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A USEFUL RESULT

Consider lifetime T with given cumulative hazard function Z(t). After we
observe T, we may compute Z(T), which is hence a random variable since
T is a random variable. The following result says that this random
variable is exponentially distributed with parameter 1, whatever be the
distribution of T. The important point is of course that it is T's own Z(t)
that is used to transform T.

Proof: Recall that Z(t) = —In R(t) and R(t) = P(T > t). Thus we have:

P(Z(T)>z) = P(—InR(T)>2z)=P(InR(T) < —2)
P(R(T) < &%) = P(T > R™}(e™?))
R(R'(e?) =e"?

so Z(T) ~ expon(1). Here we used that R(t) is decreasing and hence has
a decreasing inverse function R~
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EXAMPLES

@ Suppose T ~ expon(A). Then z(t) = A and Z(t) = At. Thus the
result says that Z(T) = AT ~ expon(1). But this also follows from
the previous Property 2 for the exponential distribution.

o Suppose then T ~ Weibull(a,6), so that Z(t) = (§)”.

Then .
- (3

P> = A7) =a-p(5>2")
= P(T > 0z/%) = R(6z"/)

= ei(ezz/a)a = eiz

SO

i.e. W ~ expon(1).
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INTERPRETATION OF Z(T) ~ expon(1)

Write the result as -
/ z(u)du=V
0

where V ~ expon(1).

If we think of V' as “given” to us at birth, drawn from an
expon(1)-distribution, then our lifetime T is determined by the behavior of
the hazard function z(t). Thus the lifetime will be longer if we are able to
reduce our hazard throughout life.

The result can also be used to simulate lifetimes Ty,..., T, for a sample

of units: Draw independent expon(1)-variables V4,..., V, and compute
the corresponding T; as
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NELSON-AALEN PLOT: NONCENSORED DATA

Suppose data are n independent observations T1,..., T, of the lifetime T
with cumulative hazard function Z(t), with no censored observations.

Then Z(T1),...,Z(T,) are i.i.d. expon(1), and from figure:

Atrisk: At risk: Atrisk: Atrisk:
I z i vl — e —t —1 3
0 Z(Tyy) Z(Tyy) Z(Te,y) 2Ty Z(Te ) Z(T)
—\_5\5‘13(‘ —\Q;]//f Y expon
n n-1 i , n-i+1 1
Expected: Expected: Expected: Expected:

1/n 1(-1) U(it1) 1

1 1
E(Z(T(i))zg—i_n—l—i_.”n—i%-l

Nelson: For noncensored data, estimate the function Z(t) by letting

fori=1,2,...,n

- 1 1 1
Z(Tin)=-+—— 4+ —— fori=12.....n
(T() n n-1 n—i+1 ey
(and let Z(t) be constant between observations).
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NELSON-AALEN PLOT: CENSORED DATA

Let T(1) < T(2) < --- be the observed failure times.

Assume that the censored observations are always deleted from the data in
the immediate beginning of each interval (T(;_1), T(;)), and let n; be the
number at risk after deletion of the censored ones.

Censoring Atrisk: Censoring  Atrisk Censoring At risk:
o ) nj
I } e } I, —
0 Z(Tgy) Z(Ty) Ty  ZTy)
expon( n ]) expon( nz) expon( 1 ;)
Expected Expected Expected
1/ny 1/ny 1/nj
Nelson-Aalen: Estimate the function Z(t) by letting
A 1 1 1 .
Z(Tpy)=—+—+-+— fori=12,...
np m n;j
(and let Z(t) be constant between observations).
6 /37
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TOTAL TIME ON TEST, 7(¢)

n components are put on test at time t = 0 and observed until failure.

Let 7(t) = Total Time on Test at time t.

