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ABSTRACT. A pair of Runge-Kutta methods is applied to a system of ordinary differential
equations in a modular fashion known as time point relaxation. For a class of two by two
linear systems with constant coefficients, the concept of coupling stability is introduced.
This is way of measuring the loss of stability due to the decoupling of the system into two
scalar subsystems. The strategy for handling the interactions between the two modules
is controlled by a parameter, where certain choices of the parameter corresponds to the
Gauss-Jacobi and Gauss-Seidel method. Results are obtained for the case when Runge-
Kutta methods in general are applied with only one iteration per time step. The case
with several iteration is investigated for the well-known #-methods.

1. INTRODUCTION

“Modular integration is a technique connected to dynamic simulation. Mod-
ules representing different parts of a process integrate their variables over
given time periods, after each there is an exchange of variables between the
modules. The integration between each exchange takes place in separate
local integrators”

This definition of modular integration is given by Iversen [3]. In numerical analysis, the idea
of splitting systems of ordinary differential equations into subsystems which are integrated
independently over a time window, is more commonly known as waveform relaxation or
time point relaxation. The ideas and principles behind these techniques are to a large extent
based on the same as those of modular integration. The differences in these paradigms
are mainly to be found in the problems which they aim to resolve. Modular integration
has been extensively used in simulation of large and complex dynamical systems where
subsystems or modules arise in a natural way, for instance from a physical perspective. Tt
might then be desirable to simulate each module separately and to handle the interactions
between modules as forcing terms or input/output flow. The specification of the interface
of a module needs only to include information at the end of each time window, and only
those variables which affect the other modules. The local integrator for a module can be
chosen according to the properties of that particular subsystem. Many of the recent papers
in waveform and time point relaxation are concerned with the potential of parallelism when
such methods are applied to large systems of equations. Tt has also been prevalent in these
papers to assume that the same method is used for all subsystems. Some authors have
considered partitioned integration methods where the system is split into a stiff and a non-
stiff part to which different methods can be applied. For an account of these strategies,
see Enright and Kamel [2], Weiner et al. [5] and the references therein.
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From the numerical analysts point of view, it is important to consider how the choice of
methods and their implementation can be optimized with respect to accuracy and stability.
The approach of this paper, is based on the assumption that the local integrators are
given, and it is our aim to investigate how various strategies for handling the interaction
between the modules affect the overall stability of the resultant dynamic simulation. We
shall confine the scope of the discussion to the strategy of time point relaxation with
Runge-Kutta methods as introduced by Lie and Skalin [4]. An investigation of stability
of time point relaxation with identical Runge-Kutta methods applied to the test equation
v = Au— pv, v = py + I, A\ p € R can be found in Bellen et al. [1]. Consider instead
the general system

o UREIIH

One idea is to break the couplings by integrating two subsystems v’ = myju + ¢; and
v’ = maav + g2 where g1 and ¢, are obtained from a previous iteration or a previous step.
We will always assume that my; < 0 and myy < 0 such that with constant forcing terms
g1 and gy the solution of each subsystem will be stable, or more precisely, tend to the
constants —g;/my;, © = 1,2 for u,,v, respectively. The solution of (1) tends to zero if
and only if the eigenvalues of the coeflicient matrix have negative real parts. Thus, any
similarity transform of this matrix will result in a system with the same asymptotic stability
properties. For many modular methods, their stability properties only depend on myy, mos,

. Mi2Mio . Mi2Mo1
and the quantity ——=——. In th hall put ¢ = = dy=—"""—
and the quantity P n this paper we shall put £ = mqq1, n = myy and 4 P
and then apply a similarity transform to (1) given by the matrix diag( :12 , 1) to obtain

11

the system

2 {]:[’i/éf][]

To avoid unnecessary use of notation, the symbols v and v are reinstated in (2). We need
to impose the condition v < 1 to ensure that the eigenvalues of this new system have
negative real parts. Notice that (2) allows for subsystems with different time constants as
opposed to the model equations used in [1]. This is important in investigating the use of
modular integration on problems where the subsystems have a varying degree of stiffness.

In [1] a more advanced strategy is used for exchanging information between subsystems.
Instead of passing only one number per subsystem in each exchange, their approach is
based on interpolating stage values from a previous iteration. In doing this, they obtain an
order of accuracy which is consistent with the order of each method, provided a sufficient
number of iterations are performed in each step. They analyze both the Gauss-Jacobi and
Gauss-Seidel algorithm for exchange of information.

