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Brave New Algebraic Geometry with

singularities?

If we are going to embark on a world of Brave New
Algebraic Geometry, [BNAG] we have to understand
is local-to-global principles

@ How do we assemble local information?

@ In particular: how do we paste vector bundles?
(whose geometric interpretation in BNAG is still
up for grabs)

We even want to consider what can be said while
allowing singularities [and so the questions are not
accessible through motivic methods even in OAG].
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Topological K-theory

Topological K-theory is a cohomology theory and
satisfies excision. If

X2 — X1
Xo —— Xy
is a (homotopy) cocartesian square of spaces, then

K(X12) —— K(X1)

I I

K(X2) «——— K(Xo)

is a homotopy cartesian square of spectra,
illustrating that virtual bundles can be assembled
from local data.



Algebraic K-theory

In AG one would consider a pushout square like
Xip — X1
Xo —— Xo

in schemes, and ask whether the corresponding
square of algebraic K-theory spectra were homotopy
cartesian.



Let us look at the affine case. Let

Ao —— A;

it

/‘2 — /‘12

be a cartesian square of rings (corresponding in the

commutative case to a cocartesian square
Spec(Ap) «——— Spec(A;)

Spec(A) = T T
Spec(Az) «——— Spec(A12)

of schemes).
To assure homotopy (co)cartesianness assume all
arrows in A surjective.

DA

Bjgrn lan Dundas (joint
with Harald Kittang)

Brave New Algebraic
Geometry with
singularities?

Motivating examples
Classical breakdown of
excision

Damage control
Resolving the classical

case

Extending to
connective S-algebras

Questions and further
work



Let us look at the affine case. Let
Ay — A

A=11 |
Ay —— Ap

be a cartesian square of rings (corresponding in the
commutative case to a cocartesian square

Spec(Ap) «——— Spec(A;)

Spec(A) = T T
Spec(Az) «——— Spec(A12)

of schemes).



Let us look at the affine case. Let
Ay — A

A=11 |
Ay —— Ap

be a cartesian square of rings (corresponding in the
commutative case to a cocartesian square

Spec(AO) — Spec(Al)
Spec(A) = T T
Spec(Az) «——— Spec(A12)

of schemes).
To assure homotopy (co)cartesianness assume all
arrows in A surjective.



Let us look at the affine case. Let
Ay — A

A=11 |
Ay —— Ap

be a cartesian square of rings (corresponding in the
commutative case to a cocartesian square

Spec(AO) — Spec(Al)
Spec(A) = T T
Spec(Az) «——— Spec(A12)

of schemes).

To assure homotopy (co)cartesianness assume all
arrows in A surjective.

do 4 examples
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@ The disjoint union:

A1><A2 —_— A1

| |

A> — 0

@ The one-point union

k[x,yl/xy —— k[x] 4~7 ‘
L =

kly] — K
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Examples (cont.)

@ The cusp:

x—t3
y>—>t2

kix,yl/x* —y> ——  K[t]

| |

k —— k[t]/t?

@ The Rim square:

Z[Cp] - Z[CP]

! |

zZ —— F,
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Bass' K; and Milnor's theorem

Bass’ program for higher K-theory rested on getting
this right: he realized that the Whitehead groups K;
could be built out of “clutching functions” so that
excision seemed secure.

Theorem [Milnor]

Let A be a cartesian square of rings where the
vertical maps are surjections. Then the
corresponding square of categories of finitely
generated modules P4 is a fiber square.




Excision in low dimensions

In the end Milnor establishes that if all maps in the
cartesian square are surjections you get a
Mayer-Vietoris sequence

K2(A1) @ Ka(Az) — Ka(Ar2) —
Ki(Ao) — Ki(A1) © Ki(A2) — Ki(A1)
— KO(AO) — Ko(Al) D KO(A2)



Excision in low dimensions

In the end Milnor establishes that if all maps in the
cartesian square are surjections you get a
Mayer-Vietoris sequence

K2(A1) @ Ka(Az) — Ka(Ar2) —
Ki(Ao) — Ki(A1) © Ki(A2) — Ki(A1)
— KO(AO) — Ko(Al) D KO(A2)

(without the K, and with half of the surjectivity this
is in Bass).



The projective line
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The projective line

B OO
| | OO

Prie-1) — Pt e-1]
is a fiber square (the vector bundles on P} are

gotten by gluing together two bundles over affine
lines).

Fact:
K(Py) ——  K(k[t])
| J
K(k[t™1]) —— K(k[t,t™1])

is homotopy cartesian.



The projective line

Ppr —— Py

l !

Prie-1) — Pt e-1]

OO
OO

is a fiber square

Fact:
KPPy ——  K(k[t])

| |
K(E™]) —— K(e. )

is homotopy cartesian.



Classical breakdown of excision

However, Swan showed that there was no way this
could continue: there is no functor K3 extending this
sequence:
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ker{St — E} if | remember correctly).



