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Abstract—The performance of the waveform relaxation method for solving systems of ODEs
depends largely on the choices that are made for splitting, size of time window, and preconditioning.
Although it is known that superlinear convergence is obtained on finite time windows, the convergence
may be slow in the first few iterations. We propose the use of pseudospectra to analyze the convergence
ratio of the first few iterations when waveform relaxation is applied to linear systems of ODEs.
Through pseudospectral radii, we can examine the effect of preconditioning and overlapping on the
rate of convergence. We may also use this to estimate a suitable size of the time window. Numerical
experiments performed on a system of ODEs arising from the discretization of an advection-diffusion
equation confirm the validity of the obtained estimates. (© 1998 Elsevier Science Ltd. All rights
reserved.
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1. INTRODUCTION

The progress in parallel computing has made competitive iterative techniques for the numerical
solution of large systems of ODEs. Such an iterative approach, called waveform relaxation, was
first proposed by Lelarasmee [1] and Lelarasmee et al. [2] for time domain analysis of metal oxide
semiconductor digital circuits. Nevanlinna (3,4] and Miekkala and Nevanlinna [5,6] use the term
dynamic iteration to distinguish these methods from static iterative schemes for the numerical
solution of linear systems of equations.

It has been observed by many authors that the approach based on waveform relaxation can
be quite competitive with the existing methods for differential systems if the resulting iterations
converge quickly. Unfortunately, this is not always the case and many attempts have been made
to accelerate the rate of convergence of these iterations. Nevanlinna (7], Skeel {8], and Lubich [9]
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68 Z. JACKIEWICZ et al.

investigate the possibility to accelerate waveform relaxation schemes by taking linear combina-
tions of the iterates. Lubich [9] also observed that the techniques to accelerate the convergence
of waveform relaxation can be applied in the Laplace transform domain. Vandewalle [10] in-
vestigated the acceleration of convergence by multigrid techniques in the context of waveform
relaxation methods for parabolic partial differential equations. Pohl [11], Jeltsch and Pohl [12],
and Frommer and Pohl [13] investigated the effect of overlapping of the components of the system
on the speed of convergence of the resulting dynamic iterations. Burrage et al. [14] also tested
this technique on the linear systems of differential equations resulting from semidiscretization of
the one- and two-dimensional heat equation, and they observed that some modes of overlapping
are very effective in the one-dimensional case and lead only to a modest improvement in the
two-dimensional case. Spilling [15] considers preconditioning the differential system (on the left)
with the hope that this may lead to a faster iterative process than that obtained by applying
the waveform relaxation technique to the original problem. He also discusses how to construct
a specific preconditioner for a differential system resulting from the application of pseudospec-
tral methods to a one-dimensional hyperbolic partial differential equation. Preconditioning on
the right was proposed by Burrage [16] and examined carefully by Burrage et al. [14] for linear
differential systems. This technique proved to be very effective for linear systems approximating
the heat equation in two space dimensions.

Nevanlinna [13] has proved superlinear convergence of dynamic iterations for linear differential
systems on finite time intervals. The spectral radius of the convolution operator which defines
the dynamic iterations is equal to zero irrespective of the splitting of the original differential
system and as a consequence gives no information about the effect of splitting on the actual
rate of convergence of the resulting iterations. To obtain such information, Nevanlinna [3] intro-
duced exponential weights into the error estimates, and Miekkala and Nevanlinna [5] studied the
convergence in the Banach spaces defined on the interval [0, 00).

The task of obtaining practical measures of the speed of convergence of dynamic iterations is
not easy. Leimkuhler [16] introduced convergence ratios r; computed as (e;/eg)!/%, where e; is
the difference between the i*" and (i —1)*" iterates in the maximum norm. Due to the superlinear
convergence, these ratios ultimately tend to zero as ¢ — oo, but the first few of them give some
information about the speed of convergence of the corresponding iterations. These ratios were
also used by Burrage et al. [14] to compare the waveform relaxation schemes implemented in
block Gauss-Jacobi mode with or without preconditioning and overlapping. These modes were
denoted by BJ, PBJ, BJO, and PBJO.

Using Laplace transform techniques, Leimkuhler [17] also obtained computable estimates for
a window of rapid convergence of waveform relaxation iterations in BJ mode applied to a linear
second-order model system. This technique was extended by Burrage et al. [14] to obtain similar
estimates in the preconditioned and/or overlapped modes. However, these estimates, especially
when applied to PBJ and PBJO modes are not very reliable and different techniques for comparing
the relative merits of different modes are needed.

In this paper, we propose one such technique which is based on using the notion of e-pseudo-
spectra of matrices as introduced by Trefethen [18]. For this purpose, the integral operator which
defines the continuous time waveform relaxation iterations is first approximated by a composite
trapezoidal rule which leads to an iteration process in a finite-dimensional space. The realistic
convergence rates can then be related to the e-pseudospectral radii of the corresponding iteration
matrix (see [19]). By considering these e-pseudospectral radii for the different splittings, modes,
and time window sizes, we can explain the observed behaviour of the dynamic iterations in
many cases. This technique seems to provide more accurate information about the respective
convergence rates than the error analysis in the Laplace transform domain presented in Burrage
et al. [14]. The finite-dimensional iteration matrices corresponding to the BJ and BJO modes
are block Toeplitz. For such matrices, efficient techniques for estimating the pseudospectra were
introduced by Reichel and Trefethen [20]. The iteration matrices corresponding to the PBJ and
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PBJO modes do not have the block Toeplitz structure and the computation of e-pseudospectral
radii is more costly. We also compute the e-pseudospectra in the Laplace transform domain.
These computations are much more efficient than the computation of e-pseudospectra of the
corresponding iteration matrices discussed above. Comparing the corresponding e-pseudospectra
in the time and Laplace transform domain for the same value of ¢, we can obtain the heuristic
relationship between the corresponding converge windows in both domains.

