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Abstract

We derive order conditions for commutator-free Lie group integrators. These schemes
can for certain problems be good alternatives to the Runge-Kutta-Munthe-Kaas schemes,
especially when applied to stiff problems or to homogeneous manifolds with large isotropy
groups. The order conditions correspond to a certain subsets of the set of ordered rooted
trees. We discuss ways to select these subsets and their combinatorial properties. We also
suggest how the reuse of flow calculations can be included in order to reduce the computational
cost. In the case that at most two flow calculations are admitted in each stage, the order
conditions simplify substantially. We derive families of fourth order schemes which effectively
use only 5 flow calculations per step.

1 Introduction

Crouch and Grossman [7] were perhaps the first to propose a method format in the general class
of integrators which are today recognized as Lie group integrators for solving ordinary differential
equations on manifolds. Also Lewis and Simo, see e.g. [13, 14] made significant early contributions
to this class. Going even further back, one finds the class of schemes known today as exponential
integrators, perhaps first proposed by Certaine [4], an extensive review is given in [16]. Some
exponential integrators can be recognized as Lie group integrators with respect to a particular
choice of group action. For a complete discussion of the connection between exponential integrators
and Lie group integrators, see [15, 12]. See also [9] for stiff order conditions for exponential
integrators. More recently the methods known as the Runge-Kutta Munthe-Kaas methods have
been developed [17, 18], see also the survey article [11] and the references therein.
Given a differentiable manifold M we consider the initial value problem

y=F(y), y0)=peM, (1)

where y(t) € M, and where F' € X(M) is the space of smooth vector fields on M. We shall use
frames for expressing the numerical integrators, however one can alternatively use Lie group actions
[18]. A frame is here defined as a set of d smooth vector fields, F1, ..., Eq where d > m = dim M
and such that for every point y € M we have

span{E1(y), ..., Eq(y)} = TyM. (2)

This property plays a similar role to transitivity when schemes are expressed in terms of Lie group
actions. In the way we are going to use frames in the sequel, it is only the linear span V of the
vector fields F1, ..., By which matters, in fact, one may assume, without loss of generality, that
Ey, ..., Ey are linearly independent as vector fields, and thus constitute a basis for V. A change
of basis for V is not going to affect the approximation obtained from the integration scheme.

As an example of a linear space V4 of vector fields on R™, with m = d — 1 one may consider,
for a fixed matrix L € R™*™

Va={F:F(y)=aly+b, a€R, be R™} (3)

which is the choice underlying the exponential integrators.



The property (2) allows us to write an arbitrary smooth vector field F' as in (1) in the form

F(y) = Z fiW)Ei(y), (4)

for some functions f; € C°(M,R). As usual, we define the flow of a vector field F to be the
one-parameter family of diffeomorphisms exp(tF') defined on some ¢-dependent subset of M such
that exp(¢F) p is the solution y(t) of (1) with initial value y(0) = p.

The notion of a frozen vector field is important when Lie group integrators are formulated in

terms of frames. Given a vector field F' in the form (4) and a point p € M we associate a vector
field F}, € V defined as

d
Fyy) = Z fi(p)E;(y).

The schemes of Crouch and Grossman [7] are designed by composing flows of vector fields
frozen at various points near the initial value of the step. Recently Celledoni et al. [3] proposed a
new type of schemes which include the Crouch-Grossman class as a special case.

gr = eXP(Zk O‘If,JFk) T eXP(Ek a’f,le)(P) } S <
F = hFy, =h), fi(g:)Ei, ’ s (5)
yi = exp(Xy BiFk) - exp(Xy B Fk)p.

The coefficients of the methods are (oszyj), 1<rk<s, 1<j<Jand (BJ’-“), 1<k<s,1<j5<J.

We notice that the scheme (5) is explicit if ozfi ; = 0 whenever k > r. The motivation for proposing

this new scheme is twofold. On one hand, there are problems in which the use of commutators
may be undesirable, for instance in the solution of stiff systems or on homogeneous spaces with
large isotropy groups, see [3]. On the other hand, the schemes of Crouch and Grossman which
avoid the use of commutators, involve a very large number of flow computations (exponentials).
For instance, in an s stage explicit Crouch-Grossman method, there will be as many as s(s+1)/2
exponentials to compute in each step. The main idea behind these new schemes is to choose the
number J of exponentials per stage as low as possible, clearly, one may use a different J for each
stage.