} - 1 ol — e ot s
0 Ty Ta Ten Ty oy T
T T T TN T
1 comp. n-1 comp. n-i+1 comp. 1 comp
Total time Total time Total time Total time
0Ty @Dy T)) (- 1Ty - Ty ) Ty ~Taery

Yl = T( T(l)) == nT(l)
Yo = T(T(2) =T(T)) +(n—=1)(T2) — Tr)) = Tr) + (n = 1) T

Yi = T(T@i) =T(Ti—1) + (n—i+1)(Tu — Ti-1))
= T(l) + T(2) + 4 T(i—l) + (n — i+ 1)T(,-)

Yn = T( T(n)) = T( T(nfl)) + (T(n) - T(nfl)) = T(l) + T(2) 44 T(n)
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TTT-PLOT, UNCENSORED DATA

Recall:
@ n components are put on test at time t = 0 and observed until failure.

e 7 (t) = Total Time on Test at time t.
A non-normalized TTT-plot would be a plot of the points
(1, T(T@)), i=1,--,n

The convention is, however, to plot the points

- T(Tw) Y ,
(:1’7'(7_((,,)))) or (;,::n), fori=1,2,...,n

The last point is thus (1,1), so this plot is always in the unit square.
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EXAMPLE: TTT-plot

n = 10; uncensored observations T(y),. .., T(10)-

Row Time TTT interval TTT cum i/n TTT
1 6,3 10%6,3 = 63,0 63,0 0,1 0,05943
2 11,0 9x4,7 = 42,3 105,3 0,2 0,09934
3 21,5 8x10,56 = 84,0 189,3 0,3 0,17858
4 48,4 7x27,9 = 188,3 377,6 0,4 0,35623
5 90,1 6x41,7 = 250,2 627,8 0,5 0,59226
6 120,2 5x30,1 = 150,5 778,3 0,6 0,73425
T 163,0 4x42,8 = 171,2 949.5 0,7 0,89575
8 182,5 3x19,5 = 58,5 1008,0 0,8 0,95094
9 198,0 2x15,56 = 31,0 1039,0 0,9 0,98019
10 219,0 1%21,0 = 21,0 1060,0 1,0 1,00000
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EXAMPLE: TTT-plot

TTT plot

1.0 — . .
09 .
08 —
0,7 —
06 — .
0,5 —
04 —
0,3 —
02 — .
01 — .

.
0.0 —, | | | | I | \

I I I
00 01 02 03 04 05 06 07 08 09 10
in

TTT
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WHAT ARE TTT-PLOTS USED FOR?

I o 1 ol ! L nitl 1 1 ! 1 5
| { A } f———ceeee } 3
0 T{ 1 T Tgay Ty Ton T
1n comp. n-1 comp. n-i+1 comp. 1 comp
Total time Total time Total time Total time
0Ty @Dy T (it 1)(Tgy - Tgyy) Ty Ty

Recall that if T1,..., T, are expon(A), then
(n—i+1)(T) — T(i-1)) ~ expon(A),

SO
E(Y;) = E(T(T(;))) =iXx fori=1,...,n

Yi iAo
E(o-|~r—=-
(Y,,) nAx n

so the TTT-plot is approximately a plot of (i/n,i/n) which are on a
straight line.

SO
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DIAGNOSTICS FROM TTT-PLOTS

SHAPES OF TTT-PLOTS

Exponential IFR DFR Bathtub

IFR: Concave shape. The first lifetimes are generally longer than
expected from an exponential distribution, while the last
ones are shorter.

DFR: Convex shape. The first lifetimes are generally shorter than
expected from an exponential distribution, while the last
ones are longer.

Bathtub: S-shaped, i.e. convex (DFR) in the beginning and concave
(IFR) at the end.
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TTT: BALL-BEARING DATA

BALL BEARINGS FAILURE DATA

TTT plot

1,0 - .
0,9 — ..
08 —
07 —
06 — .
05
04 — o
03 —
02 —

TTT

= \ I \ \ T \ T

[ I [
00 01 02 03 04 05 06 07 08 09 10
iln
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THE HOMOGENEOUS POISSON PROCESS (HPP)

¥
y

0 s t; S2 to event time

Definition: Let N(s,t) = number of events in(s, t]
Q@ P(N(t,t+ h)=1)= A h+o(h) = \h
@ P(N(t,t+h)>2)=o(h)~0

© For disjoint intervals (s, t1], (s2, t2], . .., the counts
N(s1, t1], N(s2, t2], ... are independent random variables.