2. PRECONDITIONING AND OVERLAPPING

In this section, we will describe the technique of preconditioning the differential system on the
right and overlapping the components of the system. Consider the linear problem

Y() +Qut) =g(t), te[0,T], (2.1)
y(0) = yo,

where Q is a constant matrix of dimension n. The waveform relaxation iterations corresponding
to the splitting of the matrix Q into
Q=M-N
are defined by p
LU + My*HI () = Ny® (1) + g(0)

y**(0) = go,

t € [0,T], where y( is a given initial guess usually chosen as y(®(t) = yo, t € [0,T]. The
technique of preconditioning (on the right) consists of applying the waveform relaxation to the
differential system

(2.2)

2(t) + B(t)2(t) = e~ Mg(t), te[0,T],
2(0) = Yo,
t € [0,T), where the matrix B(t) is defined by

(2.3)

B(t) = e~ NtMeMt.
This system is obtained from (2.1) by making the transformation
2(t) = e~ Nty(t).

Splitting the matrix B(t) into
B(t) =M - N(t),

where M corresponds to the original splitting of the matrix Q and
N(t) = M - e~ Nt MeMt,

leads to the following dynamic iteration scheme applied to (2.3)

%z<k+1>(t) + M2 (t) = N(£)29)(2) + Vg 2),

(2.4)
z(k+1) (t) = Yo,

t € [0, T, with a given initial guess 2(®). The technique described above was briefly introduced
in [16] and examined in detail in [14], where the following error bound was obtained:

-4, = 3 iy 9
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v=20,1,.... Here, A; are constants such that
”e—MtAi”T < 4
and A; are commutators defined recursively by
Aip1 = AN = N4,

1=0,1,..., with Ag = M. As discussed in [14], if the constants A; do not grow too fast then a
reasonable approximation to this bound is
AT

vyl

‘I’P(Ta V) =

On the other hand, in the case of nonpreconditioned iterations (2.2), the error bound takes the

f
orm AT

Un(T,v) = I

where Ap is a constant such that
”e_MtN“T < Ao,

compare [3]. These bounds suggest that the preconditioned waveform relaxation iterations (2.4)
should converge faster than (2.2), at least for some T* < 2. A similar conclusion can also
be obtained by the error analysis in the Laplace transform domain. These conclusions were
indeed confirmed by extensive numerical experiments presented in [14] on the linear systems
approximating the heat conduction equation in one and two space variables.

We will now describe the technique of overlapping the components of the system as proposed
by Pohl [11] and further studied by Jeltsch and Pohl [12], Frommer and Pohl [13], and Burrage
et al. [14]. Assume that the matrix M that corresponds to the splitting of the matrix @ of
dimension n has block diagonal structure with block sizes b, b, . . . , b, and that the blocks overlap
by 01,02,...,0r_1, where all 0; > 0 and

r r—1
k-3 osn
i=1

=1
Put A = Y_I_, b;. It was demonstrated in [14] that the new system formed from (2.1) takes the

form = -
7'(t) + Q)i(t) = §(t)

#0) = 7o, (2.6)

where @ € R**% §(t), §(t), flo € R%, can be obtained from Q, y(t), g(t), and yo, respectively, by
a simple algorithm defined in {14]. It was also demonstrated in [14] that the speed of convergence
of dynamic iterations applied to (2.6) is usually faster than the corresponding iterations applied
to (2.1) and in many cases there is a dramatic improvement in performance. The iterates §*(t)
can be mapped into the space R"™ by the formula

y®)(t) = PE§H(t),

where P and F are projection and weight matrices of appropriate dimensions.

In this paper, we will analyze the relative performances of various modes of block-Jacobi
methods by using the pseudospectral techniques advocated by Trefethen [19]. These modes
will be denoted by BJ, PBJ, BJO, and PBJO, where P stands for preconditioning and O for
overlapping. These modes will be tested on the linear differential system obtained from the
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advection-diffusion equation in one space dimension by discretizing the space variable. This
leads to a system of the form (2.1) with the matrix Q given by

d e
c d e

Q= , 2.7
c d e
c d

d >0, ¢ <0, e <0, and the function g(t) determined by the boundary conditions for the

advection-diffusion equation. This is explained in more details in Section 7. As demonstrated
in [14], the error equation for the dynamic iterations (2.2) takes the form

t
4D ) = /0 eME-ON® (s)ds, k=0,1,..., (2.8)

k
where ng) () = y(t) — y®(2).
Observe that the matrix given by (2.7) is, in general, nonnormal which may lead to additional
numerical difficulties as compared with the normal case. By making the substitution

z =Ty,
with the matrix I' defined by
T =diag (1,¢,0%,...,0" ),
a= \/E/_C, problem (2.1) can be reduced to the linear system

Z'(t) +Q* z(t) = Fg(t)) te [O,T],

2(0) = Tyo, (2:9)

where the matrix Q* = I'QI'"! is normal. However, this will not remedy the situation. Indeed,
it can be easily verified that the corresponding splitting of the matrix Q* is
Q* — M‘ — N*

with
M* =TMr !, N* =TNT-1.

