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1 Introduction

Consider the initial value problem (IVP) for ordinary differential equations
(ODEs)

y'(r) :f(;t,y(;ﬁ)), y(xO):yO (11)
where yo,y(z) € R", z is a real variable and f : R x R™ — R™. The
solution y is assumed to be as smooth as necessary and is sought in the
interval [zo, z¢].

Among the large variety of methods available for the numerical solution
of (1.1), one can distinguish between continuous and discrete methods [1].
The class of explicit Runge-Kutta methods has traditionally belonged to the
latter group. Recently, however, many authors have investigated continu-
ous extensions of one step methods (see e.g. Bellen and Zennaro[2], Enright
et al.[1], Horn[3], Ngrsett and Wanner[4], Shampine[5], Zennaro[6, 7], as
well as the book by Hairer et al.[8]). Some of these authors use the strat-
egy of supplying an already existing discrete Runge-Kutta method with an
interpolant (possibly by adding some stages) in order to obtain a contin-
uous method with the desired accuracy. Another possibility is of course
to construct continuous explicit Runge-Kutta methods (CERK methods)
without regard to any existing discrete method. In this paper, we use both
the above strategies, considering methods of the general form

i—1

Ki = f(zo+cihyyo+h Y aijK;), i=1,...,v (1.2a)
j=1

u(zo +0h) =yo +h > _bi(0)Ki, 0€0,1] (1.2b)
i=1

where u(zo + 0h) is a continuous approrimation to y(z) in the interval
[xo, 20 + h] and b;(6), i =1,...,v, are polynomials of degree < d where
d is a positive integer. We shall also require ¢; = 23;11 a;j, and b;(0) =
0 for ¢+ = 1,...,v. The coefficients a;; define a strictly lower triangular
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v x v-matrix A. It follows that one obtains a discrete method simply by
putting ¢ = 1 in (1.2b) leading to y1 := u(xo + h). Clearly, using the
value y; to advance integration implies global continuity of the continuous
approximation.

We define the uniform order (which we shall simply refer to as the
order) as the greatest integer p for which

, — — p+1
orélf?gxl ly(zo + O0h) — u(zo + Oh)| = O(APT+).

Here | - | stands for any norm on R™.
In Section 2, we shall be concerned with finding lower bounds for the
numbers

CEN(p): m(%lerfl\/fp v
where m(v) is a CERK method with v stages, and M, is the set of all
CERK methods of order p. The numbers CEN (p) are similar to the famous
Butcher barriers EN (p) for the discrete case. We provide some theorems
that can be used to find such lower bounds in general, and we solve the
problem completely up to and including order p = 5. For proofs and further
details, we refer to [9].
In Section 3, we consider continuous extensions of the well-known Dormand-

Prince (4,5) discrete embedded pair.

2 Lower bounds for CEN(p)

Letting CEN (p) and EN(p) be the minimum number of stages required
for pth order continuous and discrete explicit Runge-Kutta methods re-
spectively, the following result is obvious,

CEN(p) > EN(p).

Moreover, from the literature quoted in Section 1, one can extract the
following bounds

CEN(1)=1, CEN(2)=2, 3<CEN(3)< 4,
5<CEN(4)<6, 6<CEN()<9.

Subsequently, we shall make extensive use of the theory developed by
Butcher [10, 11] without giving specific references. In doing this we rely on
the reader’s aquaintance with trees, order conditions and related topics. We
recommend the books by Butcher [12] and Hairer et al.[8] as background
material, and we will use the notation of the latter.

We begin by considering the continuous order conditions

d grt)
Z b;(0)®,(t) = for all trees ¢ such that p(¢) < p, (2.1)
j=1

v(t)
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where ®,(t) is the jth elementary weight of the tree ¢, p(t) is the order
of t, and () is a coefficient depending on the tree t. Furthermore, define
zj(0) :==b%(0), j = 1...v,let N, be the number of trees such that p(t;) < p
and supply subscripts to the trees such that ¢ > j if p(¢;) > p(¢;). Then
(2.1) becomes

v tibﬂp(tl)_l .
> " iz (0) = pU)O ')y(t-) , i=1...Np, (2.2)
i=1 i

where ¢;; = ®;(t;). Now, write z;(0) as Zz;é zj10%, the right hand
side of (2.2) as fz_ol ¢0" and define the matrices ® := ((¢;;)) € RN2*,
7 = ((zjx)) € R**? and Q := ((qu)) € RN»*P. The order conditions can
now be written as a matrix equation

7 = Q. (2.3)

Notice that the matrix ® depends solely on the lower-triangular v x v
matrix A and the order p. The following theorem allows us to exclude a
considerable number of candidates among the CERK methods in our search

for CEN (p).