It can be shown that:
e N(s,t) is Poisson (A(t —s)) so E[N(s,t)] = A(t — s)

A is called the intensity of the process.
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HPP: TIME TO kth EVENT

@ Times between events are independent and distributed as expon(\).

@ The time to the kth event (k =1,2,...) is gamma-distributed with
pdf and reliability function given by, respectively,

)\()\t)k_le_kt

f(t)= k=1 fort >0
Q0%
R(t) = P(Sk > t) =) P(N(t) < k—1)=> e t
x=0 ’

(*) See time point t in figure.
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MORE ON THE HOMOGENEOUS POISSON PROCESS

RESULT 1:
: s M teeeecanns s s N
I Fa Fay Fa™ Fa /
0 Sy S, Sp1 Sp=Sn  time

Let the HPP start at time t = 0 and continue until a given number n
events have occurrred. Then, given the value S, = s,, the event times
S1,...,5,_1 are distributed as the ordering of n — 1 i.i.d. variables from
the distribution UJ0, s,], i.e. the uniform distribution on the interval from

0 to s,.
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MORE ON THE HOMOGENEOUS POISSON PROCESS

RESULT 2:
L S Ml s s s a2 ssnne S 1 N
I N o 1 7
0 Sy S, Sp T time

Let the HPP start at time t = 0 and continue until a given time 7. Let N
denote the number of events that have occurrred until time 7 (this is a
random number). Then, given the value N = n, the event times S1,...,S,
are distributed as the ordering of n i.i.d. variables from the distribution
U[0, 7], i.e. the uniform distribution on the interval from 0 to 7.
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TTT-PLOT FOR EXPONENTIAL OBSERVATIONS

! n n-1 n-i+1 1

L 1 1 1 L 1 hY
| L —eee 1 ———eeee } } 3
0 Ty T Ten To Tan  Tw
T T R T
n comp. n-1 comp. n-i+1 comp. 1 comp
Total time Total time Total time Total time
0Ty @Dy T, (=it 1)(T = Ty ) Ty Ty
I Il ———————cceeee Il l eeeees Il l } >,
of d 1 + u t rd
Y Y; Vil Y; Y Y,

Suppose Ti,..., T, are distributed as expon(\). Then Y, Ya, ... behaves
like an HPP with intensity A (called HPP())), by result 5. By Result 1:
e Given the value Y, = y,, the (Y1,..., Y,_1) are distributed as the
ordering of n — 1 i.i.d. U0, y,].
@ Hence, given the value Y, = y,, the (Y1/yn,..., Ya—1/yn) are
distributed as the ordering of n — 1 i.i.d. U[0, 1].
@ Since the latter distribution does not depend on y,, the
(Y1/Yn, ..., Yno1/Yn) are distributed as the ordering of n — 1 i.i.d.
ulo, 1].
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TTT-PLOT FOR EXPONENTIAL OBSERVATIONS

n n-1 n-i+1 1

L L 1 1 L L 1 hY
I A — | ———eeees ' ' Y
0 T{1) Ta) Ty Ty Ty T
n comp. n-1 comp. n-i+1 comp. 1 comp
Total time Total time Total time Total time
n T(l) (n-l)(T(z)- T(l)) (n-1+1)(T® - T(i-l) ) T(n) 'T(n-l)
I ' — .. ' l — e ' l } Y
0 Y, Y2 Yii Y; PR
Yn— .. . ..
Recall: The (%, ey ;’,nl) are distributed as the ordering of n — 1 i.i.d.
ulo, 1].