Observe also that o(M~1N) = o(M*~' N*). Multiplying the error equation (2.8) by T', we obtain
t
e & () = f TeM-tp-1N*e+¥) (5) ds, (2.10)
0
k=0,1,..., where e‘g?(t) = Feg?(t). Since
FeM(a—t)r—l = eM‘(a—t),
equation (2.10) takes the form
t
800 = [ M eINe B as
0
k=0,1,..., which is the error equation of the dynamic iterations applied directly to (2.9) with
the splitting Q* = M* — N*. This means that the dynamic iterations y*¥) with respect to (2.1)

and 2 with respect to (2.9) are related by 2¥) = I'y®), which has the same form as the
relationship between z and y.
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3. APPROXIMATION IN FINITE DIMENSION

In all the cases that we have considered, the error ¢(*¥) = y(¥) — y of the waveform relaxation

iterations can be written as
k1) — ICe(k),

where K is an integral operator of the form

Ky(t) = /0 K(t, s)y(s) ds, (3.1)

and K(t,s) is an n X n matrix defined and uniformly bounded in the region {(t,s) : 0 <t <
T, 0 < s < t}. Our idea is to replace the integral by the composite trapezoidal rule and represent
any function on [0, T)] by its values on the mesh {t;}_,, where t; = ih and h = T/q. Thus, for
each i =1,...,q, we approximate Ky(t;) by the sum
h i-1
Ky(t:) = 35 (K(ti, t)y(t:) + K(ti, to)y(to)) + h > K(tit)u(ts)-
j=2

We shall also make use of the fact that for waveform relaxation iterations we have €*)(0) = 0,
for all k > 0. For a function y(t), it is convenient to define the ng-vector i as

y= (y(tl)T1 s 7y(tq)T)

Now we can write the discrete iteration for the error as follows:

T

g+ — k),

where K, is an ng x ng matrix constructed from n x n blocks in the following way:

(%hK(tl,tl)

1
hK (t2,t1) -2-hK(t2,t2)

' 1
| RK(ty,th) hK (tte-1) 5hK(tg,ty) ]

Clearly, to monitor the convergence of this approximate iterations we need to study the powers
of K. For normal or nearly normal matrices, this can be accomplished by considering the
spectral radius of K; while this is impossible for nonnormal matrices. For the moment, we shall
not try to assess the degree of nonnormality of Xy, but only point out the following: the spectral
radius of K is simply the maximum of the spectral radius of each diagonal blocks, thus, we
have p(Ky) = O(h) as h — 0. Hence, for small h, the spectral radius of Xy gives little or no
information about the speed of convergence of the iterations.

Observe also that in the case the integral operator K defined by (3.1) is of the form K(t,s) =
K(t - 3), then K (t;,t:_,) = K(rh), and the resulting matrix K, is block Toeplitz. In particular,
for the BJ case we get blocks of the form

o hK (ti tir) = ayhe ™M N, (3.2)

i=1,...,q, 7=0,...,i—1, where ap = 1/2 and a, = 1, r > 0, and similarly for the BJO case,
only with M and N replaced by M and N, respectively. Unfortunately, for the preconditioned
cases, this block Toeplitz structure is lost. Instead we obtain blocks of the form

ai-,-hK(ti,tj) = at-_jhe(j'i)"M (M - e'thMeth) s (33)
i=1,...,q, 5=1,...,i
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4. CONVERGENCE ANALYSIS USING PSEUDOSPECTRA

The idea of pseudo-eigenvalues was introduced by Trefethen [18] under the name of e-approxi-
mate eigenvalues. There are several equivalent definitions of a pseudo-eigenvalue, we shall only
make use of the following three.

DEFINITION 4.1. Let A be a complex n X n matrix. Given € > 0, the number A\ € C is an
e-pseudo-eigenvalue of A if one of the following equivalent conditions is satisfied.

(i) A is an eigenvalue of A + E for some matrix E with ||E|| <.
(ii) For some n-vector u we have ||[{(A — A )u|| < ellu].
(iii) The following inequality holds

la-an=1) > <. (41)

To simplify our notation, we henceforth assume that all norms without subscripts refer to to
the two-norm or the induced spectral norm when used on matrices. Clearly, the above definitions
of e-pseudo-eigenvalues may be used for any norm.

Consistently, we shall call the set of all e-pseudo-eigenvalues, A.(A), the e-pseudo-spectrum
of A, and p.(A) = max{|z| : z € A.(A)} the e-pseudospectral radius.

For normal matrices, the e-pseudo-spectrum is simply the union of e-balls around the eigenval-
ues. But for nonnormal matrices, the spectrum can be quite sensitive to perturbations. It is well
known that the condition p(A) < 1 is equivalent to || A*|| — 0 as k — oo, however, the powers may
become large for some finite k. This observation can be made somewhat more specific through the
use of e-pseudospectra, see for instance [21]. The essence is that if a pseudo-eigenvalue becomes
greater than one in modulus for some ¢, the maximum power norm will be approximately equal
to maxc(p.(A) — 1) /e.

