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Abstract

Runge-Kutta methods for the time integration of the equations of motion in
structural dynamics are presented. The methods belong to a class called SDIRK
(singly-diagonally-implicit Runge-Kutta) methods. The computational cost needed
per step is comparable to Newmark methods with o damping. The methods proposed
are L-stable which means that they instantly damp out the higher modes in the
solution. The numerical dissipation can be controlled by a parameter. Both second
and third order methods are presented. Some characteristics of the methods are
compared with the Newmark method with o damping.

1 Introduction

Initial value problems of the form

vy =g(t,y,y"), ylte) = o, ¥'(to) = g (1)

appear in many applications, for instance in structural dynamics. Here y, vy’ and y” are all
vectors in R™ while g : R x R™ x R™ — R™ defines m (nonlinear) equations.

Sometimes, the definition of (1) is fully implicit, in which case it is interesting to
consider a linearized version,

My"+Cy' + Ky = F(t), y(to) = yo, ¥'(to) = v} (2)

where M,C' and K are m x m matrices and M is non-singular. This equation can be
thought of as a linearized version of the implicit system

F(t,y,y',y") = 0. (3)

However, another approach is to discretize (3) directly and thereby obtain a nonlinear
system of equations which must be solved for each time step. For instance, if this nonlinear
system is solved by using Newton iterations, the matrices M, C' and K will appear as partial
derivatives of the function F'.

In a paper by Hilber et al. [3], the authors consider (2) with ¢ = 0. For the appli-
cations they have in mind, they require methods that possess numerical dissipation for
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high frequency components in the solution. It is also important that the methods yield
high accuracy and a small phase lag in the lower frequencies. In a textbook by one of the
authors, Hughes [4], the following list of properties that methods in structural dynamics
should possess is presented.

1. Unconditional stability when applied to linear problems.

2. No more than one set of implicit equations to be solved at each step.
3. Second order accuracy.

4. Controllable algorithmic dissipation in the higher modes.

5. Self-starting.

It should be noted that unconditional stability in this case is related to the behaviour of
the method when applied to the scalar test equation y” = —w?y (see [3]). The connection
between conditions 1 and 3 is commented in [4]. Condition 2 suggests that multistep
methods are preferable to for instance Runge-Kutta methods, and the theorem known
as Dahlquist’s second barrier then asserts that the maximal order is two under condition
one. One can argue that condition 2 should be reconsidered. Frequently, one uses LU-
factorization followed by a substitution algorithm to solve the implicit set of equations
that appear in each step. It is well-known that the factorization requires most of the
computational effort. Hence, if a small number of substitutions are performed in each
step, the additional computational effort involved in the linear algebra part of taking one
step is not substantial.
A number of authors discuss a variant of the Newmark family of methods

Man1 + C((1+ @)vugpr — avy) + K((1 + @)dpy1 — ad,) = F(t,s1 + ah)

1
s = dy + hoy + B2 (5 = B)ay + Bas) ()
Unt1 = Up + h((l - 7)an + 7an+1)

where d,, and v, are approximations to y(¢,) and y'(%,), respectively (see [3]). The New-
mark family is obtained with @ = 0. The only second order member of this family with
a = 0 is the familiar trapezoidal rule which is obtained with v = 1/2 and 3 = 1/4. Despite
its order of accuracy, the trapezoidal rule lacks the desired dissipation properties for higher
frequencies. In [4] it is pointed out that the above method has order two if v = 1/2 — «
and 3 = (1 —a)?/4. Tt is shown in [3] that a can be used to control the damping of higher

modes in the solution. Unconditional stability is ensured if —3 < a < 0 which, according

to [3] is the range of practical interest. The variation of « provides a control device for
algorithmic dissipation in the higher modes. Thus, one can say that the conditions 1-4 can
be met. As for condition 5, one must address the fact that the method (4) is a multistep
method when a # 0. A starting method is therefore needed. The authors of [3] provide
such a device through the formula

ag = LM_l(F(to) - [(do - C’Uo).



This formula used in conjunction with (4) has order of consistency one if o & {—%, 0}, as

can be seen by comparing the Taylor expansions for the resulting one-step method to that
of the exact solution. For instance, consider the special case where (2) is one-dimensional
and F'(t) = 0. Comparing the two Taylor series yields

|dy = d(h)| = O(h?)

