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MEAN TIME TO FAILURE (MTTF); EXPECTED LIFETIME

For a lifetime T we define
MTTF = E(T) :/ tf(t)dt :/ R(t)dt
0 0

(The last equality is proven by partial integration, noting that
R'(t) = —f(t). Do it!)

Var(T) = /Ooo(t — E(T)RF()dt

- /OO 2f(t)dt — (E(T))?
0
= E(T?) — (E(T))

SD(T) = (Var(t))*/?
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EXAMPLE: EXPONENTIAL DISTRIBUTION

Let T be exponentially distributed with density f(t) = Ae™*t. Then you
may check the following computations:

oo oo 1
E(T) = the Mdt = e Mdt =
A
0 0

Var(T) = E(TZ)—(E(T))2:%_%:%
SD(T) = %

Thus: For a component with exponentially distributed lifetime,
MTTF = 1/failure rate

NOTE: We will mainly use the parameterization f(t) = %e‘t/e, so that

R(t)=e"t% E(T)=6, SD=46
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WEIBULL DISTRIBUTION

The lifetime T is Weibull-distributed with shape parameter o > 0 and
scale parameter 6 > 0, written T ~ Weib(c, 3), if

R(t) = e ()"
From this we can derive:
t o
20 = (5)
o t a—1
(0 = 5(5)

a—1 o
f(1) = 2(0e?0=2(2)

«a = 1 corresponds to the exponential distribution;
a < 1 gives a decreasing failure rate (DFR);
a > 1 gives an increasing failure rate (IFR).
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WEIBULL DISTRIBUTION (CONT.)

E(T):/ R(t)dt:/ e—(é)“dt:.--ze-r<1+1>
0 0 (0%

where ['(-) is the gamma-function defined by I'(a) = [;* u® ‘e “du.

Var(T) = 92<r<i+1>_r2<;+1>)
SD(T) = 9<r(2+1>_r2<i+1)>1/z
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WEIBULL DISTRIBUTION (CONT.)
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NORMAL DISTRIBUTION

Standard normal distribution, Z ~ N(0,1):

f(2) = o(z) = \/%e—f
Fo() = o()= [ o(w)dw

Now Let Y ~ N(u, o). Then it is well known that

Fy(y) = P(ng):q,(Y;u)

My(t) = E(et)=e"t29" (moment generating function)

Further, if we let Z = Y-# ~ N(0,1), then Y = pu+0Z.

Thus: The model Y ~ N(u, o) is a location—scale family, defined by the
standardized random variable Z, with location parameter p and scale

parameter o.
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EXERCISE

© Consider Y = p+ 0Z where Z ~ N(0,1). What is the distribution of
Y? Why are the names location parameter and scale parameter
appropriate for, respectively, i and o?

@ The normal distribution is sometimes used as a lifetime distribution
(in fact it is a possible choice in MINITAB). What is a possible
problem with this distribution?
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LOGNORMAL DISTRIBUTION

The lifetime T has a lognormal distribution with parameters u and o if
Y =InT is normally distributed, Y ~ N(u, o).

We can hence write
Y=InT=pu+0Z (%)
where Z ~ N(0,1).

Here p is called the location parameter and o is called the scale parameter
of the lognormal distribution.

Because of (*) we say that the lognormal distribution is a
log-location-scale family of distributions, meaning that the log of T
defines a location-scale family.
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LOGNORMAL DISTRIBUTION (CONT.)
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EXERCISE

)

12 12

m =median(T) t

m = median(T) is defined by F(m) = R(m) =1/2.

Compute the median m when T is
© Exponentially distributed with parameter 6, i.e. T ~ Expon(0)
Q@ T ~ Weib(a, )
© T ~ lognormal(u, o)
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FUNCTIONS FOR THE LOGNORMAL DISTRIBUTION

Recall:
T ~ lognormal(y,0) <= InT ~ N(u, o)
Thus
R(t) = P(T>t)=P(nT >Int)
1 ¢ <Int - ,u>
o
and

o to

_ (nt—p)?

e 202 fort>0

) = RO =0 1) L
1
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HAZARD FUNCTION OF THE LOGNORMAL DISTRIBUTION
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MORE RESULTS FOR THE LOGNORMAL DISTRIBUTION

Let Y =InT. Then Y ~ N(u,o). Recall:
My (t) = E(e'Y) = etttzo°t

Thus:
E(T) = E(e¥)=My(l) = et+2°°

E(T2) _ E(ezy) — My(2) = Q21+202

Var(T) = e2ht20% _ Q2uto? _ Q2u +02(ea2

_1)

On the other hand,
median(T) = e

since P(T<et)=P(InT <p)=P(Y <p)=1/2.
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ESTIMATION RESULTS FOR BALL BEARING DATA

o | b | A

Model | MTTF | STD(T) | med(T) &
Exp | 72.221 | 72.221 | 50.060 72.221
Weib | 72.515 | 36.250 | 68.773 | 2.102 | 81.875
Logn | 72.710 | 40.664 | 63.458 4150 | 0.522
Norm | 72.221 | 36.667 | 72.221 72.221 | 36.667

Method: Maximum likelihood.
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