In our applications, we usually have the situation that ||IC§|| does not become exceptionally
large for any value of k, in fact, quite frequently we observe a contractive behaviour, i.e., ||IC§||
decreasing monotonically with k. The use of pseudospectra is motivated by the observation that
p(Ky) is much smaller than the rate of decay ||C¥|| /|| CE~|| for small values of k. For this purpose,
we may use a result by Trefethen [19]: for all values of ¢, it holds that

sl < & (4.2)

( ICq)k“
€

The relevance of € depends on k. In Section 7, we give a numerical illustration of this bound.
Keeping € fixed in (4.2), we see that the decay rate of the power norms can be approximated by
the pseudospectral radius of K.

There are a number of ways to estimate the pseudospectrum and the pseudospectral radius of
a matrix. Some of them require a lot of computing resources and other can be unreliable. The
simplest and most intuitive way is perhaps to use (i) in the definition. One simply computes
random matrices E such that | E|| = € and then the eigenvalues of A+ E. We found that with a
modest number of perturbations (five to 10), the resulting pseudospectral radius was sometimes
significantly underestimated. The matrices K, have their spectrum in a neighborhood of 2 = 0
of size O(h) = O(T/q). For large enough g, we therefore assume that A.(A) is a connected set
containing 2 = 0. We can then use the resolvent Condition (iii) from the definition. We search
along rays re'® (with the parameter 6 fixed) from z = 0 and for each ray we estimate

sup{|z| : z =re* and (4 -20) = %} (4.3)

For each ray, (4.3) clearly yields a lower bound for the pseudospectral radius of A. We found this
method to be more reliable than the method of random perturbations. However, this involves
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making computations with the matrices ', which are of dimension ng. To gain understanding
about the convergence of continuous waveform relaxation, we may wish to do this computations
for fairly large values of g. Therefore, it is important to find methods for estimating pseudospectra
with complexity that is independent of g. We have not been able to find a way to do this in
general for matrices of the form X, but in the case of no preconditioning (BJ and BJO) we
can use an estimate proposed by Reichel and Trefethen [20]. Let us consider the general type of
upper triangular block Toeplitz matrices

[Ay A1 Ay ... Apq]
Ay A :
A= o A | (44)
. A
i 4o |

where A; € R**", §=0,1,...,q — 1. We define the symbol of A as the n x n matrix
g-1
P(z) = ZAkzk,
k=0

and the set A, by
A, ={zeC:|z|<r}.

Following [20], we have the following result.
PROPOSITION 4.1. Let A be of the form (4.4). Then,

{\ € C: ) is an eigenvalue of P(z) with z € A} C A(A),
where = (€/cg)/? and cq = (T2} 1 Aklloo 021 1 Akll1) V2.

PROOF. For any z € A,, define the vector u = U®(1, z,22,...,29"1)T where U is an eigenvector
of P(z) with corresponding eigenvalue A(2). We compute

) b

Ag1 O
Ag1 O
Au = A(2)u — 27. ) i ) - U
Az
| A4, A ces Aq_l 0.

We recall the inequality |[T|| < +/|T||1||T}| valid for any matrix T. Thus, it is clear that the
spectral norm of the above matrix must be bounded by ¢, and we obtain

1A~ AM2)Dul < |2|%¢qllull < €l|ufl-

Hence, A(z) € A (A). 1
We now consider the application of this proposition to the cases BJ and BJO. By letting z
range over the disk A,, we obtain a family of symbols P(2) whose spectral radii are lower bounds
for the pseudospectral radius of our matrix K;. It may be difficult to estimate c;, but again
following [20], we observe that for large values of g this is not critical since r = (¢/c,)!/? will be
close to one. Thus, we take r = €}/2. For K, taken from the BJ case (3.2), we obtain
q-1 1
P(z)=h) e ™N; - FhN
r=0 (4.5)

=h(I- ze"‘M)—1 (I- zqe"TM) N -~ %hN.
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This expression may still be difficult to analyze, but far less expensive to compute than the method
of random perturbations to KC; (cf. Definition (i) for pseudo-eigenvalues). Numerical experiments
with this formula seems to suggest that it gives reasonable estimates for the pseudospectral radius
as long as the blocks on the diagonal are normal.

In view of Proposition 4.1, the e-pseudospectrum A.(K,) of K, can be approximated by the
union of disks or radius r = €!/9 centered at the spectrum of P(z). Taking z = €!/7 in (4.5) leads
to (assuming to = 0)

P (el/q) = %;- (I - el/"e"(T/")"")—1 (I-ee TM)N - %N
T Ine T -1 T
==—(I-{1+—+0 -2>(I——M+o -2 )) x (I-eeTMYN - —N
q((q (@) q () (T-ee™™) N - o
T

-1
= (’;‘“I + %—M +0 (q'2)> (N-eeTMNY+0O(g71)

T
=(I+M)'N+0()+0(¢Y),

q
—Ine -t
=( I+M> N+0()+0(¢h)

with I
—Ine
$=—7— (4.6)
Observe that (sI + M)~!N is the Laplace transform of the kernel of the integral operator defined

by the right-hand side of (2.7).