1 CKdo+ (C?— MK
[vr = v(h)| = —a (1 + 20) : °+(M2 )

R 4+ O(h?)

Thus in general, if several restarts are required, the global order will reduce to one. The
method (4) can be identified as a constant stepsize two-step Runge-Kutta-Nystrgm method.
Thus, for variable stepsize implementations, the order will in general not be maintained. It
has been pointed out, for instance by Mathisen [7], that variable stepsize should be allowed
for.

Next, we find that there are reasons to question the quality of the damping mechanism
in (4). Components of high frequencies are damped by a factor of 0.6 (a« = —0.3) in each
time step. If at some time, say t*, a high mode is injected into the numerical solution, it
will be seen over several time steps before it is damped. We believe that such undesired
frequency components should be damped instantly.

To this end, we are suggesting methods which belong to the large class of Runge-
Kutta methods. We aim at fulfilling the conditions cited above, except that we allow
for more than one substitution in the linear algebra part. We thereby gain the property
of variable stepsize and instant damping of higher modes. Moreover, as these methods
are one-step methods, no auxiliary formula is needed for restarts. The properties of the
methods presented will be compared to those of (4).

2 A family of Runge-Kutta methods

2.1 SDIRK methods

The family of Runge-Kutta methods we consider here belongs to the celebrated class of
SDIRK methods, which are discussed in detail in for instance [6]. Usually, such methods
are formulated for initial value problems of the form w’ = f(t,w), w(tg) = wg where w
and wg are m-vectors, and f : R x R™ — R™ is generally non-linear. We shall consider
methods of the form

kr :f(tn-l_cf‘h;ujn-l_hZ;:l (lrjk'j)7 r = 17_”75 }

'wn_l_l = Wy + h Ei:l b,«kr (5)

where A is the step size. We shall call s the number of stages of the method. In SDIRK
methods a1y = -+ = a5 1= v # 0, and we impose the additional condition that Z;-:l ar; =
¢, which implies ¢; = 7.



A Butcher tableau can be used to represent these methods. It has the form

YT
Cy | d21 7Y

Cs | Gs1 Qg - Y

by by ... b

We denote by A the lower triangular s X s matrix whose non-zero elements are ((a,;)), 1 <
J < r < s and by b the s-vector (b.). We shall later restrict the attention to SDIRK
methods being stiffly accurate, which means that a;; =b;, 7 =1,...,s.

The name SDIRK is an acronym for singly-diagonal-implicit Runge-Kutta methods.
The popularity of these methods can be explained by their ability to combine good stability
properties with a relatively cheap implementation. If we apply an SDIRK method to (2),
we obtain after some algebraic manipulation the following formulas to be used in each step:
First form the matrix

T := M + hyC + (h7)2K

Then, for r = 1,..., s solve the systems

r—1 r—1
T -k.=F(t,+ch)—K (yn + ¢ hy!, + h? Zﬁrﬂ%j) -C (y; +hY am-l_cj)

Jj=1 7=1

with respect to k.. Here @,; = Y7_, a,zax;. Then compute the approximations y,,; and
Y1 to y(tngr) and y'(t,41) respectively from the formulas

Yntl = Yn + hy; + h? Z ET'ET

r=1

y7/1+1 = y; + h Z brkr
r=1

where b, = > 3, @krbp. Observe that the s linear systems of equations that have to be
solved in each step share the same coefficient matrix, hence, only one LU-factorization is
necessary to solve for ky, ..., k. It should also be noted that the structure of the matrix
T is inherited from the structure of the matrices M, and K. If for instance all these
matrices are symmetric, T' will be symmetric.

In order to compare the SDIRK methods to (4) in the same way as in [3], it is necessary

to consider the second order scalar test equation
u' = —wlu (6)
where w is a real number. For the SDIRK methods, we obtain the recurrence formula

l u?“ ] = R(hM) l Zf ] where M = l (2) !

(G —w* 0

] and R(z)=1+ sz(I— ZA)_le



R(z) is a rational function defined for all (complex) ' z except z = 1/4 which is its only

pole. It is known as the stability function of the method. e is the s-vector (1,1,...,1)T
and [ is the s x s identity matrix.