Theorem 1 If there exists A € R**” and 7 € R”*? such that (2.3) is
satisfied for some order p with rank(®) = p < v, then there exists A*
RP*? with a corresponding ®* € RN»*? and Z* € RP*P satisfying ®*7Z*
Q.

Proof. See [9].

Consequently, when investigating C EN (p), we need only consider v x v
matrices A such that the corresponding matrix & satisfies rank(®) = v.
We shall denote by MY the set of these matrices that also cause (2.3) to
be satisfied for some Z.

In order to provide tools for determining the lower bounds for CEN (p),
we must take a closer look at the conditions (2.2) and introduce a few more
definitions. In (2.2) we shall distinguish between the p primary conditions

Im

v
C‘;_lzj(g) = 97‘_1, r= 1, R
j=1
and the remaining N, — p conditions which we shall call the secondary
conditions. For a v x v matrix A € MY with p > 3, we introduce the

following equivalence relation on the set of indices {1,...,v}:
t=j ifand onlyif ¢; =¢;.

There are v* equivalence classes Si,...,S,+, and we assume without re-
strictions that 1 € S; (i.e. ¢; = 0 < 7 € S1) and that 2 € S3. We shall
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call a good index set for A either the empty set §§ or any non-empty subset
of {3,...,v} which elements do not belong to more than p — 3 equivalence
classes among Ss,...,Sys. The following theorem has proved useful for
obtaining lower bounds for CEN (p).

Theorem 2 Let A € ML with p > 3, and let N secondary conditions
from (2.2) be linearly independent. Let S be the set formed by the indices

J > 3 of the polynomials z;(0) which are not explicitely involved by these
N conditions (possibly S = ). Then

dim(4) > N + s+ 2,

where s is the cardinality of S. Moreover, if S is a good index set for A,
then

dim(4) > N + s+ 3.

Proof. Consult [9] for a proof and further details.

We have applied Theorem 2 to obtain lower bounds for CEN (p), and
by comparing these results to already existing methods (see the papers

quoted in Section 1), we have been able to determine the following values
for CEN(p), p=1,...,5.

Order p | CEN(p)
1 1
2 2
3 4
4 6
5 8

Since we did not find any 8-stage CERK methods of order 5 in the lit-
erature, we had to construct some ourselves. One example is the following.

(c[4)

0
1/4 | 1/4
1/4| 1/8 1/8
121 0o —1/2 1
12 (1/12 0 1/3 1/12
3/4| 0 —9/8 3/2 —3/4 9/8
1] 0 4/5 0 =3/5 0 4/5
1 |1/6 0 0 4/15 2/5 0 1/6
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where the continuous weights are given by

bi(0) = 3265 — 209% 4 103 _ 2502 1 ¢

)
by(0) = 0
b(0) = — 12805 + 240* — 20803 4 g6?
ba(0) = 220° — 120* + 263
bs(0) = 3205 — 200* + 200% — 667
be(0) = —128¢° 4 3801 — 11293 4 892
br(0) = —220° + 150 — 3363 + 302
)

bs(0) = 426° — 190 + 136° — 302

3 Continuous extensions of the Dormand-Prince (4,5)
discrete embedded pair

The Dormand-Prince embedded pairs are among the most popular discrete
explicit Runge-Kutta methods. We shall discuss the various continuous
extensions to which one can supply the Dormand-Prince (4,5) (DP45) [13]
embedded pairs, using an approach different from the ones in [14] and
[5, 15]. The coefficients of DP45 are as follows.

0
1 1
5 5
3 3 9
10 0 20
4 | 44 _s8 32
5 15 15 9
8 | 19372 25360 64448 _ 212 (3.1)
9 | 6561 2187 6561 729 :
| | so17 355 46732 49 _ 5103
3168 33 5247 176 18656
1 35 0 500 125 2187 11
384 1113 192 6784 84
35 500 175 —7I87 1T
Y1 | 331 0 192 6784 84 0
- 5179 0 7 393 92007 187 L
Y1 | 57600 16695 640 339200 2100 20

The method y; is the one of order 5. From [8] we find a fourth order
continuous extension which is obtained by using the first six stages of (3.1)
and which is important for the fifth order interpolant constructed later.