5. PSEUDOSPECTRA VIA
TIME SERIES EXPANSION

Under standard smoothness assumptions, the error e(*}(t) of BJ iterations in the time domain
can be expanded in Taylor’s series as

t‘r
B (t) =3 el ©-
r>0

We suppose that this series is absolutely convergent for any t € [to,T]. Consequently, the
relation (2.7) yields

t q

(k+1) M(s—t) Z k:9) () 3
€ t) = [ N € 0 ds

( ) A ( )‘1!

q20
t q
-y / Y M Nk () ds
0T Jo 5™ ¢
= Z / t Z G gatr+l
ol arr+l
q-1 4
= 2 (Z(_l)rMTNE(kyq-l”‘) (0)) =
g1 \r=0 ¢
= 2 e(k+1,q)(0)f’i',
920 ¢
with -1
e+ (0) = (- M) Nelke-1-")(0), (5.1)

r=0
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for k,q > 0. For any q > 0, the relation (5.1) can be written in matrix form

e(k+1.0)(0) €(£:9)(0)
e(k+1:,1) (0) _ If,'q e(k,l:) 0 , 6.2
e(k+l',q)(0) e(k,r;) (0)

with

T 0 0 cee e 0]
N 0 :
K;=| (-|M)N N

[(-MyIN L (N N o)

The transfer matrix ﬁq is similar, the matrix is obtained in Section 3. In particular, it possesses
a block Toeplitz structure, with blocks of the form

(/éq)” =6, _1(-M)"N, (5.3)

with r = i — j — 1. The symbol P(z) of K, as defined in Section 4 is then given by
P(z)=Nz+ (—-M)Nz2 4.4 (_M)q—lqu_l
g-1
=2 Z(—ZM)TN
r=0

=z(I + zM)~Y(I - (-zM)")N
= (z7M T+ M)"IN + (-1)7*12%2 1 + M)"'MN.

(5.4)

For |z|~! > p(M), it can be seen that P(z) — (2~ 11+ M)~'N as ¢ — oo, i.e., the symbol of K, is
an approximation to the iteration matrix of the operator K in the spectral domain with 27! ~ s
(see Section 6).

Note here that the index g cannot be related directly to the time window T — tp, so that an
analysis comparable to the one leading to (4.6) is not possible. Also, note that the analysis does
not depend on the particular form of the matrices M and A, and is valid for the BJ as well as
BJO, PBJ, and PBJO iterations.

6. PSEUDOSPECTRA IN LAPLACE
TRANSFORM DOMAIN

The error equation (2.7) for BJ iterations (2.2) in the Laplace transform domain takes the form
TV (s) = (I + M) NES) (s),
k = 0,1,..., where e“gf,)(s) stands for the Laplace transform of the error ¢(*)(t) of BJ itera-

tions in the time domain. Similarly, the error equation in Laplace transform for BJO iterations
corresponding to the splitting Q = M — N takes the form

~\—1
(s) = (sI+ M) Nebyols),
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The error analysis of PBJ and PBJO iterations in Laplace transform domain 1s much more
complicated. In [14], this analysis was presented assuming that the initial error ePB J(t) of PBJ
iterations is equal to t and by considering only linear terms in the expansion

_ o~Ntyr Nt _ v
B(t)—e Me —ZAt“)
i=0
where the matrices A; satisfy the recurrence relation
Aiy1 = AN — NA,,

i=0,1,..., with Ag = M. It was found that the relationship between ég])”(s) and € ePB J(s) is

{1
ebai(s) =

().

Similarly, under the same assumptions the corresponding error equation for PBJO iterations
reads

2+ 1710 g0
- < _‘PBJ

N1
2({sI+ M A
A1 (0
&hiols) = ( - ) éBio(s),

where A; = MN — NM.
Leimkuhler [17] defines the abscissa &, of w-convergence of (nonpreconditioned) waveform
relaxation iterations as

— inf {€ : pe(K) < w},
where

pe(K) = sup {p(K(s)) : R(s) > £},

K(s) is the Laplace transform of K and p(M) is the spectral radius of the matrix M. He then
recommends that the corresponding window of convergence in the time domain be estimated by
a simple inversion rule T, = 1/¢,,.

This approach was adopted by Burrage et al. [14] to estimate the size of the window of con-
vergence in the time domain of PBJ and PBJO iterations. However, the obtained estimates were
rather inaccurate and in what follows we propose the approach based on pseudospectra rather
than spectra hoping to refine these estimates.

Our approach consists in the following. Define

€ew =Inf {€: pe(K) < w}, 6.1)

with
Pe,e(KC) = sup {pe(K (s)) : R(s) > &}, (6.2)

where K (s) is the Laplace transform of K in case of BJ and BJO iterations or is equal to

K(s) = 261t Js\/I)‘lAl

or a1
K(s) = 2(sI+1:4) A1’

in the case of PBJ or PBJO iterations. To translate £ ., given by (4.6) into the corresponding
values T, ,, in the time domain, we assume that

T..= (6.3)
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where A is some constant. In view of (4.6), the constant A is about
A~ —lne (6.4)

We will also determine A experimentally by requiring that T, ., given above is approximately
equal to the maximum value ¢ for which

pe (Kq(1)) < w,

where KCy(t) is a finite-dimensional approximation to X(t) defined in Section 3. This will be done
by comparing the corresponding pseudospectra of Kq(t) and K(s), where K(s) is defined above,
for specific values of € and ¢ and for all four modes of waveform relaxation iterations. This process
is illustrated in the next section for the linear system corresponding to the advection-diffusion
equation. The experimental value of A will be compared to the theoretical approximation given
by (6.4).