As in [3] we will carry out the damping and phase lag analysis by considering the
eigenvalues of R(hM). The eigenvalues of M are A\; = iw and Ay = —iw, and it is well
known that the corresponding eigenvalues of R(hM) are u; = R(iy) and py = R(—1y)
where y := wh. We shall say that the Runge-Kutta method is I-stable if for all real y, the
stability function satisfies |R(:1y)| < 1. This is equivalent to the definition of unconditional
stability as defined in [3]. For SDIRK methods we can write

where P(z) and Q(z) are the polynomials,
P(z) =det(I —zA + zebT) and Q(z) = (1 —~z2)".

In fact, for SDIRK methods where the order of the methods p satisfies p > s — 1 it can be
shown that ([6], p.103)

P(z) = (-1 ¥ L () )

where

L= ()4
is the s-degree Laguerre polynomial.

[-stability is equivalent to the condition E(y) = Q(iy)Q(—1y) — P(iy)P(—1iy) > 0 for
all real y. Furthermore, a Runge-Kutta method is A-stable if |R(z)| < 1 for all z such that
Re z < 0. It can be shown ([6, p.43]) that an SDIRK method is A-stable if and only if
it is I-stable and v > 0. Finally, a method is L-stable if it is A-stable, and if R(oc0) = 0.
Such a property ensures instant damping in the limit as y — oo. An SDIRK method with
v > 01is L-stable, if it is A-stable and stiffly accurate ([6, p.45]).

Following [8] we write

R(iy) = exp[(—a(y) +1b(y))y]

where a(y) and b(y) are real-valued functions. Notice that the solution exp(iwt) of (6) is
reproduced exactly if a(y) = 0 and b(y) = 1. Hence the frequency distortion depends on
the size of |b(y) — 1|. As in [8] we define the phase lag to be the modulus of the leading
term in the expansion of b(y) — 1, and we define the dispersion order to be the degree of
the leading term in the expansion. It is straightforward to verify that such an expansion
will exist in a neighborhood of y = 0 for all consistent Runge-Kutta methods. In this
neighborhood one can write

bly) —1=—y™" (%log%-l- y) (7)

where the log function is cut along the negative real axis.

f R(z) = P(2)/Q(z) where P and @ are polynomials, then R(hM) = [Q(hM)]~' - P(hM), defined for
all AM not having 1/v as an eigenvalue.



2.2 A two-stage method
There exist only two SDIRK methods with s = 2 which are A-stable, stiffly accurate and

have order two. These methods are given below where vy =1 + %\/Z
v v
11—~ v
L=y 9
It follows from the above discussions that both these methods are [L-stable. We shall

: . 1 . .
consider only the method with v =1 — 7\/2 since we do not want to consider methods

which rely upon an analytic extension of the solution of the initial value problem beyond
the current step.
The stability function for this method is

1 —2y)z 4+ 1
R(z) = (
=) (1 —7z)?
It is stralghtforward to verify that the dispersion order of this method is two, and the
phase lag is —\/_ — % This is less than the phase lag in e.g. the trapezoidal rule.

Notice, however, that there are no parameters available in such a method for controlling
the dissipation.

2.3 A family of three stage methods of order 2

Let us now consider three-stage methods of the form

v
ot+y|o Y
1 by by ~
bi by v
These methods have order two if
by=1—~— 72_27—‘_% and 62=72_27+%,
o o

hence there is a two-parameter family of second order methods. The stability function is
a2 . 1 2 p
3y —3’y—l—7)z —(3y—-1)z+1

(1 —~2)’

These methods are L-stable for all v in the interval between the (only) two real roots of the
polynomial 244* — 729% +484% — 12y + 1, i.e. ¥ € [a, 3] where a ~ 0.1804 and 3 ~ 2.1856

R(z) = (
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(see [6] for details). Thus, the damping profile can be controlled by varying v within this
interval (see Figure 1 curves 4 and 5).

