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Department of Mathematical Sciences

Contact during exam: Christian Skau, phone 91755

Exam in TMA4225 Foundation of Analysis

English
Tuesday December 4, 2007
Time: 09.00 - 13:00
Permitted aids: Code B

Grades to be announced: Friday December 14, 2007

Problem 1

a) Give an example of a sequence of integrable functions {f,}%, on R taking values > 0,
such that f,(z) — 0 for almost all z, but [ f, - 0, as n — oco.

b) Is it possible to find a sequence {f,}52, satisfying the conditions in a), with the added

requirement that f,(z) < e~*" for all  and all n? (Give reasons.)

Problem 2  Prove that if f: R? - R U {#o0} is integrable and / f(z)dz > 0 for every
E

measurable set F, then f(z) > 0 for a.e. .

Problem 3

a) Let f:[0,1] = R be defined by

1@ ={

Prove that f is discontinuous at z if and only if z € Q.

0 if z is irrational
% if 3 = % € Q (p and q are relatively prime).
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b) The function f in a/ is Riemann integrable on [0, 1] (explain why). Compute the Riemann
R

integral f(z)dx.
[0,1]

Problem 4

a) Let the absolutely continuous function F: [0,1] — R be defined by

Fla)= | xut)ds
0
where K = [0,1] — C, and C is a generalized (or Cantor-like) subset of [0,1] such that
m(C) > 0. (xx is the characteristic function of K.) Show that F|(z) is strictly increasing,
ie. z<y= F(z) < F(y).

b) Show that the derivative of F is zero on a measurable subset E of [0, 1], where m(E) > 0.

Problem 5
a) Let h: A — [0,00] be integrable, where A C R? is measurable, and let E = {(z,y) €

A X R|0 <y < h(z)}, i.e. E is the subgraph of h. Show that E is a measurable subset
of R%! and that

/A hz)ds =miE)

where m = mga+1 is the Lebesgue measure on R%t+!,

b) Let g: [0,7] — R be defined by
9(z) = / Eil—tdt.

By considering the function F': [0,7] x [0, 7] — R defined by F(z, )= %X[M] (t), and
using Fubini’s Theorem, show that

/Owg(x)dx =9
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