7. NUMERICAL RESULTS

The origin of our model problem is the advection-diffusion equation
U + AUz = bUzy, t>0, 0<z<l, (7.1)

b > 0, with Dirichlet boundary conditions u(0,t) = ¢o(t) and u(1,t) = ¢1(t) and initial condition
u(z,0) = f(z). We introduce a mesh {z;}24)', where z; = iAz and Az = 1/(n +1). We let
¥i(t), 1 = 1...,n be the approximation obtained for u(z;,t) from (7.1) when u,, and u, are
replaced by finite differences. If we use central differences for u;, and central, backward, or
forward differences for u,, we get a system of ODEs

y'(t) + Qu(t) = g(t), (7.2)
where @ is an n x n matrix of the form (2.7) and
g(t) = [~cdo () ,0,...,0,—edy ()] .

The values of ¢, d, and e appearing in @ depend on the type of differencing which is used for the
term u,. We can summarize this in the following table (compare also [22]).

c d e
Central —ﬁ 'Az_:z' 2Aaz —-A—l;;
Forward _ﬁf —Ka:;-'-AZ_:Z' Ka;_'A_zT
Backward __Za; - 'A_bzi Ka; + _Ai.::% ——Ab?

We are particularly interested in the case where convection is dominating over diffusion in (7.1),
that is |a| 3> b. Following [22], in the numerical experiments to follow, we shall set n = 24, a = 1,
and b = 10735, This results in a matrix Q which is highly nonnormal. Higham and Owren [22]
study (7.1) supplied with a nonlinear reaction term and they find that the nonnormality of the
matrix Q severely affects the behaviour of the numerical scheme. In all the results presented here,
the BJ and PBJ cases correspond to a splitting without overlapping and where the blocksizes
are all equal to 2. In the BJO and PBJO cases, we always use block sizes by = b, = 3 and
by =---=br_1 = 4 and overlaps 0; = --- = 0,—1 = 2 (compare Section 2).

We begin by illustrating the bound (4.2) given in Section 4. With parameters n, a, b as described
above, we set T = 0.1 and h = 0.01 which corresponds to the number of trapezoidal points
q = 10. We plot the first ten power norms of the resulting K, and for € € {0.1,0.01,0.001} we
plot p¢(KCq)¥+1/e in terms of k. The results are displayed in Figure 1.
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Figure 1. Power norms (‘0’) and p.(Kq)**1/¢ in terms of k. Dotted line: € = 0.1,
solid line: € = 0.01, and dashed line: ¢ = 0.001.

BJ PBJ

0.2

0.1

0.2

0.1

0 0.1 0.2 0 0.1 0.2
Figure 2. Error function of the first six iterates for the four modes.

We clearly see that the most relevant ¢ decreases as k increases. The bound (4.2) is quite sharp
for the modes BJ and BJO but not as good for PBJ and PBJO.

In Figure 2, we plotted the error function of the first six iterates for (7.2) for all four modes of
waveform relaxation.
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0 ¢ 0 .
-0.5 -0.5
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Figure 3. Pseudospectra for the four modes at T' = 0.1.
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Figure 4. Pseudospectra for the four modes at T' = 0.2.

We can see that the convergence of BJ and BJO modes is quite fast in the window [0,0.2]
and that the window of rapid convergence of PBJ and PBJO iterations is much smaller and
approximately equal to [0,0.05]. These modes still converge at T = 0.1 but the errors grow
rapidly as T — 0.2. We can also observe that overlapping improves somewhat the rate of
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Figure 5. Pseudospectra in the Laplace transform domain for the four modes at
8 = 40.
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Figure 6. Pseudospectra in the Laplace transform domain for the four modes at
8=20.

convergence of the resulting iterations. However, this improvement is not as dramatic as for the

linear system with normal matrix Q considered in [14] which approximates the heat equation in
one space dimension.
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The behaviour of the dynamic iterations displayed in Figure 2 is clearly reflected in the cor-
responding pseudospectra. These pseudospectra, computed for all four modes at T = 0.1 and
T = 0.2 for € = 0.01, are plotted in Figures 3 and 4. We see in Figure 3 that the pseudospec-
tra of all four modes are contained within a disk centered at the origin and with a radius of
approximately 0.4. We see that while the BJ and BJO modes experience only a modest change
in pseudospectra, the effect on the PBJ and PBJO modes is dramatic. By using the resolvent
condition (4.1), we found that the pseudospectral radii for PBJ and PBJO exceed unity and we
might expect that the error will grow rapidly in the first few iterations.