We shall adopt the definition from [20] of order of consistency (or simply order) of an integration
scheme, by saying that a scheme, represented as a map xp : M — M, has order q if for any smooth
function ¢ € C*°(M,R) and point p € M one has

¢(exp(hF)p) — ¢ (xn(p)) = O(hT) as b — 0. (6)

The conditions one needs to impose on the coefficients of the scheme (5) such that (6) holds for
some prescribed ¢, will be called order conditions.

In this paper we will derive a complete set of order conditions for methods of the format (5).
In Section 2 we extend the results of [20] where order conditions were derived for the schemes
of Crouch and Grossman [7]. In Section 2.4 we shall see how the conditions can be significantly
simplified in the case that J = 2 in (5). Then, in Section 4 we provide examples of schemes, and
we will show how reuse of exponentials can reduce the computational cost of the schemes.

2 Order conditions in terms of rooted ordered trees

The schemes (5) are defined for an arbitrary choice of frame, in particular one can choose M to be
a Euclidean space with global coordinate system (z1,...,24), and the vector fields F; = %. The
flow of an element in the span of these vector fields is just translation, exp(tV)p = p + tV where



V=>, Via%i' With this choice of frame, it follows that the scheme (5) reduces to a classical
Runge-Kutta scheme

gr = p+ Zk a];Fk
,r=1,...,s,
FT = hF(h‘
yo= PR,
where af =} j afi ;and b =3, B7. So a necessary condition for the scheme to have order p for

k

., b defined above, satisfy the classical order conditions

a general frame, is that the coefficients a
for Runge-Kutta methods.

2.1 Trees and elementary differentials

For studying the schemes proposed above, we shall use a generalisation of Butcher series [2, §]
based on the use of rooted trees. In the classical order theory for Runge-Kutta methods, the
trees are non-ordered trees, meaning that no ordering is imposed on the set of subtrees of a tree.
However, as explained in [20] we here need to use ordered rooted trees. We denote by T, the set
of all ordered rooted trees. A treet € T, if either t = o, or if t = B, (t1,...,t,) with each t; € T},.
B maps an ordered set of trees in T, to one tree in T, by connecting the root of each tree t; to a
new common root. Similarly we define the map B_ which assigns to a tree in T}, the (ordered) set
of its subtrees. In particular, we set B ()) = @ and B_(e) = (). The number of nodes in the tree
is denoted |t], so we have || =1 and for t = B, (t1,...,t,) we have |t| =14 )" |t;|. We define a
non-commutative concatenation product between elements in T\,. The tree e is the unit element,
ie. o-t=t-o=tforevery t € Ty. For trees u = By (u1,...,u,) and v = By (v1,...,v,), we set
u-v =By (B_(u),B_(v)) = B4 (u1,...,uu,01,...,v,). Note that |u-v| = |u] + |v] — 1.

We can now generalize the concept of elementary differentials by associating to each tree
t € T, a differential operator F(t) : C*°(M,R) — C*(M,R). As usual, we let vector fields
be derivations of C*°(M,R) and we use the notation F[¢] to signify the result of applying this
operator to a function ¢p € C*°(M,R). The product of two derivations F and G is defined as
(F - GQ)[¢] = F|G[¢]] and we sometimes write this product just as juxtaposition. Note that even
if both F and G are derivations, their composition is not. We define

F(e)=1, F(Bi(t1,...,tu) = ‘ Z F(t)[fol - FE)fi] Eiy - Ei,

As with vector fields, we can freeze the coefficients of these operators at any point p € M and we
define

Fylo) =L Fy(Biltioont) = Y. FU0) FOI)0) B o B,

This leads to a generalisation of the B-series discussed in [8]. For any map a : T, — R and
p € M we define the formal operator series

B(a) = Y h""a(t)F,(t) (7)

teT,,

In what follows, we will frequently make calculation with series, these series should be always
thought of as formal series without any concern about convergence.

