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Problem L

a) Give an example of a sequence of integrable functions {/"}Pr on lR taking values ) 0,
such that f"(r) -+ 0 for almost all ø, but I f" * 0, as n -] oo.

b) Is it possible to find a sequen^ce {f"}T=, satisfying the conditions in a), with the added
requirement that /r(ø) I e-'" for all ø and atl n? (Give reasons.)

Problem 2 Prove that if /, Ro -> RU {**} is integrable and I f @)a, ) 0 for every
JE

measurable set -8, then /(ø) ) 0 for a.e. n.

Problem 3

a) Let "f ' [0, 1] -+ R be defined by

I O if ø is irrational
I \n) :  

t  åt f  * : te Q(pandgarerelat ivelypr ime).

Prove that / is discontinuous at r if. and only if ø e Q.
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b) The function f in a). is Riemann integrable on [0, 1] (explain why). Compute the Riemann
7R

integral I f@)ar.
J [0,1]

Problem 4

a) Let the absolutely continuous function f': [0, 1] -r R be defined by

F(r) :  [ '  yy( t )d, t
JO

where K : [0,I] - C, and C is a generalized (or Cantor-like) subset of [0, 1] such that
rn(C) > 0. (X* is the characteristic function of K.) Show that F(r) is strictly increasing,
i .e.  ø <a+ F(r)  < P@).

b) Show that the derivative of .F is zero on a measurable subset E of [0, L], where m(E) > 0.

Problem 5

a) Let h: A -+ [0, *] be integrable, where A c Rd is measurable, and let E : {(ø, g) e
A x RlO I a t h(*)I, i.e. E is the subgraph of h. Show that .E is a measurable subset
of Rd+l and that r

J^h(n)dr 
: m(E)

where rm: rm*d+r is the Lebesgue measure on Rd*l.

b) Let 9: [0, zr] -+ R be defined by

/  \  / "s intoln): J, 

-dt.
By considering the function F: [0, zr] x [0, zr] -+ R defined by F(ø, t) : rifx"".,1(t), and
using F\rbini's Theorem, show that

lo o@)a* : z.
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