Example: the coordinate axes

kix,yl/xy —— k[x] + ‘
| | —

kly] — k

With k = Z you get that Kuk[x,y|/xy = Kok & Z.
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Example: the coordinate axes

kix,yl/xy —— k[x] + ‘
| | —

kly] — k

With k = Z you get that Kuk[x,y|/xy = Kok & Z.
But then the fact that the surjections are split and
functoriality of K3 forces the boundary map in

Ks(k[x]) & Ka(kly]) — Ks(k) —
Ka(k[x, y1/xy) — Ka(k[x]) & Ka(k[¥])
to be zero, but the infinite cyclic factor of

Ka(k[x,y]/xy) can’t map injectively into K(k[x]) ®
Kalk)) = 2/2 8 2/2.



Damage control

So, Milnor’s theorem is not enough: that the square
of exact categories is a fiber square does not
guarantee that its K-theory will be homotopy
cartesian.

Can one control this breakdown of excision?



First step in this direction came around 1980 when
Guin-Waléry and Loday showed (with a slight
reinterpretation) that if

AO — A]_
A=1 | i |
A2 L A]_2

is a cartesian square of Q-algebras with all maps
surjective and /; = ker{f;}, then the first
nonvanishing obstruction group satisfies

moifiK(A) = 1/ I} @ psen, lo/15 = m1ifiHC(A)

where /ifi is the iterated fiber of a cube of spectra,
and HC is cyclic homology.



The KABI-conjecture

It was soon conjectured (at least by Weibel, and
perhaps by others) that if Ag is a Q-algebra, then

mqifiK(A) = mq_1ifiHC(A)

for all g



The KABI-conjecture

It was soon conjectured (at least by Weibel, and
perhaps by others) that if Ag is a Q-algebra, then

mqifiK(A) = mq_1ifiHC(A)

for all g [give a brief history of the KABI-conjecture].



Resolving the classical case

The conjecture remained unresolved until recently
when Cortifas proved it using the techniques of
Suslin and Wodzicki [Ann. Math. 92].


http://www.jstor.org

Resolving the classical case

Theorem [Cortifias, Inv. math. 06]

If A is a cartesian square of Q-algebras with vertical
maps surjective, then the trace map induces an
equivalence of spectra

ifiK(A) 5 ifiHC ™ (A) & SAifiHC(A).
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Resolving the classical case

Theorem [Cortifias, Inv. math. 06]

If A is a cartesian square of Q-algebras with vertical
maps surjective, then the trace map induces an
equivalence of spectra

ifiK(A) 5 ifiHC ™ (A) & SAifiHC(A).

Considering a map of squares as a cube, Cortiias
theorem says that both the cubes

K(A) — HC™(A), and S'AHC(A) — HC(A)

are homotopy cartesian.

The connection between cyclic homology and
negative cyclic homology derives from the fact that
periodic cyclic homology does satisfy excision
(HP(.A) is homotopy cartesian).


http://front.math.ucdavis.edu/math.KT/0111096
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Example, the cusp
Let k be a field of characteristic 0

X'_)t?’ Y

— 2
Koyl —y3 2250 ki

| | : -

k —— k[t]/t?

The fiber of Kk — K(k[t]/t?) is known in terms of HC,
[Goodwillie Ann. Math. 85]
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Example, the cusp
Let k be a field of characteristic 0

X'_)t3 Y

— 2
Koyl —y3 2250 ki

| | : -

k —— k[t]/t?

The fiber of Kk — K(k[t]/t?) is known in terms of
HC, and so modulo knowing Kk the calculation
of the K-theory of C = k[x,y]/x? — y3 is reduced to
HC-calculations [GRW, Crelle 89]:

KoC =Z @ k
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Example, the cusp
Let k be a field of characteristic 0

X'_)t3 Y

— 2
Koyl —y3 2250 ki

| | : -

k —— k[t]/t?

The fiber of Kk — K(k[t]/t?) is known in terms of
HC, and so modulo knowing Kk the calculation
of the K-theory of C = k[x,y]/x? — y3 is reduced to
HC-calculations [GRW, Crelle 89]:

KoC =Z @ k

KaC =Kok @ k[t]/1? @ Qf q

K3C =Ksk & K[t]/t* ®i Qg © Q% jq
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Example, the cusp
Let k be a field of characteristic 0

X'_)t3 Y

— 2
Koyl —y3 2250 ki

| | : -

k —— k[t]/t?

The fiber of Kk — K(k[t]/t?) is known in terms of
HC, and so modulo knowing Kk the calculation
of the K-theory of C = k[x,y]/x? — y3 is reduced to
HC-calculations [GRW, Crelle 89]:

KoC =Z @ k

KaC =Kok @ k[t]/1? @ Qf q

K3C =Ksk @ k[t]/t? @« Qi/Q ® Qi/o


http://www.jstor.org

Example, the cusp
Let k be a field of characteristic 0

X'_)t3 Y

y— i

kix,yl/x* —y* ——  K[t]

| | : -

k — k[t]/t?