The composition of frozen operators F,(t) is multiplicative with respect to the product on
trees defined above, that is, for any two trees u and v in T, one has

B, (u)F,(v) = F,(u- v). (8)



2.2 Expansion of the exact solution

To expand the exact solution in a B-series, we need to consider the following series for the flow of
a vector field

L P @)+ = Exp(tF))(w)

V(exp(tF)y) = v(y) + FIl) + 5

so we let Exp(tF') denote the exponential series of the operator ¢F'. We have the following result
from [20]

Proposition 2.1 The expansion of the exact flow ¢ (exp(hF)y) can be expressed in a B-series
B(a)[¢](y) where a(t) = a(t)/(|t| — 1)!, and where «(¢) is defined recursively as follows:

a(e) =1and «t) = a(By(ty,...,t H < Z|t;||§|1_ 1>oz(tg). (9)

2.3 Expansion of the numerical solution

Lemma 2.2 Suppose that ¢, and ¢p are maps of M with B-series B(a) and B(b), where a(e) =
b(e) = 1. Thus for any smooth function ¢ we have

P(da(y)) = B(@)[Yl(y), ¢(ow(y)) = B(b)[¥](y)-

Then the composition of the maps ¢, o ¢p has a B-series B(ab) defined as

ab(e) =1
and for t = By (t1,...,tu),
1
ab(t) = ) af = a(By(thi1,-- - tu) b(By(tr, ... k)
u-v=t k=0

Proof. We first set z = ¢p(y), and calculate
¥(¢a(2)) = B(a)[¥](z) = B(a)[¥](¢b(y)) = B(b)[B(a)[¢]](y) := B(b)B(a)[¢](y)

Thus, B(ab) = B(b)B(a) and we multiply the two series and use (8) to obtain

> a b (u)hl T a(u)Fy (u)Fy () = Y AUIb(u)a(v)Fy (u - v)

uGT uGTO
UET P ’UETO
A change of summation index yields the claimed result. O

Lemma 2.3 Suppose that a = ¢,(p) has a B-series B(a). Then the frozen vector field F, =
> fila)E; € V has the B-series F, = B(F,) where

F.(e¢) = 0
F (B+(t1,... )) = 07 /1/22
F.(B1(t)) = a()

Proof:

Fo=_ fi(@a@)Bi=3" > W1 taF, () )E: = 3 W' a(t)Fy (B4 (1))

i teT, teTy

where we have used the recursive definition of the elementary differential operators. O



Lemma 2.4 Let G € V be any vector field with B-series of the form

G= Y WITGHOF,((1)

teT,

Then, its h-flow exp(hG)p has again a B-series B(g) where
gle) = 1

BBt t)) = —Gl0)-Glt)

Proof: The exponential series gives, setting u; = B (¢;)

blexp(hG)p) = 3 % ) =) % S [ G () By ) [6]()
pn=0

1=0 Tty €T, i=1

By (8) one has F,(uy)---Fy(u,) = Fp(B4(t1,...,t,)), and since the subtrees constitute an or-
dered set, every t € T, appears precisely once in the form ¢ = By (¢1,...,t,) as p ranges from
zero to infinity. Furthermore, since h* [[5 | hltiI=1 = p2iti = hltI=1 we get by reorganising the
above expression

Y(exp(hG)p) = Y W= g(t)F,(1)[¢](p)

teT,,

with g(t) given as in the lemma. O
We now define

gro=pEM and g,;= exp(z af)ij)gT,j_l, j=1,...,J.
k

so that g, = g, in (5). Also, it is convenient to define o‘§+1,j = ﬂf for1<k<sand1<j<J.
Then we can extend the above definition of g, ; also to r = s+ 1 such that g,11 = gs41,7 = 1.
From these definitions and the above lemmas, we have the result

Theorem 2.5 Consider the commutator-free method (5) where we set gs11,7 := gs4+1 = y1 and
9rg = 9r, 1 <7 <s Theng,;, 1 <r <s+4+1,1<j < J have B-series B(gm») defined
recursively as follows

gri(e) = 1, (10)
gro(t) = 0, Vt:|t]|>1, (11)

p
gT,j(B-i-(tlv"'vtu)) = Zgr,j—l(B-i-(tlv"'vtk)) 'bT7j(B+(tk+17"'7tH))7 (12>
b, j(e) = ];7:0 1<r<s+1,1<5j<J, (13)
by ; (B-i- (t17 cee 7tu)) = %an (tl) Gy (tu)v (14)
G, (t) = > afgrst) (15)

k=1

By combining Proposition 2.1 and Theorem 2.5 we obtain

Corollary 2.6 A commutator-free Lie group method (5) has order of consistency ¢ if and only if

gerl,J(t) = ( a(t)

Here gs41,5(t) is given recursively from Theorem 2.5 and «(t) is given by (9).