6
uo(zo + 0h) = yo + hz b; (0)K;

i=1
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_ 133762 + 103963 116364

( ) 0 480 360 1152
by(0) =0

bs(0) = 121802 — 1572802 | 05
ba(0) = ~ 2207 4 300 — #8501
bo(0) = — B5L0° + BB — Sh0*
b(0) = 3392 — 319¢3 4 187ps

If we use also the Tth stage, it turns out that there is a 3-parameter family
of 4th order continuous extensions of DP45. As for the 5th order case, we
can use the theory from the previous section to deduce the following result.

Theorem 3 There are no 5th order 8-stage continuous extensions of DP45.

However, in DP45 the last stage of step k is identical to the first stage of
step k4 1, which means that the effective cost for each step corresponds to
8 stages. Moreover, DP45 supports facilities for step size control. So, if it is
possible to construct 9-stage 5th order continuous extensions of DP45, we
will obtain CERK methods which are competitive with the 8-stage methods
of the previous section. Indeed, by [14] and [5, 15] such 9-stage extensions
exist: Also following [1], with uo as above we choose two additional points
cg, cg € [0, 1] and construct a 5th degree polynomial u; satisfying

Uy Io) = Yo, Ull(l‘o) = Ky,

ui(zo + h) = y1, uj(zo+h) = Ky,

zo +cgh) = f(zo + cgh, up(zo + csh)) = Ks,
zg + coh) = f(xo + coh, ug(xo + cgh)) = Ko.

The coefficients cg and ¢g must be chosen with some care as uy(zg + 0h) is
an Hermite-Birkhoff interpolant. The following result is easily obtained.

Theorem 4 The polynomial ui (zq+06h) defines a 5th order CERK method
if

08569;&0: 08569;&1

cs # co, cs # (co — §)/(2co — 1).

It is now natural to ask how one should choose cg and ¢g in order to
minimize the local truncation error. u; can be written in the form

(3.1)

9
ui(zo + 0h) = yo + thi(Cg, co; K.

i=1
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There are 20 trees, ¢;,7 = 18,...,37, of order 6, and thereby 20 corre-
sponding elementary dlfferentlals F( ) with elementary weights ¢(;). We
obtain the following expression for the principal error term :

637

(o +0h) — i (2o + ) = o5 > o F(ti)(yo)

i=18

where .
e(ti) = 0° —(t:) > _ d;jd;(t:)
j=1

e(t;) are called the error coefficients. An appropriate choice for the coef-
ficients cg and ¢g can be obtained by minimizing the error coefficients in

20 L2 .
some norm on R™", e.g. find c¢g and cg that minimizes the functional

K t; 10|},

(es, o) = | max { max le(ti)(cs, co; 0)[}
Numerical experiments show that apart from values of cg, ¢y lying very
close to the singularities (see (3.1)), K (cs, cg) is constant. In fact, for most
values of of cg and ¢g we have

K(cg,c9) = max |e(ts7)(cs, co; 0
(cs; co) 06[071]| (ts7)(cs, co; 0)]
where t37 is the tree corresponding to ¢(ts7) = A%u with v = (1,...,1)%.
It can be shown that
186 5 432 , 216
tar ) = 0% + —0° — —0* + ——¢3
eltar)(es, o 6) = 07+ 5207 = 5207+ 53

which 1s indeed independent of ¢g and ¢g. The interpolant above can be
rewritten into the following canonical form. For convenience, the parame-
ters cg and cg have been replaced by s and t respectively.

u1 (0) = d0(0)yo + ¢1(0)y1 + Yo(0)hk1 + s (0)hks + Y (0) hko + 1 (0) Rk7

do(f) = (6—1)2(1+26) g( )262(46—5(s+{))
61(0) = 02(3—20) — 2¢(0—1)°0%(40 — 5(s +1))
wo(0) = 0(0—1)2[1+ %(%«t s+ 4= 1)0 + L(s(s + 1) (1 - 3t) + 1))
(o) = 20—+ 1“ 5 (3((3t —2)s+ 3 —2t))6
+5(s <2—3t>< — 1)+ 26(t — 1))]
Us(0) = 020 - )23(5—1&—)(%@—%)6—%%)
G(0) = =020 — 1)’ =i (B(s — 10 — 1ss)
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where
E=[@2t—1)s— 1

and

> TR

=t
=85 —

mlwfﬂlw

The error has been minimized with respect to cg and co for several test
problems, using a least square criterion, and it is found that the choices cg =
0.2 and ¢g = 0.5 is almost optimal for most of these problems. However,
as one would expect from the error analysis above, this optimum is very
flat.
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