From this can be shown that we have, under exponentiality, exactly:

Yi ' :
E<Yn>:rl7’ fori=1,...,n—1

oy
(;,\/;), fori=1,...,n
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BARLOW-PROSCHAN'S TEST FOR EXPONENTIALITY

One is often not satisfied with just looking at plots to determine
distributions. Assume we want to formally test

Ho : T ~ expon()\) for some unspecified A
T hasIFR
versus Hy : (either of) ¢ T has DFR

T has monotone failure rate
Suppose Ti,---, T, is complete data set, i.e. no censorings.

The test statistic of Barlow-Proschan’s test is

Y1 Y2 Yoo1  T(T) T(T(n-1))
W=—+—2=+.+ = PP S Sy S
Yn Yn Yn T( T(n)) T( 7—(n))
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BARLOW-PROSCHAN'S TEST FOR EXPONENTIALITY

Yn-IIY: /
Y, /Y,
Y, Y,
Y, 1Y,
1.2 3 oy
Y1 Y2 Yn-1
w= 2,472,
v, 'v., T,

When compared to the exponential distribution:
@ W becomes “too large” if distribution is IFR

@ W becomes “too small” if distribution is DFR
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BARLOW-PROSCHAN'S TEST FOR EXPONENTIALITY

Thus: The null hypothesis Hy of exponential distributon should be
rejected if W is either much larger or much smaller than what should be
expected from exponentially distributed lifetimes.

We therefore need the distribution of W when Ty,..., T, ~ expon(\).
We know already:

Mo Y

Y, Y,

are distributed as the ordering of n — 1 independent UJ[0, 1]-variables, so:
e W = sum of n— 1 independent U[0, 1]-variables
e E(W)=(n-1)/2
o Var(W)=(n—-1)/12
Thus by the Central Limit Theorem, W is approximately normal:
n—1n-1

W~ N( ,
2 12

) when lifetimes are exponential
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BARLOW-PROSCHAN'S TEST FOR EXPONENTIALITY

Recall: v v v ) )
W = 71 72 n—1 ~ N nh— n—
Y, + Y, + + Y, ( 2 7 12 )

Thus we compute

which is ~ N(0, 1) under Hp.
Tests with level a: Let T, ---, T, be a complete sample of T.
Ho : T ~ expon(A)

T is IFR : Reject if Z > z,
versus Hy : ¢ T is DFR: Reject if Z < —2z,
T has monotone hazard: Reject if Z < —z,, or Z > 7,5
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CRITICAL VALUES OF NORMAL DISTRIBUTION

TABLE 4
Critical Values of Standard Normal Distribution

A ONE-TAILED SITUATIONS
‘The entries in this table are the critical
values for z for which the area under the

curve representing « is in the right-hand
tail. Critical values for the left-hand tail

« = area of one kil

are found by symmetry. 0 zw
025 0.10 0025 002 001 0005 | Oneiled axample:

« =005
Za) | 067 28 [ 165 195 205 2.33 258 zlo) = 2[0.05) = 1.65

B TWO-TAILED SITUATIONS
‘The entries in this table are the critical 4 = area of two toils
values for z for which the area under
the curve representing o is split
equally between the two tails,

B {( 8] 0 +Za ST

Twortailed

025 020 QIO 002 00l “0050'_‘_“_095

z!orf2] 115 128 165 |1®s| 233 258 | «f2=0
075 080 o |ogs| o9 owv “"m ‘mm"‘”

| —a
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EXAMPLE: BARLOW-PROSCHAN'S TEST

Row Time TTT interval TTT cum i/n TTT
1 6,3 10x6,3 = 63,0 63,0 0,1 0,05943
2 11,0 9*4,7 = 42,3 105,3 0,2 0,09934
3 21,5 8+%10,5 = 84,0 189,3 0,3 0,17858
4 48,4 7x27,9 = 188,3 377,6 0,4 0,35623
5 90,1 6%41,7 = 250,2 627,8 0,5 0,59226
6 120,2 5%30,1 = 150,5 778,3 0,6 0,73425
7 163,0 4x42,8 = 171,2 949,5 0,7 0,89575
8 182,5 3%19,5 = 58,5 1008,0 0,8 0,95094
9 198,0 215,56 = 31,0 1039,0 0,9 0,98019
10 219,0 1%x21,0 = 21,0 1060,0 1,0 1,00000