Since the stability function R(z) only depends on the parameter v we conclude that the
other parameter ¢ has no effect on linear homogeneous systems such as (2) with F'(¢) = 0.
However, we can choose ¢ in such a way that the method has order three for nonlinear
problems if it has order three for linear problems. This implies for instance, that the
method yields order three for quadrature problems using any value of 4. The formula for
o is then

. 1
V=3 2y -

‘ 1
2 __ ¢ _—
=27+

It is not difficult to show that the above formula has order three for non-linear problems
if we also require that 7 is a root of the polynomial

1 3 _
p(y) Z?—TV—F?W?—’YB

p(7y) has three real roots which are approximately 0.1590, 0.4359,2.4051. Notice that only
the middle root corresponds to an L-stable method.
The phase lag expansion is given as

bly) — 1 =p(7)y* + O(y")

hence, if v is not a root of p(vy), then the dispersion order is two, and the phase lag is
|p(7)]. By choosing v as the middle root above (y &~ 0.4359), one obtains dispersion order
4 and a phase lag of approximately 0.01540.

2.4 A family of four stage methods of order 3

Our final example is a family of four-stage methods of the form

~
o+ o v
prv+y|p vy
1 by by by ~
by by by ~

To simplify the expressions we define ¢ = u + v. These methods have order three if

b = (L=vod—0 (/22747 +1/3 =27 437" —1" =~ (1/2 =27 +7%)¢
o
b, = 327437 - - (1/2-27+19%)¢
o (0~9)
by = _3=27+37" -1~ (1/2-27+77)
¢ (0 —¢)



3 . ,
R AT
o (Y +(e=3)y"+(2-20)y-1/3+0/2)
and defines a three-parameter family of order three methods. The stability function is
given by

(247% =362+ 12y —1)2° + (=3692 +24y —3) 2 + (247 —6) 2 — 6
6 (yz—1)* '
We have L-stability for y € [a, 5] where a ~ 0.2236 and 3 ~ 0.5728 (see [6] p. 106).
Unfortunately, it is not possible to obtain order four with only four stages (see [1]).
However, we can choose o and ¢ such that they satisfy two of the conditions for the

R(z) = —

method to have order four. If this is done, we obtain

7
1/12—’Y+7’72—473+V4

o = 3
1/6—77+372—73
4 2 3 4
1/8 ===y +47" =477 ++
¢ —

3 .
1/6—77%-372—73

The phase lag expansion is
b(y) — 1 =a(v)y" + O(y°)
where ¢(7) is the polynomial

14 2 1
q(y) = —47" + 167" — 147" + T’72 — 37t 3

This polynomial has three real roots, for v approximately 0.1117, 0.5257 and 2.9371. Note
that only the middle root gives an L-stable method. If 4 is a root of ¢(v), the dispersion
order will be 6, otherwise it will be four and the phase lag will be |g(7)].

It is also possible to equip this family of methods with an embedded formula of order
2 for error estimation and stepsize control (see [2]). Since this formula is only going to
be used for error estimation it does not have to be L-stable. A simple example of such a

method is
~ ~
T+Y| T 7
| b1 by
where
s 27 — (1 — 27)
by = 2T
A 1 =25
b= T

Now ~ and 7 should be chosen according to the third order methods above such that no
extra nonlinear systems need to be solved.



3 Comparison with the Newmark family of methods

In order to compare the SDIRK methods presented above with the Newmark family of
methods we shall look at some of the numerical characteristics of the methods. As in [3]
and [4] we plot the spectral radii of the methods. The spectral radius can be seen as a
measure of stability and dissipation in the numerical method. For SDIRK methods the
spectral radius is given by

p = |R(iy)|
where y = h/T, h is the stepsize and T' the period. In Figure 1 we show the spectral radii

of some members of the SDIRK and the Newmark a-family of methods. The curves are
as follows:

1. Newmark with o = —0.1 damping.

2. Newmark with & = —0.3 damping.

3. SDIRK with two stages (see Section 2.2).

4. SDIRK with three stages and v = 0.19 (see Section 2.3).
5. SDIRK with three stages and v = 1.0.

6. SDIRK with four stages and v = 0.23 (see Section 2.4).
7. SDIRK with four stages and v = 0.5728.
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Figure 1: Spectral radii for SDIRK and Newmark methods with a damping.

