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Abstract

In this thesis the stochastic wave equation is studied in the setting of [HOUZ96]. It is proved
that the 1D and 3D initial value problems for the inhomogeneous equation have unique, C?
solutions given by formulas. Furthermore the formulas and the smoothness assumptions are
similar to the ones in the classical, non-stochastic initial value problems. It is also explained
why the 2D initial value problem can not be solved using the method from the 1D and 3D
problems. But the 2D homogeneous problem is solved using another method.
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Chapter 1

Introduction

1.1 Mathematical Background

In every mathematical work you have to start developing the theory at some point. This
section will describe the starting point of this thesis.

We require some familiarity with point set topology, especially with the notions of a continuous
function and a compact set. Results like “a linear combination of continuous functions is
continuous”, “the product of two continuous functions is continuous”, “a closed and bounded
set in R? is compact”, and other basic results about continuous functions and compact sets
will sometimes be taken for granted and not be stated in this text. I will also use some basic
concepts from the theory of PDE’s without explanation. Here follows a list of results that we
will use frequently throughout the text. Each result will be followed by a reference.

The Cauchy-Schwartz inequality. See Rudin [Rud76], or Chernoff [Che93].

e The mean value theorem. In one and more dimensions. See Rudin [Rud76] for the 1D
case, and Kreyszig [Kre88]| for the 2D and 3D cases.

The fundamental theorem of calculus. See Rudin [Rud76] or Royden [Roy88].

The bounded convergence theorem. See Royden [Roy88|.

The Fubini Theorem. See Royden [Roy88].

In addition we will need two other results of a general kind, these I have proved in Appendix
A. The first result is about continuity, and the second result is about differentiation of an
integral.



Lemma 1.1 Let u:R?Y — R be a function and o € N¢ a multi index. Assume D®u(x) evists
and is continuous for all o such that |o| = k. Then DPu(x) is continuous for all multi indezes
B such that |B| < k.

Lemma 1.2 Let f: VxR =R, u:V =R, andl:V — R be functions, and let V C R? be
an open set. If u(z), I(x), and f(z,s) are C*, then

s L, 19 = e @) @A) + [ sy

1.2 Notation

I have tried to use standard notation throughout this text. But I should explain my differential
notation. Let us define the operators 0 and D:

Oy = % and D*u(z) = {the collection of all partial derivatives of u(x) of order k}.

A lower index on my differential symbols denotes which variables the differentiation is with
respect to. Note that ui(z) = (Qwu)(z) = %(aj), but du(x) = wus(z)xs. Also note that
Du = Vu, the gradient of u, and D?u is the Hessian matrix.

I will frequently use numbers as lower indices on 0 and D. This is supposed to mean the
following. Let g(fi(z),..., fi(z), ..., fn(z)) be a function.

o If f;(x) is 1-dimensional, then 0;g(f1(x), ..., fi(x), ..., fu(2z)) = 5’}’2 (f1i(z), ..., fn(z)).
o T f(2) = (F}(2), [7"(2)), then
Dig(fl(x)v Sa) fl(x)v s fn(ZL‘)) = (Dfil,...,fimg)(fl(x)v ) fl(x)7 ey fn(ﬂj‘))
In this thesis all (8)_;-processes will be denoted by capital letters. If F'is a (8)_;-processes,

we let a lowercase f denote the Hermite transform of F', f = HF. See Chapter 2 for the
definitions of a (8)_,-process and the Hermite transformation.

Let the function space C? (U x V, (8)_;) be such that u(t,z) € C2 (U x V,(8)_;) if and only

if u(t,x) € C*(Ky x K2, (8)_,) for all compact sets K3 C U and Ky C V.

Finally, | - | is the 2-norm in R™ or C".

1.3 Outline

Chapter 2 contains a brief description of the setting in which we will work in this thesis. That
is we will define what we mean by a stochastic PDE and state some results from this theory
for later use. A lot of the notation used in this thesis will be explained here.



In Chapter 3 we will state and prove a lot of results that will be used in the proofs of later
chapters. Most of the results are of a general kind, and will save repeating similar arguments
several times in the following chapters.

Chapter 4 and 5 contains the main results of this work. Namely the existence, uniqueness,
formula and smoothness results for the stochastic wave equation. Chapter 4 deals with the
1D problem, and Chapter 5 deals with the 3D problem.

Then there is a discussion in Chapter 5. We will discuss some of the assumptions made and
why the 2D problem was not solved. And we will use the 3D results to partially solve the 2D
problem. I will also list some of unanswered and closely related problems I did not have time
to do.

Finally there are two appendices. In the first one we prove the two lemmas from section 1.1.
In the second one we will calculate the derivatives of the classical solutions of the 1D and 3D
problems. These calculations are long and tedious, but the results will be needed in Chapters
4 and 5.



Chapter 2

Basic stochastic PDE Theory

Now we will describe the setting in which we will work. This chapter is going to be very brief,
and practically only results that will be of direct use later are stated. We give no proofs, they
can be found in the books by Holden et.al. [HOUZ96| or Hida et.al. [HKPS93]. This chapter
is mainly based on [HOUZ96].