Here W is the sum of the last column, except the last “1". We have

W = 4.847 and

4.847 — 2
Z=-—"—"—2-0401

\/g

so we do not reject at o = 0.05, for example.
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EXAMPLE OF BP TEST: BALL-BEARING DATA

BALL BEARINGS FAILURE DATA

TTT plot

T T T T
00 01 02 03 04 05 06 07 08 09 10
il

Use of Macro from course web page: W = 15.648,n = 23, so

7 — w — 3.4328
22

12

and we reject (at any reasonable significance level) a test of

Hp : exponential distribution versus H; : IFR distribution.
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TTT-PLOT FOR CENSORED DATA

Censoring Atrisk: Censoring  Atrsk Censoring At risk:
n4 n,y n,
I 4 f———eeeee } } >
0 Teyy Ty Tt 1o
nlgy 0y (TyyTy) (T - Toery)
| \I' ! l } senes 4 l } 3
0 Y, Y, Y Y

Let T(q) < T(2) < -+ < T(x) be the observed failure times.

Assume that the censored observations are always deleted from the data in
the immediate beginning of each interval (T(;_y), T(jy), and let n; be the
number at risk after deletion of the censored ones.

Then Y1, Y, ... is still a HPP when lifetimes are exponential.
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TTT-PLOT FOR CENSORED DATA (CONT.)

On the previous slide, the censored observations contribute to the Total
Time on Test only in the intervals strictly before the ones where they are
censored.

An improvement of the method is to let the censored observations
contribute also in the interval where they are censored, but only up to the
time they are censored.

This means in practice that we compute the TTT as for the noncensored
case, but we let only the failure times be recorded as the event times
Y1,..., Yk, and we plot
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EXAMPLE: TTT-PLOT FOR CENSORED D

Row Time Censor No at risk Total time Cum total time Plot total time
1 31,7 1 16 507,2 507,2 507,2
2 39,2 1 15 112,5 619,7 619,7
3 57,5 1 14 256,2 875,9 875,9
4 65,0 0 13 97,5 973,4 983,0
5 65,8 1 12 9,6 983,0 1029,2
6 70,0 1 11 46,2 1029,2 1274,3
7 75,0 0 10 50,0 1079,2 1286,1
8 75,2 0 9 1,8 1081,0
9 87,5 0 8 98,4 1179,4

10 88,3 0 7 5,6 1185,0
11 94,2 0 6 35,4 1220,4
12 101,7 0 5 37,5 1257,9
13 105,8 1 4 16,4 1274,3
14 109,2 0 3 10,2 1284,5
15 110,0 1 2 1,6 1286,1
16 130,0 0 1 20,0 1306,1

Row i/n TTT
1 0,14286 0,39437 Data from Table 11.1/9.3
2 0,28571 0,48184 BARLOW-PROSCHAN’S TEST:

3 0,42857 0,68105

4 0,57143 0,76433

5 0,71429 0,80025 W = 0.39+0.48+0.68+0.76+0.80+0.99 =
6 0,85714  0,99082 =4.10 (k-1 = 6)

7 1,00000  1,00000
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EXAMPLE: TTT-PLOT FOR CENSORED DATA

TTT-plot censored data

0,9 —
0,8 — i
0,7 —
06
05 — .
04 — .

03 —
gz —|
0,1 —

TTT

I | I I | I I | I I |
00 01 02 03 04 05 0,6 0,7 08 09 1,0

iln
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NONPARAMETRIC COMPARISON OF SURVIVAL FUNCTIONS

Assume first two groups:
Group 1: Control group, lifetime T1, with Ry(t) = P(Ty > t)
Group 2: Treatment group, lifetime Ty, with Ry(t) = P(T2 > t)

Want to test:
Ho - Rl(t) = Rz(t) for all t

(i.e. no difference between groups)

vs Hi : Ri(t) # Ro(t) for at least one t

Graphical solution: Look at KM-Plots
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EXAMPLE: LEUKEMIA D