Remark 2.7 It is possible to make the recursion formulas in the above theorem more in line with
those that were derived for Crouch-Grossman schemes in [20]. By inserting (15) and (14) into (12)
one gets

o
1 ¢ ¢
grj (Bt 1)) =Y TR 1(By(tr, ..t ZO‘ e atigea(teet) 8,0 ()
k=
(16)

where the last sum is over p — k indices [; all ranging from 1 to s. One may apply this formula
repeatedly, starting with j = J and the final result is

J

1 k
gra(By(t1,. .. tu)) = ZJ—, ayl gt gy () gk (), 1<r<s+1.
—~j!

[}

S

where we have used the short hand summation convention

zzzz wd 3= Y

n=lje=j1  Ju=ju—1 k1=1ky=1  k,=1

The factorial of the multi-index j is defined as
i'=aq!...qs, q; = (F#foccurrences of i in j) Z G =p
Example: (1,1,2,2,3)!=2!.2!. 11 =4. a

2.4 Simplifications for the case J =2

We begin by presenting a very useful simplification of the formula for the quantities g, ; as given
in Theorem 2.5 when J = 2.

Theorem 2.8 Let t1,...,t,, 1t > 2 be any collection of trees in T,. Define ¢, u,v € T}, such that
t=DBy(ti,...,ty), u=By(t1,...,tu—1) and v = By (t2,...,t,). Then, if J =2

S

1
gdﬂ=gm@%=;}:@ﬁﬂdhmﬂw+a&mﬁwgﬂma 1<r<s+1
=1

In particular one has for r = s+ 1

S

(Bige(t1)y1(v) + Brge(tu)ys(u))

=1

y1(t) = gsy1(t) =

==

Proof: By applying (16) twice one gets

. ¢
g ( MI Z < ) Do gt agtge () g, (1)

One may now split this sum into two parts, and use the identity
% p—1 p—1
= 1<k<pu-—1.
()= Goa)+ () rers
¢ p=1\ 4 G L ¢
Z ar,llgll (tl) (k _ 1) ar,zl arklark;l e O[ngb (t2) 8, (ty)
¢
p—1 -1
[ - 0 0 € J
+ Z artégfu (tu) ( k )ar,ll arklarkgl T aTtLngl (tl) 8l (tﬂ—l))
‘

(Y arge (g (v Z OZT *80, (tu)gr(u))



3 Minimal sets of order conditions

We have seen that B-series of the form (7) are used to formally express objects of very different
kinds, such as maps and vector fields. This suggests that in the set of maps from T, to R, there
are subsets representing each object type. In order to characterise these subsets, we begin by
interpreting the trees and expansions in a strictly algebraic fashion.

Let A_ C T, be the set of tree of the form By(t) for t € T, and let A = A_ U {e}. Any
tree t = B4 (t1,...,t,) € Ty can now be considered as a word of the alphabet A, in the sense
that the finite sequence B (t1),...,By(t,) of elements of A, form the word By (t1,...,t,). With
the concatenation product defined on trees in Section 2.1, we obtain the whole set T, as the free
monoid on A, see for instance [21]. The tree e serves as the identity element. We may now extend
this structure to an R-algebra RT,, which we for notational convenience denote B. Its elements
are the formal series on A and it is in fact known to be the free associative R-algebra on the set
A. Denoting by (P,t) € R the coefficient of the tree ¢ in the series P, we define the product of
two series S and T to be the series with coefficients

(ST.t) = Z (S, u)(T,v).

t=uv

Next, we note that all integration methods methods considered here are derived by composing
exponentials of linear combinations of frozen vector fields. According to Lemma 2.3 these linear
combinations have expansions with coefficients which are zero on trees not belonging to A_.
Compositions of exponentials of such series can be expressed formally as the exponential of one
single vector field through the Baker-Campbell-Hausdorff formula, thus we conclude that every
map considered here is the exponential of a vector field whose expansion is in the free Lie algebra
g on the set A_ C T,,.

