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The methods and the applications

The numerical methods
1. Methods based on local parametrizations
2. Projection methods

Multivariate data analysis
1. Penrose regression problem
2. Procrustes Problem

Neural networks
1. Neural learning via natural gradient ow
2. Neural learning via mechanical systems

Application of Lie group methods to optimization problems — p.2/2!



Projection methods

Assume we have an embedding of M in  and a map
M., projection methods solve

M M

as a problem in mapping the numerical solution to M
via  at the end of each step.
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Input , stepsize , and RK parameters
for
for
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Retraction methods

M M

methods based on tangent space paramatrizations: for
M use M M so that

M

find a differential equation for
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Retraction methods

M M

methods based on tangent space paramatrizations: for
M use M M so that

M

find a differential equation for

find numerical approximations for using a classical
In the

the obtained approximation on M
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Retractions vs Projections

Given

with —
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Retractions vs Projections

Given

M M

Consider M s.t.
M M
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Retractions vs Projections

Given

M M

then M can be written
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Retractions vs Projections

Given

M M

We can de ne

0, —

Application of Lie group methods to optimization problems — p.7/2!



Retractions vs Projections

Given

Theorem

With M and
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Input , stepsize , and RK parameters
for

for
>
(Lemma 1)
end for
D
end for
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Lemma 1

The map

IS such that

with

M the othogonal projection onto M

M
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Lemma 2

We have that

2. X

for M
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Input , stepsize , and RK parameters

for
for
> (Lemma 2)
end for
)3 2
end for
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Multiv ariate data analysis

Translate big amount of experimental data into intelligible
and useful information.
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Multiv ariate data analysis

Translate big amount of experimental data into intelligible
and useful information. Applications:

guality control and quality optimization
prospecting for oil, water, minerals

classi cation of bacteria, viruses, and other medical
specimens
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Multiv ariate data analysis

Translate big amount of experimental data into intelligible
and useful information. Applications:

guality control and quality optimization
prospecting for oil, water, minerals

classi cation of bacteria, viruses, and other medical
specimens

Optimization problems which can be solved by o ws
on manifolds

Orthogonality constraints, orthogonal integration
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Penrose regression problem

, , and M the Stiefel manifold
of matrices with rows and columns, nd

When and Is the identity matrix the above problem
reduces to the orthonormal Procrustes problem

M
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Optimizing via gradient o0 ws

Let M be a Reimannian manifold with metric , given
M a smooth function the equilibria of

are the critical points of
IS such that:

M
for all M
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Penrose regression problem

To solve the minimization problem

we consider the following gradient o w proposed by Chu
and Drissel ('90) and Chu and Trendafilov ('97):

where
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Neural networks: neural learning

idea: simulate the behavior of the human brain for 'learning’
algorithms
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Neural networks: neural learning

idea: simulate the behavior of the human brain for 'learning’
algorithms

Speech recognition

Medical diagnosis (diagnose cancer, pattern
recognition)

Oil-well drilling process improving

Blind signal separation
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Neural networks: neural learning

idea: simulate the behavior of the human brain for 'learning’
algorithms

Speech recognition

Medical diagnosis (diagnose cancer, pattern
recognition)

Oil-well drilling process improving

Blind signal separation

in practice formulate optimization problems on manifolds,

solve them via gradient flow
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Independent Component Analysis

The cocktall-party problem Suppose you record two time
signals and form two different positions in a
room. Each recorded signal is a linear mixture of the voices
of two speakers which emit two sources and

Estimate and from the sole knowledge of
and
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Blind signal separation

Unknown source signals
Given the output signals ,

Unknown mixing matrix
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Unknown source signals
Given the output signals

Unknown mixing matrix
Find approximations of

trix W and W .

Blind signal separation

by constructing a demixing ma-
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Withening

Preprocessing of the output signals such that the
components of are uncorrelated with variances equal to
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Withening

Preprocessing of the output signals such that the
components of are uncorrelated with variances equal to

Use for example and

and then
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Reconstruction

Reconstruction of . We can look for a de-mixing matrix W
st. W W and 4% solving

4%

W is the dependency among the components.
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Optimizing via mechanical systems |

Consider rigid system of masses

with positions  (unitary distance form the origin on
mutually orthogonal axis). The masses move in a viscous
liquid. No translation.

4% W 4%
(0)
- w W
VIiScosity parameter maitrix of the viscosity resiste

W matrix of the positions active forces

an g u Iar Ve I OC Ity m atr IX Application of Lie group methods to optimization problems — p.21/2!



Optimizing via mechanical systems |l

The mechanical system seen as an adapting rule for
with weight matrix .
The forces

|44
with  a potential energy function . (Equilibria of  at the local

minima of ) for (cost function to be minimized) or
objective function W approaches the

solution of the optimization problem. (Fiori 2001)
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The methods

Runge-Kutta Munthe-Kaas based on the exponential:
RKMK-E

Runge-Kutta Munthe-Kaas based on the Cayley map:
RKMK-C

Runge-Kutta method based on the Cayley retraction:
RKR-C

Commutator Free Lie group method: CF

Runge-Kutta method combined with QR projection:
RKDQR
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Experiments Penrose regression

First experiment:

with  minimum
Second experiment:

Third experiment:
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Experiments Penrose regression
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Experiments Penrose regression

) Perturbation of the equilibrium via a numerical method
10
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Experiments Penrose regression
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Experiments Blind signal separation
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