The fiber of Kk — K(k[t]/t?) is known in terms of
HC, and so modulo knowing Kk the calculation
of the K-theory of C = k[x,y]/x? — y3 is reduced to
HC-calculations [GRW, Crelle 89]:

Z35Q ifn=0
KoQlx.y]/x*> = y* =< Ka(Q) @ Q[t]/t? if n=2/>0
0 otherwise


http://www.jstor.org
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TC:



Positive characteristic

Outside characteristic zero, cyclic homology must of
course be exchanged for topological cyclic homology
TC:

Theorem [Geisser-Hesselholt, Inv. math. 06]

If A is a cartesian square of rings with vertical maps
surjective, then the cyclotomic trace map induces a
cube

K(A) — TC(A)

which is homotopy cartesian after profinite
completion.
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Since topological cyclic homology is open to attack
with tools from stable homotopy theory, this makes
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Positive characteristic

Outside characteristic zero, cyclic homology must of
course be exchanged for topological cyclic homology
TC:

Theorem [Geisser-Hesselholt, Inv. math. 06]

If A is a cartesian square of rings with vertical maps
surjective, then the cyclotomic trace map induces a
cube

K(A) — TC(A)

which is homotopy cartesian after profinite
completion.

Since topological cyclic homology is open to attack
with tools from stable homotopy theory, this makes
calculations of K-theory possible. For instance,
Geisser and Hesselholt have calculated the K-theory
of the coordinate axes F,[x, y]/xy.


http://front.math.ucdavis.edu/math.NT/0409122
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Extending to connective S-algebras

Since simplicial rings lie densely in connective
S-algebras, one would expect that these results
followed for connective S-algebras once one
extended the results from discrete rings to simplicial
rings.

Indeed this is true, and such a proof has been
worked out. However, there is a quicker proof,
which | will present shortly.

Reason for wanting the long proof: Simplicial rings
give hope of uncovering the right homotopical
conditions on the categories of modules (surjectivity
is not the right condition).



Extending to connective S-algebras

Theorem [D, Kittang]

If A is a cartesian square of connective S-algebras
with vertical maps 0-connected, then the cyclotomic
trace map induces a homotopy cartesian cube

K(A) — TC(A).
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Extending to connective S-algebras

Theorem [D, Kittang]

If A is a cartesian square of connective S-algebras
with vertical maps 0-connected, then the cyclotomic
trace map induces a homotopy cartesian cube

K(A) — TC(A).

\\[o] {=K

The circulating preprint only claims this after profi-
nite completion, but using Goodwillie’s model for in-
tegral TC and the techniques of Suslin/Wodzicki and
Geisser/Hesselholt, Kittang has worked out the inte-
gral statement.


http://www.mi.uib.no/~dundas/pp/kabi5.pdf

Let F be the homotopy fiber of the p-completion of
the cyclotomic trace K — TC.

The theorem is equivalent to the claim that F(A) is
homotopy cartesian, that is, F satisfies excision.
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The theorem is equivalent to the claim that F(A) is
homotopy cartesian

The result is easily proven from

Lemma

Under the assumptions of the theorem,
moA0 — ToAL X 7oA, TA2

is a surjection with square zero kernel.
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is an equivalence



Let F be the homotopy fiber of the p-completion of
the cyclotomic trace K — TC.
Lemma

Under the assumptions of the theorem,
moA0 — ToAL X 7oA, TOA2

is a surjection with square zero kernel.

McCarthy’s theorem + lemma:
F(ﬂ'vo) — F(7I‘0A1 X7r0A12 7I‘0A2)

is an equivalence

Assumptions and Geisser-Hesselholt:

F(7I‘0A1 XﬂoAlz 7I‘0A2) _— F(7T0A1)

| |

F(moA2) —— F(moA12)

is homotopy cartesian



F(mo.A) is homotopy cartesian.



F(mo.A) is homotopy cartesian.

Denseness:

each node in the square of maps
F(A) — F(mo(A))

is an equivalence.



F(mo.A) is homotopy cartesian.

Denseness:

each node in the square of maps
F(A) — F(mo(A))

is an equivalence.

Hence F(.A) is homotopy cartesian.
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What are the right conditions for the theorem?

@ What does the theorem really measure in terms
of group completions?

©

Does this have any implications for A-theory
and manifolds?

©

What replaces the “Rim squares” in S-algebras?

What does it tell us about vector bundles over
S-algebras?

©



@ What are the right conditions for the theorem?

@ What does the theorem really measure in terms
of group completions?

o Does this have any implications for A-theory
and manifolds?

@ What replaces the “Rim squares” in S-algebras?

@ What does it tell us about vector bundles over
S-algebras?

o Is a study of “combinatorial” S-algebras

possible? (e.g., what are BN Stanley-Reisner
rings” ?)
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