We define the following three subsets of B

e The subspace g C BB which is the free Lie algebra on the set A.

e V C g is the subspace of g consisting of series S such that

(S,t) =0 whenever t ¢ A_

e G is the Malcev group of exponential series T' = exp(S), S € g. In particular, if T € G then
(T,e)=1.

The characterization of this Lie algebra is well-known, see for instance [21]. We define the
coproduct A : B — B® B to be the unique homomorphism of R-algebras sending e to (e ® ) and
such that

Aft)=e@t+t®e foranyte A_.

Writing this out for an arbitrary tree ¢t = B4 (t1,...,t,), one gets

Al)= Y Bi(f)®Bi(f)

FCB_(t)

where the sum is over all subforests of B_(¢) including the empty set and B_(t) itself and where
f¢ is the complement of f in B_(¢). The ordering of the subforests f and f€ is inherited from the
ordered set B_(t).

The Lie algebra g is now characterised as

g={S€eB:A(S) =05+ 5S®e}.



By dualizing this relation, one obtains internal relations between the coefficients (S,t) of a series
S € g. One gets for any t1 @t € B B

(S, tl U_Itg)tl ® tQ =0

so we may conclude that the dependencies among the coefficients of a Lie series S € g occur for
trees which are identical modulo a permutation of subtrees. Using, yet again, classical theory of
free Lie algebras, one may characterize this dependency by a generalized Witt formula counting,
for a given tree ¢, the dimension of the subspace of g spanned by the set of trees obtained from
permuting the subtrees of ¢t. Consider the equivalence class [t] characterized by a set of v distinct
subtrees ¢; € Ty, © = 1,...,v where there are exactly o; occurrences of the subtree ¢;. From
Bourbaki [1], we find that the subspace spanned by the set of trees in [t] has dimension

e(e) = 1/lal 3l L (17)
d|la

This relation will be useful in the sequel in selecting a minimal set of order conditions. Some
examples are

c(n) = 0, n>1
¢(n, 1) = 1, n >0,
c¢n,1,1) = n+1, n>0, (18)
c(n,2) = =] n>o.

We have seen that there is a natural grading on B corresponding to the number of nodes in each
tree, defining the grade v(t) = |t| — 1 one sees that v(u-v) = |u-v|—1=|u|+ |v| -2 = v(u) + v(v).
One may decompose the spaces B and g according to this grading as

B=1[Bw a=][on en=9nB,

n>0 n>1

Clearly dim B,, is the number of ordered rooted trees with exactly n + 1 nodes, it is well-known
(see e.g. [5]) that this number is given as the Catalan number

dmB, — €, — - <2”> (19)

n+1l\n

having generating function
2

M= CTI"= —F— (20)
I T;) 1+VI-aT

We prove the following result

Theorem 3.1

i == 5000 (1)

d|n

where p(d) is the Mobius function defined for any positive integer as (1) = 1, u(d) = (—1)? when
d is the product of p distinct primes, and u(d) = 0 otherwise. The sum is over all positive integers
which divide n, including 1 and n.

Proof. This formula is well-known in several different contexts, for instance, it counts the
number of balanced Lyndon words [1] and has been used recently in the context of geometric
integration in [10] and [19]. The proof is mainly based on the Poincaré-Birkhoff-Witt (PBW)
theorem concerning the enveloping algebra of the free Lie algebra g. It is well-known [22, Thm
3.2.8, p. 174] that B is also the enveloping algebra of g. A standard way of finding the dimensions



vy, is to consider the dimensions dim B,,. Viewing B as the enveloping algebra of g, one has from
the PBW theorem

S wpre - J1 (Sr) - fa-rors -
m=0 n=1 r=0 n=1

which we now just need to compare to (20) and solve for v,.
We take logarithms of both expressions and use the expansion —log(1 —z) = Y 27, 2% /k

N | = 1 (2m
Un —T"% = log g(T) = — ( )Tm.
PN 2 2lm

where the Taylor coefficients of log g(T') are found for instance by using the relation (1og g(T))/ =
g (T)/g9(T) = 1(¢'(T) — (9(T") — 1)/T) which is easily verified. Comparing equal powers we get

d 1 <2m)
Sl o
m  2m\m
d|m
The Mobius inversion formula thus yields

)

O
The maps we consider here have B-series in B interpreted as exponentials of series in g. It is
easy to prove that if T' = exp(S) with S € g, then T satisfies the following relation in terms of the

above coproduct
AT)=T®T

This relation can also be characterized in terms of the shuffle product on B by
(T7 ’LLIJ_I’U) = (T7 u)<Tv U)a

see [21] for a proper definition of the shuffle product L.