Let 8(R?) denote the Schwartz space, then the dual 8'(R?) is the space of Schwartz distribu-
tions. Then define § = I §(RY) and &' = T2, 8/(RY). Also let B(8'(R?)) and B(8') be the
Borel o-algebras generated by the weak topologies on 8'(R%) and 8’ respectively. Then by the
Bochner-Minlos theorem there exists a unique Gaussian probability measure y on B(8'(R)).
Let pu, = II}" , , then g, is a Gaussian probability measure on §8'.

Definition 2.1 The triplet (B(8'),8', pm) is called the m-dimensional white noise probability
space.

Now we are going to define a basis for the space L?(i,,). Let hy,(x) denote the Hermite
polynomials, hy(z) = (—1)"e%m2jz—nn(e_%m2). Then we define the Hermite functions &,(x) as
follows, &, (x) = 7'('_%((77,— 1)!)_%6_%z2hn_1(\/§x). Note that {&,,} constitutes an orthonormal
basis for L?(R). Let 6) € N¢ with an ordering such that i < j implies (5?) + ...+ (56(;) <
5?) + ..+ 551])- Define n; = &50) = 5653-) ® gééj) ® ... ® 561(13-). When § € N9, {n; 321 constitutes

an orthonormal basis for L?(R?). Now define
em) = (1., 0,...,0) , D = (0, n,,...,0) , ..., elEFD™) —(0,0,....m), m,k=0,1,2, ...

The set {e*)}; is an orthonormal basis for 7", L?(R9).

Definition 2.2 Let J = (NON)C, i.e. the space of Ng-valued sequences with only a finite
number entries different from 0 (compact support).



Definition 2.3 (Definition 2.2.1 in [HOUZ96]) Let a € J. Then we define

H{"(w) = Ho(w) = Zozlhak(<w,e(k)>) for w e §,

(k) (k)

where <w,e(k)>:<w1,el >+ <wi, ey >. <-,-> is the pairing between § and §'.

The set {H, }qeg constitutes an orthogonal basis for L(ju,,) and ||Ha||%2(um) =al =112, a4l
This means that every f(w) € L?(p,) can be written as f(w) = 3 cq caHa(w), where ¢ € R.

Now we know enough to define the spaces we will be working with in this thesis. Let oo € J
then define (2N)® = I1;(25)%.

Definition 2.4 (Definition 2.3.2 in [HQUZ96])

a) Let the spaces (§),, 0 < p < 1, consist of those f = 3_  caHo with c¢o € R such that
”f”2,k =, cA(a)HP2N)ke < oo for all k € N.
(

b) Let the spaces 8)_p, 0 < p < 1, consist of all formal expansions F' = )  boH, with
bs € R such that ||f||2p7_q =", b2 (a)7P(2N) 79 < oo for some ¢q € N.

Note that the space (8), and (8)_, are denoted by (8);’“1 and (S)T_n;)1 in [HOUZ96], and are
called the Kondratiev spaces of stochastic test functions and distributions respectively. The
spaces (8), and (8)_, corresponds to the Hida spaces (8) and (8).

The family of semi norms | - ||, x give rise to a Frechet topology on (8),. Furthermore we can
regard (8)_, as the dual of (), by the action <F, f>= 3" bacq for F'=3" boHq € (S)_
and f =3, cala € (8),. Note that for p € [0,1] we have (8); C (8)

(8) g C(8)_, C(8)_4.

p

) € (8) € L3) ©

Definition 2.5 (Definition 2.6.1 in [HOUZ96]) Let F =) bo,H, € (8)_; with b, € R.
Then the Hermite transform of F, denoted HF or F, is defined by

HF(z) = F(z) = Z baz® € C (when convergent)
[e%
where z = (21, 22,...) € CN and a = (a1, ag,...) € I with the convention that z? =1.

Definition 2.6 (Definition 2.6.4 in [HOUZ96]) For R > 0, ¢ < oo let K (R) C CN be
the infinite-dimensional neighborhood of 0 defined by

Ko(R) = {(C1, G2, ) € CY 2 ) [¢P(2N)™ < R?}
a#0



Note that
¢ <Q,r <R=Kp(r) CKy(R). (2.1)

The following theorem describes the properties of H f when f € (8)_;. It also describes what
kind of f satisfy H~1f € (8)_;.

Theorem 2.7 (Theorem 2.6.11 in [HOUZ96])
a) If F(w) =), aaHa € (8)_; , an € R then there exists q,My < oo such that

P <3 laallz] < M, <Z<2N>qa|za|2) " for all 2 € (€.,

«

i.e. F is bounded analytic on K,(R) VR < occ.

b) If g(2) = Y., baz®, z € (CN)., by € R, and there exists ¢ < oo, § > 0 such that g(2)
is absolutely convergent when z € K¢(6) and sup,cg, (5)|9(2)| < 0o. Then there exists a
unique G' € (8)_; such that G = g, namely G = Yo baHa.