Comparing two groups:
6-Mercaptopurine in Acute Leukemia
The 6-Mercaptopurine in Acute Leukemia trial
e Conducted in 1959-1960
e Patients had undergone corticosteroid therapy for acute leukemia
e 6-Mercaptopurine versus placebo
e Outcome: length of complete remission (weeks)
e Subjects entered In pairs and followed until at least one member of each pair relapsed.
e Stopped after 21 pairs of subjects were entered

Outcomes (“+”=censored):

e 6-MP: 6+, 6, 6, 6, 7, 9+, 10+, 10, 11+, 13, 16, 17+, 19+, 204, 22, 23, 254, 32+, 32+, 34+,
35+

e Placebo: 1,1,2,2,3,4,4,5,5,8, 8,8, 8 11,11, 12, 12, 15, 17, 22, 23
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EXAMPLE: LEUKEMIA DATA
Group 1=Placebo (control), Group 2=6MP
Nonparametric Survival Plot for T

Kaplan-Meier Method
Censoring Column in C

1wy _| ______ Group
1
| 2
80+ . 1 Table of Statistics
§| Mean Median IQR
B.6BET a B
. 60 17,9092 23 *
=
a
£
20+
0 ; E ;
0 10 20 30 40
T
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EXAMPLE: LEUKEMIA DATA

Group 1=Placebo (control), Group 2=6MP (with 95% confidence

intervals)

Bo Lindqvist

Percent

100

80

60

40-

20

Nonparametric Survival Plot for T
Kaplan-Meier Method - 95% CI

Censoring Column in €

Slides 7
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Group
1
2

Table of Statistics
Mean Median IGR
B66E7 & 8

17,9082 23
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FORMAL TESTING OF Ho : Ri(t) = Ry(t)

Formal testing can be done by
@ The Logrank Test
@ Mantel-Haenszel Test

A simple version is to compute a y?-statistic of the form

01 — E1)? n (0r — B)?

(
V=
E E>

where
@ Oy, O, are observed # failures of the two groups
o Ei, E), are expected # failures if the survival functions are equal.
@ Note that O; + Oy = total number of failures = E; + E>.

Under Hy is V = X% (i.e. x?-distributed with 1 degree of freedom)
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COMPUTATION

Go through all failure times T(yy,- -, T(x) considering groups together:
Group 1 Group 2 Total at T(;
# at risk: Nlj Ngj Nj
Obs # fail at T(J-) Olj Ozj Oj
Est prob of fail under Hy Zj %
Estim exp # failures Eyj = % Ny | B = % - No;
Then sum over all failure times T(y),- -+, T()):

K K
O1=) Oy, =) Eyj

=t =1

K K
02=> 0y, =) Eyj

=1 =1

If more than two groups are compared, the table and the test statistic are
extended in a natural way, while the degrees of freedom of the

x2-distribution equals # groups minus 1.
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LOGRANK TEST FOR LEUKEMIA DATA

C = Control group (Placebo)

B = Treatment group (6MP)

Time RiskC RiskB Risk FailC FailB Fail EC EH
1 21 21 42 2 V] 2 (2/42)*21 = 1 (2/42)%21 = 1
2 19 21 40 2 0 2 (2/40)*19 = 0.95 (2/40)%21 = 1.05
3 17 21 38 1 0 1 (1/38)*17 = 0.447 (1/38B)*21 = 0.553
4 16 21 37 2 0 2 (2/37)*16 = 0.865 (2/37)%21 = 1.135
13 1 12 16 0 1 1 (1/16)*4 = 0.25 (1/16)*12 = 0.75
23 1 6 7 1 1 2 (2/7)*1 = 0.286 (2/7)*6 = 1.714
Total 21 9 10.749 19.251
Test statistic:
(Oc=Ec)? | (Op—Ep)?
C ' + B B
Ec Ep
_ (21-10.749)2 | (9-19.251)2 __ _
= 10749 -+ 19551 =546 +4+9.77 = 15.33
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