Although we will mainly use the first strategy, in Section 2, we shall introduce the concept
coupling stability or C,-stability in a way so as to be applicable also when the methods of
Bellen et al.[1] are adapted to (2). This new stability definition is useful for comparing the
stability properties of the modular method with the methods for each subsystem, i.e. to
what extent is the coupling strategy affecting the overall stability of the modular method.
We also consider in particular the case where we use only one iteration (one exchange
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of information between subsystems) per step when two, possibly different Runge-Kutta
methods are applied to each subsystem. In Section 3, we consider k iterations with the so
called f-methods which can be seen as a subclass of the Runge-Kutta methods.

2. ONE ITERATION WITH GENERAL RK METHODS

A Runge-Kutta method is generally defined for initial value problems which, in their au-
tonomous form can be written as

(3) y' = f(y), t>to, y(to) =wo

where yo,y(t1) € RY and f : RY — R is a nonlinear vector function. The Runge-Kutta
method can then be defined by the formulas

Y7" = yn—l_th:lamf(Y]), r= 1,...,87
Ynt1 = Yn + R 20— b f(Y0).

Here h is the stepsize used in the integration. We denote by A the s x s matrix whose
rj-element is a,; and we let b= (by,...,b,)". When a Runge-Kutta method is applied to
the system y’' = My, M € RV*YN one obtains the formula

Yyni1 = R(AM)y,
where the rational function R(z) = 1 + 2b7(I — zA)7te and e = (1,...,1)T. Clearly, as

n increases, the sequence y, tend to zero if and only if the eigenvalues of R(AM) are in
the unit disk. When two Runge-Kutta methods are applied to (2) in a modular way, it
is desirable to measure which values of each stability function R; and R; that cause the
approximations u, and v, to tend to zero as n increases. If there had been no coupling
between the two equations in (2), say v’ = {u + ¢; and v = nv + ¢; where ¢, ¢, are real
constants, the numerical approximations u, and v, would agree asymptotically with the
exact solution, satisfying nh_}r(r)loun = —¢1/¢ and nh_}rglovn = —cz/n if and only if |R1(h€)] < 1
and |Ry(hn)| < 1. These uncoupled equations are actually special cases of the test equation
y'(t) = Ay(t) + g(t) as discussed by Zennaro [6]. Letting A < 0 and g¢(t) be a real continous
function, Zennaro calls the Runge-Kutta method A(0)-stable if

. g(tn + cih)|
(4) |yn+1| < max{|yn|, maXTe()\) for all A < 0.

1<i<s
Similarly, he defines the region of A(0)-stability to be the maximum segment [—r, 0] such
that (4) holds whenever —r < Ah < 0. The definition is later generalized to include
continuous Runge-Kutta (CRK) methods, and results are given in the case that the CRK
method is a linear interpolant.

To proceed, we shall think of R; and R, as coordinate axes in R% Omne could say that the
above uncoupled system is stable for all values of h¢ and hy such that with r; = R;(h¢) and
ry = Ry(hn), the point (rq,ry) € (—1,1) x (=1, 1). Since we shall require both ¢ and 7 to
be negative, it will suffice to consider only the rectangular subset of this square consisting
of pairs (r1,rs) € Ri(R7) x Ry(R7). Thus, to quantify the loss of stability due to the
decoupling of (2) by means of a modular integration technique, we need to characterize
the subset of the above rectangle for which the resultant numerical approximations wu,
and v, tend to zero. Naturally, the asymptotic behaviour of w, and v, also depends on
the value of the coupling parameter v in (2). Since modular integration is likely to work
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best when the size of the coupling is small, we shall also allow for a restriction on the
range of 4. Thus, we introduce another parameter o > 0 and for a fixed value of «, we
consider the stability properties of the modular method applied to (2) when v € (—a, 1)
as we recall that v < 1 is necessary for the exact solution of the overall system (2) to
be asymptotically stable. For any subset M C R and rational function R(z), we let
R (M) = {2z : R(z) = r forsome r € M}. We are now ready to give the following
definition of coupling stability.