In Figures 5 and 6, we have plotted the e-pseudospectra of K(s) for ¢ = 0.01, for all four
modes for s = 40 and s = 20. We can see that they have approximately the same size as the
corresponding pseudospectra in Figures 3 and 4, and we conclude that the appropriate value of
the constant A in (6.3) is approximately equal to 4. This value is quite close to the estimate
A ~ —Ine ~ 4.6 given by (6.4). We can then estimate the window of convergence in the
time domain using formula (6.3) for the required value of w. We would like to stress that the
computation of &, using (6.1) and (6.2) is much more efficient than the computation of the
e-pseudospectra of the matrices /Cq(t).

r T ' ¥ T L

0.25

0.21-

0.15

0.1

0.05

0 -

L 1 A 1 L
0 0.02 0.04 0.06 0.08 0.1 0.12 0.14

Figure 7. Pseudospectral radii in terms of T. The BJ modes are displayed as solid
lines and PBJ modes as dashed lines.

We have plotted in Figure 7 the e-pseudospectral radii for € = 0.01, for the BJ and PBJ modes
versus T'. The top two curves correspond to the parameter a = 1, the two curves in the middle
to a = 1/2, and the bottom ones to a = 1/4. These graphs indicate that for a = 1 the BJ mode
should converge faster than the PBJ mode for any T. For a = 1/2 and @ = 1/4, the PBJ mode
should converge faster on windows [0, T'], where T' < 0.05 and T < 0.11, respectively.

We conclude this section by analyzing pseudospectra of the iteration matrices Hgy = M~IN
and Hpjo = M~1N which correspond to the BJ and BJO modes, as well as Hppj(t) = M~1N(t)
and Hpgjo(t) = M~*N(t) which correspond to the PBJ and PBJO modes. The spectral radii
of these matrices are given by

p(Hpj) = 0.0997, p(Hpjo) = 0.0073,
p(Hppy(0.05)) = 0.0192,  p(Hppo(0.05)) = 0.0083,
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o(Hpp3(0.1)) = 0.0385,  p(Hppio(0.1)) = 0.0166,
p(Hpp3(0.2)) = 0.0790, o(Hpp30(0.2)) = 0.0334.

If Q were normal, these spectral radii would represent rates of convergence of the corresponding
dynamic iterations at infinity (compare [5]). However, in our case, the matrix Q is highly non-
normal and more accurate information on the rate of convergence of the corresponding iterations
is revealed by analyzing pseudospectra. Nonnormality of H is usually measured by the condition
number of the matrix V whose columns are eigenvectors of H, and these condition numbers are
listed below for the four waveform relaxation modes.

cond(Vgj) = 1.72 - 107, cond(Vajy0) = 1.49 - 1017,
cond(Vpp(0.05)) = 8.87-10'°,  cond(Vppj0(0.05)) = 9.17 - 10%°,
cond(Vppj(0.1)) = 1.13 - 10%0, cond(Vegjo(0.1)) = 3.44 - 1071,
cond(Vppj(0.2)) = 2.46 - 10%, cond(Vpgj0(0.2)) = 4.37 - 10%.

We have plotted in Figure 8 the pseudospectra for € = 103 of the matrices Hgj and Hgjo, as
well as Hppj(T) and Hppjo(T) for T = 0.05, T = 0.1, and T = 0.2. These graphs were obtained
as contour plots of the function

f(2) =||(I - H)7Y|,

where H is the appropriate iteration matrix. Analyzing these plots, we can see again that
pseudospectra provide much more accurate information about the behaviour of dynamic iteration
than spectral radii. In fact, the analysis of the spectral radii alone may lead to the wrong
conclusions about the respective convergence rates.

BJ P8J

0 O o O )

BJO PBJO

. o | O .;

-5 0 5 -5 0 5

Figure 8. Contour plots for pseudospectra of the static iteration matrices.
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8. CONCLUDING REMARKS

By discretizing the continuous waveform relaxation operator, we have used pseudospectra for
analyzing the convergence rate in the first few iterations. This approach offers more precise
information than other techniques that have been suggested, for instance, error analysis in the
Laplace transform domain considered in [14].

There are two difficulties that have to be addressed when pseudospectra analysis is to be used.
One is the choice of the parameter e. The “most relevant ¢’ depends on the k for which one
wishes to study the convergence rate, that is,

By making comparisons between the above ratios and p.(K,) for various values of €, we have
found experimentally that ¢ = 0.01 gives a good approximation to this ratio in the first few
iterations (compare Figure 1).

Another difficulty is to compute the e-pseudospectral radii of K,(t). As g, the number of points
in the trapezoidal approximation increases, our algorithms quickly reach the bound for which it is
possible to compute the relevant quantities with the hardware and software available to us. One
should look for algorithms whose complexity is practically independent of g. We have shown that
such estimates can be obtained in the case where K, is of block Toeplitz type, but the estimates
only seemed to work well in the case where the blocks K(t;,¢;) were normal matrices. Moreover,
when preconditioning was used, the block Toeplitz structure was lost which further complicates
the situation. However, the good news is that pseudospectrum of K,(t) has to be computed
for one value of ¢t only. Comparing this pseudospectrum with pseudospectrum in the Laplace
transform domain of the appropriate matrix K (s) of dimension n, only we can estimate the value
of the constant 4 appearing in the relation (6.3). This relation allows us to obtain the estimates
for windows of convergence in the time domain from the estimates of windows of convergence in
Laplace transform domain. We would like to stress again that the latter estimates are easy to
compute since the dimension of K (s) is equal to n—the dimension of the underlying differential
system and is independent on the number of discretization points.