For the SDIRK three and four stage methods we have chosen values for v such that
the method is L-stable. In curve 4 the value of v is close to the lower value of its interval
of L-stability. For curve 5 v is chosen as 1 even though the upper value for an L-stable
method is approximately 2.1856. This is because we do not want to consider methods
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which rely on an analytic extension of the solution of the initial value problem beyond the
current step. In curve 6 v is chosen to be close to the left endpoint whereas in curve 7 «
is near the right endpoint of the interval of L-stability.
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Figure 2: Algorithmic damping ratios for SDIRK and Newmark methods with o damping.
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Figure 3: Relative period error for SDIRK and Newmark methods with a damping.

Note that both the three stage and the four stage family of methods show dissipation
that can be controlled by the user by varying the v parameter. For the three stage method
the dissipation can be continuously varied between the two curves 4 and 5 by changing
~. In the same way the dissipation in the four stage method can be varied continuously
between curves 6 and 7. Also note that the spectral radii of these methods eventually
drops to zero since the methods are all L-stable.
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In Figure 2 we plot the algorithmic damping ratios (see [3], [4]) for the same methods.
For SDIRK methods this can be expressed as

In |R(iy)

€=~ srctan (;@gg;yy; ) -

Desirable properties for the algorithmic damping ratios are a zero slope at the origin and
a controlled growth as /T increases. All the graphs have a zero slope at the origin. In
curves 5 and 7 most of the numerical dissipation is found at the lower modes. However, it
should again be emphasized that the algorithmic damping ratios for the three stage and
four stage family of methods can be controlled by varying the v parameter.

In Figure 3 we present the relative period errorsor |(T — T)/T| for the methods (see
(3], [4]). The relative period error indicates how well the numerical method will follow the
oscillations of the solution. For the SDIRK methods presented here this can be expressed
as in (7).

Note that all the SDIRK methods except the three stage method with v = 1.0 (curve
5) have smaller relative period errors than the Newmark a-methods. The relative period
errors in the trapezoid method which is the best of the Newmark methods in this respect,
is shown in the curve marked T. Curve 5 has a corner point between 0.17 and 0.18. This
is caused by the change of sign of the relative period error of this SDIRK method. Recall
that we plot the absolute value of the relative period error.

Figure 4: Comparison of overshoot response for curves 1, 4 and 6 (displacement).

Finally, we compare the “overshoot” properties (see [4, p. 537]) of some of the SDIRK
methods with a member of the Newmark a-family. We have applied the methods to (6)
with w = 1 and stepsize h = 207, corresponding to a ratio A/T = 10. Figure 4 shows the
displacement versus the step index for methods 1, 4 and 6 above while Figure 5 contains
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the corresponding velocity curves. Curves 4 and 6 nearly coincide for both displacement
and velocity. This behavior is typical for all SDIRK methods presented in this paper.

15
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Figure 5: Comparison of overshoot response for curves 1, 4 and 6 (velocity).

4 Conclusion

Runge-Kutta methods suitable for time integration in structural dynamics have been pre-
sented. The methods belong to a subclass called SDIRK (singly-diagonal-implicit Runge-
Kutta) methods. All the methods presented are stiffly accurate and L-stable. These
methods which can be implemented with approximately the same cost as the Newmark
methods with a-damping, have superior stability properties. The four stage method pre-
sented has third order accuracy whereas the Newmark methods have order two. The three
and four stage methods presented have controllable algorithmic dissipation in the higher
modes. All these methods have relative period errors that are smaller than or compara-
ble to the Newmark methods. Error control is possible using embedded methods. One
such method is constructed for the third order methods with four stages. All the SDIRK
methods presented are self-starting due to their one-step nature.

It is the authors belief that SDIRK methods of the type presented here have properties
that make them interesting candidates for numerical integration in structural dynamics.
The four stage, third order method appears to be particularly suitable due to its higher
order and superior dissipation and period error characteristics.

Since the Newmark method with o damping can be identified as a two-step Runge-
Kutta-Nystrgm method, it would be interesting to expand the search to the class of two
step Runge-Kutta methods. Hopefully, it will be possible to construct methods of this type
that allow for a variable step size while retaining the desirable properties of for instance
the Newmark method with @ damping.
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