Definition 1. Let r1 € Ri(R7) N (=1,1), 3 € Ry(R7) N (—1,1) and a > 0 be given. We
shall say that the pair of methods (M, My) with stability functions Ry and Ry is C,-stable
at (r1,re) if when applied to (2)

lim w, = lim v, =0V (hé, hn) € Ry () x Ry'(ra)) NR™ x R™ and —a <y < 1.

n—od

Similarly, we define the region of Cy stability Lo be the sel

So = {(r1,r2) : (My, My) is Ci-stable at (ry,74)}
Finally, we shall say that the pair of methods is ACy-stable if

S. 2 (Ri(R7) x Ry(RT) N ((—1,1) x (—1,1)).

These stability definitions should not be confused with the conventional ones associated
with the scalar test equation y" = Ay. It might at first seem unnatural that the stability
regions are expressed in terms of (rq, ;) instead of (h&, hn). However, in studying modular
integration methods we want to measure their merits relative to each of the methods
involved. We are interested in the extent to which stability is lost due to the strategy used
for handling input/output between the modules. The stability region as suggested here
can be transformed to the (A&, hn) plane by applying the inverse of the stability functions
Ry and R; to each point (rq,73) in the C, region of stability.

Notice that, for instance, it is possible for a modular method consisting of two explicit

Runge-Kutta methods to be AC,-stable.
From the definition we see that a; > a3 implies S,; C 5,,.

For what remains of this section, we consider the modular method obtained by applying
two Runge-Kutta methods separately to the equations

u' = €u+ v,
v =no+ny((1 = ¢)un + qunia)

(5)

in each step. Thus, if ¢ = 0 the two methods can be applied independently (Gauss-Jacobi)
while if ¢ # 0 the methods must be applied one after the other (Gauss-Seidel). We list
some stability properties for these methods.

Theorem 2. Consider the modular method obtained by applying two, possibly different
Runge-Kulta methods to (5). Let S,, C [—1,1] x [=1,1] be the closed region confined by

the lines ry =1, ry =1, ry = —ry Then we have
(a): If ¢ =0 (Gauss-Jacobi), then S, C Sy, for all a > 0.
(b): [fo S q1 S q2 S % ﬂ?PW Sa,ql g Sa,q2
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(c): If
at+tl  Va+l <a <
a «
then Sqq, C Saq for all a > 0.
(d): For any q we have

ma>OSa - @

Proof. The resulting discrete formulas are

(6)

Un41 _ ™ —(1 - 7“1) Unp,

Unt1 =1 =ra)(1 = g(l =r1)) ra4q(l —ri)(l —r2) Un

where r; = Ri(hf) and r; = Ry(hn). We need to consider the conditions for which
the spectral radius of the matrix in (6) is less than one. We compute the characteristic
polynomial

(1) pA) =X —(ri +ra+7¢(1 —r)(1 —ro))A +rirg — (1 —r1)(1 — r2)(1 — q)

The Routh-Hurwitz criterion yields the conditions

(81)  gi(ri,re,y) = (1 =rm)(1=ry)(1—=7) >0
(8) (82)  92(r1sra,q,7) == (T4 7r)(1+r2) + (1 —r)(1 —r2)(2g —1) > 0

(g5)  g3(ri,re,¢,7) =1 —=rira+ (1 —ri)(1 = r2)(1 —¢) >0
Since v < 1 by assumption, clearly (g;) is satisfied for any h. We prove (a) by showing
that if (rq,72) & S, then (g,) fails to hold. To this end, we rewrite (g,) with ¢ = 0 into

the form
o+ 1o

1 — 7‘1)(1 — T‘Q)
If this is to hold for 4 near 1, it is necessary that r; 4+ r, > 0 so for any a > 0, S, C 5,,.

To prove (b), let 0 < ¢; < g2 < 1/2 and a > 0 be given and assume that (8) holds for
ri,r2 € (—1,1),¢1 and v € (—a,1). We prove that it holds for rq,r,, g2, . Because (g,)
and (g;) both are linear in 4, it suffices to check that they hold for v = 1 in (g,) and
v = —ain (g;). We have

’y<l—|—2(

92(7“1,7“2,(]2, 1) - 92(7“1,7“2,(]1, 1) = 2(1 - 7“1)(1 - 7“2)((]2 - (]1) >0
and

93(7"1,7"2,(]2, —OZ) - 93(7"1,7"2,(]1, —CV) = Ol(l - 7"1)(1 - 7"2)((]2 - (h)
so these arbitrarily chosen r,ry € S, 4, also belong to S, 4,.