Numerical experiments were performed for four different modes of waveform relaxation, BJ,
PBJ, BJO, and PBJO, the P signifying preconditioning and O overlapping. As the model for our
experiments, we have chosen an advection-diffusion equation in one space dimension with dis-
cretized space variable. We were particularly interested in studying the case where the advection
term is dominating since this leads to a linear system of ODEs with a coefficient matrix which
is highly nonnormal. In [14], the numerical tests were performed on a semidiscretized version
of the heat equation, and it was found that preconditioning improved the convergence on small
time windows. We found that in the nonnormal case, extremely small time windows must be
used if preconditioning is to be effective. Overlapping helps, but probably not enough to justify
the enlarged dimension of the ODE system to be integrated in each iteration.

The techniques employed in this paper can be easily extended to multidimensional problems
although this naturally leads to increased computational complexity and difficulty in determining
the pseudospectra of discrete analogs of the integral operator (3.1). Note, however, that the
analysis of Section 4 still holds for the BJ case, although the appropriate choice of € in the
relation (4.6) may require some adjustment.

The extension of the techniques of this paper to the nonlinear problems seems to be more
complicated. One reason for this is that the matrices K, arising from a linearization of nonlinear
problems are not block Toeplitz, even in the BJ case, since the matrices K, = K(t;,t;—,) now
vary with the time ;.



11.

12.

13.

14.

15.

16.

17.
18,

19.

20.

21.
22.

Pseudospectra 85

REFERENCES

. E. Lelarasmee, The waveform relaxation methods for the time domain analysis of large scale nonlinear
dynamical systems, Ph.D. Thesis, University of California, Berkeley, CA, (1982).

. E. Lelarasmee, A. Ruehli and A. Sangiovanni-Vincentelli, The waveform relaxation method or time domain

analysis of large scale integrated circuits, JEEE Trans. on CAD of IC and Syst. 1, 131-145, (1982).

O. Nevanlinna, Remarks on Picard-Lindelof iteration, Part I, BIT 29, 328-346, (1989).

. O. Nevanlinna, Remarks on Picard-Lindelof iteration, Part II, BIT 29, 535-562, (1989).

. U. Miekkala and O. Nevanlinna, Convergence of dynamic iteration for initial value problems, SIAM J. Sci.
Stat. Comput. 8, 459-482, (1987).

. U. Miekkala and O. Nevanlinna, Sets of convergence and stability regions, BIT 27, 557-584, (1987).

. O. Nevanlinna, Linear acceleration of Picard-Lindelof iteration, Numer. Math. 87, 147-156, (1990).

. R.D. Skeel, Waveform iteration and the shifted Picard splitting, SIAM J. Sci. Stat. Comput. 10, 756-776,
(1989).

. Ch. Lubich, Chebyshev acceleration of Picard-Lindelof iteration, BIT 32, 535-538, (1991).

. S. Vandewalle, Parallel Multigrid Waveform Relazation for Parabolic Problems, B.G. Teubner, Stuttgart,

(1993).

B. Pohl, On the convergence of the discretized multisplitting waveform relaxation method, Appl. Numer.

Math. 11, 251-258, (1993).

R. Jeltsch and B. Pohl, Waveform relaxation with overlapping systems, Research Report No. 91-02, Seminar

fiir Angewandte Mathematik, ETH, Ziirich, Switzerland.

A. Frommer and B. Pohl, A comparison result for multisplitting based on overlapping blocks and its appli-

cation to waveform relaxation methods, Research Report No. 93-05, Seminar fiir Angewandte Mathematik,

ETH, Ziirich, Switzerland.

K. Burrage, Z. Jackiewicz, S.P. Norsett and R. Renaut, Preconditioning waveform relaxation iterations for

differential systems, BIT 36, 54-76, (1996).

R.E. Spilling, Dynamic iteration and the pseudospectral method, Student Report, Department of Mathemat-

ical Sciences, The Norwegian Institute of Technology, Trondheim, Norway, (1993).

K. Burrage, Parallel and Sequential Methods for Ordinary Differential Equations, Oxford University Press,

Oxford, (1995).

B. Leimkuhler, Estimating waveform relaxation convergence, SIAM J. Sci. Comput. 14, 872-889, (1993).

L.N. Trefethen, Approximation theory and numerical linear algebra, In Algorithms for Approzimation II,

(Edited by J.C. Mason and M.G. Fox), pp. 336-360, Chapman & Hall, London, (1990).

L.N. Trefethen, Pseudospectra of matrices, In Numerical Analysis 1991, (Edited by D.F. Griffith and G.A.

Watson), pp. 234-266, Longman Scientific and Technical, Harlow, UK, (1992).

L. Reichel and L.N. Trefethen, Eigenvalues and pseudo-eigenvalues of Toeplitz matrices, Lin. Alg. Appl.,

153-185, (1992).

S.C. Reddy and L.N. Trefethen, Stability of the method of lines, Numer. Math. 82, 235-267, (1992).

D.J. Higham and B. Owren, Non-normality effects in a discretised nonlinear reaction-convection-diffusion

equation, J. Comput. Phys. 124, 309-323, (1996).