4 Examples and implementation issues

4.1 Order conditions up to order 4.

The eight classical order conditions up to order 4 are well-known, and given as

Order Condition Order Condition

R I PR P Y

2 > b = %, 4 anbrcTach = %, (22)
3 >, bre; = 3 4 3o b akek =

3 Zr,kbralrcck = %, 4 Zr,k,mbrafa;cncm = ﬁ'

These must be fulfilled also by the commutator-free schemes (5) with

V=00 ar=)a, (23)
J J



To simplify the notation in what follows, we shall work with covectors in (R?®)* whose components
are the upper indices, as

ﬁ]_[ 7"'768]

and we use tensor product notation to indicate multilinear mappings on R* x -+ x R* as for
instance

(8) @ B) (w,0) = Y B By un, vk,

k1 ,ko
We next introduce the (u,0)-tensor
1
=Y 5B, ®- @8, p>L (24)
<
We have for example
J
1
te= > (5 ® (50, + D Bi)) (25)
Jji=1 J2>J1

There are no additional order conditions for order 1 and 2. For order 3, however, one must take
into account the order condition associated to either of the two trees

l. ol
Voo Y

Denote by 1 =[1,...,1]T the s-vector of ones and ¢? = [cf, ..., c?]T the gth power of the abscissae
in the scheme, and ¢ = c!. The third order non-classical condition is

t2(1,¢) = 2ta(c, 1) = % (26a)

In the case that there are two exponentials in the final stage, one can use Theorem 2.8 and replace

(26a) by the condition
1 1
Bi(e) + 50:(1) = 5

As for the fourth order condition, one first sees that there are 14 trees with five nodes. The two
[ X J

(26b)

trees V’ and ‘V‘ can be discarded, and among the subsets

]

{“./. ® ‘ [ ] .\.y‘} { ¥¥.7 .Vv }7 {‘V. .V‘}

one needs to include exactly one tree. The corresponding general condition and the version valid
in case of two exponential are respectively

ts(c,1,1) = 214 (general) (27a)
% Bu(c) + %52(1) - i (two exponentials) (27h)

Choosing the first tree of the second set, we get the conditions

L 1
(2 ,1) = 2 (general) (28a)
1,0 1 1 .
151 (c®) + Eﬁg(l) =51 (two exponentials) (28b)
and from the first condition of the last set we get
1
to(ac,1) = — (general) (29a)
24
1 1 1 .
561 (ac) + Eﬁg(l) kv (two exponentials) (29b)

10



The remaining 5 trees are related to the classical order conditions (22). The first, third and fourth
condition of order four correspond respectively to the trees

L]
[ ¥ J ‘

Yoot
whereas the second fourth order condition of (22) is the sum of the conditions corresponding to
each of the two trees I I
[ L]
¥

¥
s s (30)
So, given that the classical order conditions have been imposed, it suffices to consider one of the
two above trees and the order condition is

1
Z b" Ty, (c,1) = oY (general) (31a)

where the (u,0)-tensor T, is formed as
1
T}L,T:Zﬁajhr@"'@aj“’r (32)
i<

The condition (31a) is actually the first one to involve the non-classical coupling coefficients a’,f) j of
the scheme, thus this condition is responsible for the necessity of having more than one exponential
in at least one of the internal stages. Setting J = 1 in all internal stages would yield conflicting
conditions corresponding to the two trees (30). If we allow instead at most two exponentials in

the internal stages, we get the condition

1 1
3 Z b ¢, af)l ce + Z b al e aly | = 21 (two exponentials) (31b)
r.l

r.l,m

A useful strategy for constructing commutator-free schemes, is to start with an underlying
classical Runge-Kutta scheme which satisfies the classical order conditions (22) up to order p < 4.
Then, there is one extra condition schemes order three and four additional ones for order four.
One may used the equations marked “a” for the general case, and those marked “b” when there
are at most two exponentials. For schemes of order three one needs three stages and the update
stage must contain (at least) two exponentials in order to satisfy (26b). On the other hand, this
extra exponential provides three parameters. For schemes of order four satisfying the classical
conditions, the g-parameters are, in the case of two exponentials in the update stage, involved in
(26b), (27b), (28b) and (29b). We observe that these 4 equations immediately yield

1
pi(1) =5, pPile) = ok Bi(c®) =0, pa(ac) =0, (33)
The condition (31b) calls for two exponentials in one of the internal stages. Adding one in stage
r gives r — 1 extra parameters.