(¢) is proved in a similar way. Observe first that the lower bound on I(a) := (e + 1 —
Va+ 1)/a increases monotonically from 1/2 to 1 as « varies from 0 to oo. Assume for a
moment that fi and f, are positive numbers, and that fif; > (2¢ — 1)a with ¢ > [(«).
Then (fi — f2)* = (fi + f2)* = 4f1f2 > 0. Thus

(fi+ L) 24fif>42¢ - Na>4a+2=-2a+1)=(2(Va+1-1))" > (21 = q)a)’
so that f1+ f2 > 2(1 —q)a. Considering (g,) with ¢ > 1/2 and (g;), we get the inequalities

Hf:>2¢—1ea, i+ f:>2(1 —q)a where f; = '_7 1 =1,2
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From the above it follows that the second inequality dominates when ¢ > I(«). As in the
proof of (b), we obtain (r1,72) € S4 4, implies (r1,72) € Sa,q if g2 > 1.

To prove part (d) pick any (r1,72) € (=1,1) x (=1,1) and observe that if ¢ < 1, (g5) is
violated for v near —a if o > (1 —ryrg)/((1 —r1)(1 —r3)(1 —¢q)). Similarly,if ¢ > 1/2, (g,)
fails to hold for values of 4y near —a if @ > (1 4+ r1)(1 +r2)/((1 —r1)(1 —r2)(2¢ — 1)). O

alpha=1 alpha=2

1 1 -1
0.5 0.5 g=0

(0] (o]

q=0,1
-0.5¢ -0.5 q=1/2
q=1/2
1 -1
1 (0] 1 -1 (0] 1
alpha=4 alpha=8
1 = 1
= -0
a=0 =
0.5 0.5} 9712
aq=1

(o] (o]

0.5 -0.5
q=1/2
1 -1
1 [0} 1 -1 (0] 1

FiGure 1. C, regions of stability

Figure 1 shows the C, stability region for four different values of «. In each subplot the
regions corresponding to the ¢ = 0,1/2,1 are the areas above the legended curves.

3. ITERATIONS WITH 8-METHODS

In the previous section, we applied only one iteration with two general Runge-Kutta meth-
ods. In this section, we shall consider the #-methods which applied to the initial value
problem (3) can be defined by the formula

<9> Ynt1 = Yn + h(l - ‘9>f(yn> + h9f<yn+l>

where 6 is typically chosen in the interval [0, 1]. Notice that the choices § = 0,1,1/2 results
in the well-known methods Euler, Backward FEuler and Trapezoidal Rule respectively. We
shall investigate the case when two #-methods (i.e. two possibly different choices of 6 in
(9)) are combined to constitute a modular method which is applied to (2). We allow several
iterations, i.e. we consider an iteration scheme of the form

(10)
uldy =, + e (1= 0)un + 010l ) + ke (1= 01)v, + 010057

ol = v+ gy (1= 02)un + 02((1 — Quls” + qul))) + by (1 = 02)v, + 0200,
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7(321 = v,. Like in Section 2 we see that ¢ = 0 corresponds
to a Gauss-Jacobi type of iteration, while when ¢ # 0 it is intended that the formulas are
applied in sequence.

for £ > 1 where ugil)_l = U, and v

Let us first recall that the stability function of a #-method is given as

i Re) = I

And observe that for § > 0 it is bounded and monotone on (—o00,0), 1 —1/0 < R(z) < 1,
thus the inverse function exists. Let us rewrite (10) in matrix form, where we use r; =

Ri(h¢) and ry = Ry(hn). We get a system of the form

u(k_'z U, u(]:__ll)
(12) Vil |79 +W.[ (k—ﬂ]
Un+1 Yn Un+1

where the 2 x 2 matrices V, U and W are given as

1 0 I8 —(1 —01>(1 —7'1>
V - s U =
(1 —rg)y02q 1 —(1 = rg)(1 — 6y) 9
and
W _ 0 —91(1 — Tl)
SO — g0
Thus, we have
(k)
Unt1 Un -1 -1
0 =B, - where B, =V~ U+ V7 WB,_.
IU7(H-1 Un
If B := lim By, exists, we have By — By, = V7'W/(Bj_1 — By, ), thus convergence is equiv-

k—o0

alent to the spectral radius of V='W being less than one. By computing the characteristic
polynomial of this matrix and by using the Routh-Hurwitz criterion we obtain

Proposition 3. Let 5 := v0,05(1 — rq)(1 — r3). The iteration (10) converges to
ul) ty
UTL

(c0)
2

Un41
B e L, Jor 0<¢<—
]_qa or _q_37

(13) ] = (I -V'W) VU

if and only if

1 2
,BE(—qu_l,]) fO’I" ?<(]§]

Hence, the largest interval of convergence for 3 is achieved with ¢ = 2/3 for which the
scheme converges if and only if 3 € (—3,1).

