (CONT.)

o T is loglogistic:

Median = ty5 = ettoinl — gn
to.os = eltoInGT — on—1.09860
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PROBABILITY PLOTS FOR LOG-LOCATION-SCALE FAMILIES

o F(t) = o (i)

o

o So, & Y(F(t)) ="ttt = Lint £

(e

Q

@ Thus the points
(Int,®71(F(t))) are on the line y = 1x — £

[

A

@ Thus estimating F(t) by 1 — R(t), we get the plot of the points
(In t(, ®71(1 = R(t(1))) or (In (), 71(1 — R(t(1)))

where t(;) are the observed failure times.

Bo Lindqvist Slides 10 TMAA4275 LIFETIME ANALYSIS 11/19



RECALL INVERSES

e Lognormal: ®~1(p) is in our tables.

o Loglogistic: o~1(p) =

o Weibull: o~1(p) = n(— n( —p))h
so the Weibull-plot obtained this way will be based on
(Int,In(—In(1 — F(t)))) = (Int,In(—In R(t)))), which is the one we
have derived earlier.
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DISTRIBUTIONS WITH THRESHOLD PARAMETER

All distibuion so far have been with positive densities from 0 and up.
Threshold parameters v > 0 can be added, so that “old” density
f(t);t > 0, becomes “new” density

f(t—n); t>~

No failures can happen within the first v time units, “guarantee time”.

flty == flt-v)
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THREE-PARAMETER WEIBULL

Weib(0,a)

f(t;97a77) = 7(t_f7)a_
= 0 otherwise
t—y

R(t;0,a,v) = e (T t> y
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THREE-PARAMETER WEIBULL - LOG LIKELIHOOD

n

I(0,,7) =rina—arinf + (o —1) Z |n(yi_,y)_z()/i—’¥)a

0
i:§;=1 i=1

where r = Y7, §; is the number of failures, and where v < min y;.

Problem : likelihood tends to oo if v = ta) (the smallest of the failure
times) and a < 1. Then there is no maximum likelihood estimate of the
parameters.

So one usually assumes « > 1, in which case there may be solutions
obtained by differentiation as usual, but where one also needs to check the
value of /(0, a,y) on the boundary of the parameter space, i.e. & =1, in
which case v = min y; is the maximizer for ~.

But - a profile log-likelihood may be the most “safe” procedure (see next
slide).
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THREE-PARAMETER WEIBULL - PROFILE LOG LIKELIHOOD

Weib(6,0)

0 i t

Profile log-likelihood of ~:

I(y) = maxgal(0,0,7), - is fixed

= 1(0(7), &(7),)
This is done for each ~ by subtracting v from all data and fitting an
ordinary Weibull(6, «).
Then the ML estimator 4 is the one that maximizes /(7). The other ML
estimates are 0(9), &(%).

Example: Pike (1966) data.
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EXACT CONFIDENCE INTERVAL FOR EXPONENTIAL
DISTRIBUTION AND TYPE Il CENSORING

: n 4 n-1 P ' n-r+1 : >
0 Toy T Ten To
n comp. n-1 comp. n-r+1 comp.
Total time Taotal time Total time

n Tfl) (n-1)T, - T

@ (1)) (et 1(Tyy - Teyy)

n units put on test at time t = 0. Stop after a given number r of failures.

é\: 27:1 \/I — E:‘ZI T(l) + (n — r) Tr _ " TTT”
r r p

Uy ~expon(1/0) Us~expon(1/0) U,~expon(1/0)
~ = 7
_ I'IT(l) —|—(n— 1)(T(2) — T(l))—i-‘-'—l—(n— r+1)(T(r) — T(,,l))
r

Ui+ U+ + U,

r
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EXACT CONFIDENCE INTERVAL (CONT.)

From introductory courses it is known that for U; ~ expon(1/6) then

2U;
X
Thus,
2ra 230 U;
29 = i=1 I 2
9 9 X2I’

Hence, in table of X%r' we find a, b so that

2r A
P(a< gre < b)=0.95

2rf 2rf
— << —)=0.
b<<a) 0.95

An exact 95% confidence interval for 6 for type Il censoring and
exponential distribution is hence

b’ a
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EXAMPLE - GENERAL RIGHT CENSORING

Note: The interval is an exact 95% confidence interval in the case of type

[l censoring for given r.

It turns out that the interval is an approximate 95% confidence interval
also for general right censoring.

In our example with r =5,%"Y; =23

( 2-23 2-23 )
20.483 ' 3.247
- S~

0.025 in x2, 0.975 in x3,

(2.2458,14.1669)
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