4.2 Reusing exponentials

Suppose the commutator-free scheme (5) is explicit. In [3] it was suggested that whenever more
than one exponential is to be included in a stage, one may try to reuse exponential calculations
performed in previous stages. If it is possible to find coefficients such that for some 1 < r < 7 < s+1
and j* > 1, one has

k _ _k
Arj = Qp s



one may in stage r calculate
pr= eXP(Z O‘I:,j*Fk) o 'eXP(Z a]rg,le)(p)
k k
and find g,, g7 as

gr=exp(>_al jF)--exp(>_ab . Fo)(p%),  gr =exp(D>_ak jFi)-exp(> | ak s Fo) (),
k k k k

and thereby save j* calculations of the exponential map. In the case that one may allow for storing
separate exponential maps (as e.g. matrices), there are further possibilities for reuse.
The schemes of order three are discussed in detail in [3].

Explicit fourth order schemes with four stages We refer to [8, p. 138| for a complete
classification of fourth order classical Runge-Kutta schemes. There exists one two-parameter
family and three one-parameter families of such schemes. We shall allow exactly two exponentials
in the update stage, and assume that there is an underlying classical Runge-Kutta scheme with
coefficients b”, a¥ as in (23) satisfying the classical order conditions (22). The conditions (33)
uniquely determines all the 8¥. It is impossible to reuse an exponential in the update stage
because the explicitness of the scheme would require 3§ = 0, leading to an inconsistency. As
mentioned above, one extra exponential is needed in one of the internal stages. We include this
in the last stage to maximize the number of free parameters and allow for reusing an exponential
from one of the first two stages. We have at our disposal the coefficients o} ;, ..., ;, the 0‘22
being determined by (23). It is natural to try to make the exponential from the second or third
stage coincide with the rightmost exponential in the fourth stage, setting

ai,lzaf’ r:2or37k:1,...,r—1. (34)

This requirement is rather restrictive, it completely determines all the ozf,i ; coeflicients when the
underlying classical scheme is given.

However, equation (31b) must still hold and this leads to further conditions on the classical
underlying coefficients

1
b4(a4202 + a4303)02 = ﬂ, ifr=2in (34)
or

b4(a4262 + a4303)63 - b4a3262 = ifr=3in (34)

1
24’
In reusing the exponential from the second stage, one can choose co2 & {0,1/3,1/4,1} and then set
- 302 -1
Cder—1

C3

The classical RK4 scheme of Kutta with co = c3 = % was given as an example of such schemes in
[3], it is the leftmost scheme of figure 1. It is interesting to observe also that with the choice of linear
space V as in (3) the internal stages of this scheme coincide with an exponential integrator presented
by Cox and Matthews [6]. Note that the famous 3/8-rule of Kutta having ca = 1/3, ¢3 = 2/3
cannot be used in this way. Reusing the exponential of the third stage is also possible. Incidentally,
it happens that the RK4 scheme also allows for a reuse of the exponential in the third stage, see
the rightmost scheme of figure 1.

There exists one other confluent scheme which is reusing this exponential namely the one given
in figure 2

All other schemes which reuse the exponential from the third stage must have co and c¢3 which
satisfy the relation

2(3cy — 2)c3 + (34 2¢5 — 6ca)cs + 3 — 2¢5 =1
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0 0
11 11
2 2 2 2
1 1 1 1
2] 0 3 2 0 3
1 1
1] 1 00 1l 0 10 (35)
1 1
-1 0 1 0 -1 1
11 1 1 11 1 _1
4 6 6 12 4 6 6 12
_1o1 11 1111
12 6 6 4 12 6 6 4

Figure 1: Commutator-free schemes of order four based on the classical RK4 scheme, reusing
exponentials from second and third stage respectively