Observe that for the #-methods, we have

0z

(1= R(2))0 = —7—5~
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beta
[

FiGUurE 2. Interval of convergence in terms of ¢

which decreases monotonically from 1 to 0 for z € (—o0,0). Thus 3 takes values between

0 and ~ for all pairs (ké, hy) € R™ x R™.

To analyze the stability of the limit method (13), one can use a similar approach to arrive
at

Proposition 4. The limit method (13) is AC, stable for all o > 0 if and only if 61 > 1/2
and 05 > 1/2. Moreover, there is no a > 0 such that with either 61 < 1/2 or 0y < 1/2 the
resultant limit method is AC,-stable.

It should be noted that this strong stability result for 6,0, > 1/2 cannot be exploited in full
by using the iteration (10) to arrive at the limit method, since the condition for convergence

is by far the more restrictive. Observe also that the above result with § = 6; = 05 agrees
with the well-known result that #-methods are A-stable if and only if § > 1/2.

We shall consider stability of (10) for ¢ = 0 and ¢ = 1 using a fixed number of iterations
in each step. We have the following result

Theorem 5. Assume that 0; > 1/2, 0, > 1/2, ¢ =0 and 0 < a <1 are given.

(a): The method (10) with k iterations is ACy-stable if k = 4m where m is any
positive inleger.

(b): Let 0 = min{61,02}. The method with k = 4m — 2 iterations is AC,-stable for
O<a<liff>1/2 and

In(26 — 1)

2m — 1 >
Ina

(¢): The method (10) with k an odd number of ilerations is not AC, stable for any
a >0 unless 6; = 0, = 1.

Theorem 6. Assume that 6, > 1/2, 0, > 1/2, ¢ = 1 and 0 < o < 1 are given. Then
the method (10) with k iterations is AC,-stable for all even k. If 6, > 1/2, 0, > 1/2,
0<a< 1 and g=1 then the method with k iterations is AC,-stable for all

11'1(20] - 1)

In o

k>
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The condition that o < 1 in the above theorems is imposed to ensure that the scheme
converges for any (h¢, hny) € R~ x R™.

Notice the resemblance between the case k = 4m — 2 for ¢ = 0 and & odd for ¢ = 1. The
formula indicates that in these cases one needs twice as many iterations in the ¢ = 0 case
to obtain AC, stability as in the ¢ = 1 case. However, in the latter case, the condition
is imposed on #; while the ¢ = 0 case is still more restrictive since the condition involves

min{@l, 92}
To ease the proofs of the above theorems, we shall first prove the following lemma

Lemma 7. Let 6, > 1/2, 0, > 1/2 and v < 1 be given and put § = min{6,,0,}. Then the

eigenvalues of B, are contained in the disk {z : |z — (1 — %ﬂ < %}

Proof. Compute the characteristic polynomial p(X) of B,,. Assume for instance that 6 =
6; < 6y, and set p(A) = p(20X — (20 — 1)). Then use the Routh-Hurwitz conditions to
assert that the roots of p(A) lie within the unit circle. O

Proof of Theorem 5. With ¢ = 0, V = I so V7'W = W. Thus, W? = I where 8 =
(1 —r1)(1 —r2)0102y. Recall that —1 < —a <y < 1,50 f € (—a,1) C (=1,1). Hence
B =(I=W)"'U=(1-8)""(I4+ W)U, and

BE2[ 4 (1 — B*?)B.,, for k even

k pu—

BEDR(T 4+ W) + (1 = =D B for k odd
Letting A\x and A, be eigenvalues of By and B, we get for even k
(14) Ae= B2 4+ (1= B)As

In the case that k = 4m, we have 0 < %" < 1 and
| = 877" + (1 = B7")Aeo| < B2 4 (1 = ) Aso| < 1
since [Aeo| < 1 by Proposition 4. This proves the part (a) of Theorem 5.

Now, assume that &k = 4m — 2 and set k = 8"~ If v > 0 then & > 0 and (b) follows as
in the previous case. Assume instead that v < 0 i.e. k < 0. From (14) we get

1 K 1
Ml = 54 (1= m)hacl = [1 = g+ g+ (1= #) (Ao — (1 = 55))

1 1
< —5g (1 =r)+ 1 =551 — )]

where we have used Lemma 7 and the triangle inequality. Thus, if —x < 26 — 1 then
|Ak] < 1. So (b) follows by observing that —x < (—v)*™~! < a?™~1,

To prove (c), observe first from (11) that (1 — R(z)) = ]ﬂizﬂz Since lim ]fizgz =1,
ry and ry can be chosen such that d := 6;(1 —ry) = 65(1 — ry) is arbitrarily close to 1.