0
1 1
1 3 1
2 8 8
3 1
1 2 g 0
1 _3
8 g 1
r 1 1 _1
4 12 3 6
1 _1 1 1
12 4 3 2

Figure 2: Commutator-free schemes of order four based on a confluent scheme, reusing exponentials
the third stage
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Unfortunately, the procedure presented here cannot be applied to obtain commutator-free
generalizations of classical schemes of order five and higher because the composition of more than
two exponentials is required. There are for instance a total of 25 conditions of order 5 according
to theorem 3.1. Of these, 11 involve the (-coefficients of the update stage. Fifth order classical
explicit Runge-Kutta schemes have at least six stages, thus three exponentials (J = 3) in the
update stage would add 12 parameters. The conditions can however not be made linear when
J=3.

We have presented a general order theory for the commutator-free schemes introduced in [3].
Several new schemes of order four are easily obtained from this discussion. Much work still remains
for constructing schemes of higher order, but the theory presented here can be used to write down
the order conditions to any order.

References

[1] N. Bourbaki. Lie groups and Lie algebras. Part I, Chapters 1-3, Addison-Wesley, 1975.

[2] J.C. Butcher. The Numerical Analysis of Ordinary Differential Equations. John Wiley,
Chichester, 1987.

[3] E. Celledoni, A. Marthinsen, and B. Owren. Commutator-free Lie group methods. Future
Generation Computer Systems, 19:341-352, 2003.

[4] J. Certaine. The solution of ordinary differential equations with large time constants. In
Mathematical methods for digital computers, pages 128-132. Wiley, New York, 1960.

[5] D. 1. A. Cohen. Basic Techniques of Combinatorial Theory. John Wiley & Sons, 1978.

[6] S. M. Cox and P. C. Matthews. Exponential time differencing for stiff systems. J. Comput.
Phys., 176(2):430-455, 2002.

[7] P. E. Crouch and R. Grossman. Numerical integration of ordinary differential equations on
manifolds. J. Nonlinear Sci., 3:1-33, 1993.

[8] E. Hairer, S. P. Ngrsett, and G. Wanner. Solving Ordinary Differential Equations I, Nonstiff
Problems. Springer-Verlag, Second revised edition, 1993.

[9] M. Hochbruck and A. Ostermann. Explicit exponential Runge-Kutta methods for semilinear
parabolic problems. SIAM J. Numer. Anal., To appear 2005.

[10] A. Iserles. On the discretization of double-bracket flows. Found. Comput. Math., 2:305-329,
2002.

[11] A. Iserles, H. Z. Munthe-Kaas, S. P. Ngrsett, and A. Zanna. Lie-group methods. Acta
Numerica, 9:215-365, 2000.

[12] S. Krogstad. Generalized integrating factor methods for stiff PDEs. J. of Comp. Phys.,
203(1):72-88, 2005.

[13] D. Lewis and J. C. Simo. Conserving algorithms for the dynamics of Hamiltonian systems of
Lie groups. J. Nonlinear Sci., 4:253-299, 1994.

[14] D. Lewis and J. C. Simo. Conserving algorithms for the n dimensional rigid body. Fields
Inst. Com., 10, 1995.

[15] B. Minchev. FExponential integration for semi-linear problems. PhD thesis, University of
Bergen, 2004.

[16] B. Minchev and W. Wright. A review of exponential integrators for first order semi-linear
problems. Technical Report 2, The Norwegian University of Science and Technology, 2005.

14



[17] H. Munthe-Kaas. Runge-Kutta methods on Lie groups. BIT, 38(1):92-111, 1998.

[18] H. Munthe-Kaas. High order Runge-Kutta methods on manifolds. Appl. Numer. Math.,
29:115-127, 1999.

[19] H. Munthe-Kaas and S. Krogstad. On enumeration problems in Lie-Butcher theory. Fut.
Gen. Comp. Sys., 2003.

[20] B. Owren and A. Marthinsen. Runge-Kutta methods adapted to manifolds and based on
rigid frames. BIT, 39(1):116-142, 1999.

[21] Ch. Reutenauer. Free Lie Algebras. Cambridge University Press, 1993.

[22] V. S. Varadarajan. Lie Groups, Lie Algebras, and Their Representations. GTM 102. Springer-
Verlag, 1984.

15