It is then possible, by choosing 7 sufficiently close to 1, to make k := ™~ = (ad®)™!
arbitrarily close to 1. Recall that

By = K?<U + W) + (] - H)Boo
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By continuity, one can for any ¢ > 0 find 6 > 0 such that |A(Bap-1) — AU + W)| < ¢
for each d and v such that max{l — d,1 — v} < é;. Let M be the matrix obtained by
settingy =1, d =1 in U 4+ W. M has eigenvalues Ay = 1 and A\y = 1 —1/0; — 1/6,.
Again by continuity, it follows that é; can be found such that |MU + W) — Xy < e if
max{l —d,1 —~} < §,. Hence

IA(Bam—1) — A2] < |A(Bam—1 =AU + W)| + MU + W) — Xy| < 2¢
for max{1—d,1—~} < max{é1,62}. So the result follows by choosing 0 < ¢ < (—1—X;)/2 =
(1/61 +1/6, —2)/2. O
Proof of Thm 6. In the case that ¢ = 1, we obtain another simple version of the matrix
VoW,

Woe V-1 — l 0 —6i(1—r) ]

0 B
with = (1 —rq)(1 —r2)0:6;. Hence, now Wk = ﬂk_IW and we obtain
By =Y (U+W)+ (1 -8B,
where U = V='U. Letting T := trace(By) and D := det(B}) we must ensure the positivity
of the quantities 1 =T+ D, 14+ T+ D and 1 — D. Some calculations show that

1—T+D=%(1—7“1)(1—7“2)(1_7)

which is positive for all r1,rs,7, || which are less than unity. For the second condition we
compute

. 1 (
Since r; € (1 —1/6;,1), ¢ = 1,2 it is sufficient to impose
(20, —1)(20, — 1+ 3%) >0

This condition is satisfied for each 5 € (—1,1) if k is even and for all g € [0,1) if k is odd.
Notice that it also holds unconditionally if §; = 1/2. If 5 < 0 (corresponding to v < 0), k
is odd and 6; > 1/2 we obtain the condition

20, —1)(20, — 1)\ . (20, — 1)(26, — 1 + %)
0162 + 0162 -

(15) ot <20, —1

again since 8 € (7,0) and v € (—a, 1).
We proceed by considering 1 — D

_1=pF 0140, —1 Oy + 0, — 1 g
1—D—ﬁ(1—7'17"2— 0192 + 0102 + 9102 \1—92)

Again by considering the range of r; and ry we conclude that the critical case is when ry
and ry are both negative in which case the first part of the above expression is positive
and we are left with the condition

01+ 0;,—1 + B5(1—6,) >0
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As in the previous condition, this is satisfied for any &k if 3 € [0,1) and for even k if
pe(—1,1). If 3 <0 and k is odd, then we must have

O, +0,—1
k 1 2
(16) « SW

By comparing (15) with (16) we find that (15) is the critical inequality whenever 6, (1 —
20;) > 0. Thus, it is only necessary to consider (16) when 6, = 1/2, in which case it takes
the form of < 26, — 1. In conclusion, the method with k iterations and ¢ = 1 is AC;-stable
for all even k, and for odd k it is AC, stable whenever o* <26, —1. O

FIGURE 3. (;-stability regions for §; = 0, =1/2, ¢ =0, k =1,2,3,5,6.

Figure 3 shows the 'y regions of stability when the trapezoidal rule is used for both methods
(01 = 0, = 1/2) and the iteration is done in a Gauss-Jacobi fashion. The legended curves
show the stability regions for k& = 1,2,3,5,6 where k is the number of iterations. The
region is the area in (—1,1) x (—1,1) above the curve.

4. CONCLUDING REMARKS

By introducing a relative stability concept, we have tried to quantify the loss of stability
due to the breaking of the couplings by modular integration in a two by two linear system
of ODEs. Our setting is more general than [1] as our test system include their system as
a special case. This generalization allows for subsystems with varying degree of stiffness.
However, in this paper we have dealt with modular methods which are less advanced than
those in [1]. However, the basic definition, that of coupling stability can be generalized
to account for the methods based on interpolating stage values as in [1]. We believe that
there is a potential for studying the methods of Bellen et al. in this new framework, and
that will be the subject of forthcoming papers.
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