Now we can relate convergence in (8)_; to convergence of the Hermite transformed functions
in Kg4(9).

Theorem 2.8 (Theorem 2.8.1 in [HOUZ96|) The following statements are equivalent:
i) X — X in (8)_4.
ii) There exist § > 0, q < co such that X, — X uniformly in Kq(6).

ii) There exist § > 0, ¢ < oo such that X,, — X point-wise boundedly in Kq(6).

Definition 2.9 (Definition 2.8.3 in [HQOUZ96])
a) A measurable function u : RY — (8)_, is called a stochastic distribution process or a

(8)_q-process.

b) w is continuous, differentiable, C* respectively if u has these properties as a (8)_-process
(this means that all limits has to exist in (8)_,).

We will need some results concerning integration and differentiation in (8)_;. The following
two lemmas give sufficient conditions for differentiation and integration of (8)_,-process to
be well defined.

Lemma 2.10 (Lemma 2.8.4 in [HOUZ96]) Suppose X (t,w) and F(t,w) are (8)_,-pro-
cesses satisfying:



1) EX(t,2) = F(t,2) for (t,2) € (a,b) x K,y (6).
2) F(t,z) is bounded for (t,z) € (a,b) x K,(8) and for each z € K,(8) continuous for
t € (a,b).

Then X (t,w) is a differentiable (8)_,-process and %X (t,w) = F(t,w).

Lemma 2.11 (Lemma 2.8.5 in [HOUZ96]) Let X (t) be an (8)_,-process. Assume there
exist ¢ < 00,6 > 0 such that:
o) Sup{X(1,2) | (t,2) € [a,] x Ky(8)} < oo.

b) For each z € K (8) X(t,2) is continuous for t € [a, D).

Then X (t) is strongly integrable and H(f:X(t)dt) = fab X(t)dt.

This means that f;X(t)dt €(8) ;.

Now it is time for main theorem in this chapter. It asserts that under certain conditions a
stochastic PDE has a solution. Let f(t,z,2) such that f : G x K,4(6) — C, for some ¢ and &
and G C R, Then we define properties (P1), (P2), and (P3) as follows:

(P1) fis bounded for (t,z,2) € G x K4(9).

(P2) f is continuous with respect to (¢, z) for each z € K,(6).

(P3) f is analytic with respect to z € K,(0) for each (t,z) € G.

Theorem 2.12 (Theorem 4.1.1 in [HOUZ96]) Assume u(t,x,z) is a solution (in the
strong point-wise sense) of the equation

A(t,x, 04, Vg,u,2) =0 (2.2)

for (t,z,z) € G x Ky (8) for some q, 6 where G C R x R? is some bounded, open set. Also
assume that u(t,x,z) and all its partial derivatives involved in the above equation satisfies

(P1), (P2), and (P3).

Then there exists U(t,x) lying (8)_, for fixed t and x, such that u(t,z,z) = (HU)(t,z, z) for
all (t,z,z) € G x Ky(6) and U(t,x) solves (in the strong sense in (8)_) the equation

A°(t, 2,0y, Vo, Uyw) =0 in (8)_, (2.3)



Note: A°(t,z,0;,V,,U,w) is the Wick version of the function A. This is based on the Wick
product, which is a way to multiply (8)_,-processes. We will not need it. In the case A
represents the stochastic wave equation, A°(t,x,0, V,, U ,w) = A(t,x,0;, Vy, U,w).

We now have the following procedure for solving a stochastic PDE:
1) Take the Hermite transform of the equation. We then get an equation in (t,z,z) €
G x K4(6) for some g, 6.
2) Solve this complex PDE. Call the solution u.

3) Show that u and all its derivatives that appears in the equation satisfy (P1) - (P3) on
some domain.

4) Then Apply Theorem 2.12 which says that you can take the inverse Hermite transfor-
mation H~!u, and that this is the solution of the stochastic PDE.



Chapter 3

Intermediate Results

In the procedure for solving a stochastic PDE (Chapter 2), the third task was to show that
all derivatives appearing in the Hermite transformed equation satisfy (P1) - (P3) on some
domain. This chapter contains results that will help us do that when we solve the stochastic
wave equation. Most of the results are of a general kind, and will save repeating similar

arguments several times later.

3.1 Continuous (§) ;-processes

In this section we will answer the following question: If F' is a continuous (8)_;-process, what
properties does f = J{F have? Let us start by showing what continuity in (8)_, translates
to when we take the Hermite transform.

Lemma 3.1 The following two statements are equivalent:

1) X(z,w) is a continuous (8)_;-process.
2) For every € > 0 there exist v > 0 such that

|z — x| <y = sup |X(z,2)— X(x0,2)| <€ for some q and é.
z€Kq(8)

Proof:

The result follows from the definition of continuity and theorem 2.8.



X(z,w) is continuous < lim X(z,w) = X(zg,w) Yw
T—T0
& 36, ¢ such that lim X(x,z) = X (z, 2) uniformly in K,(8)
T—x0
< d6,q Ve >0 v > 0 such that

w—wol < 7= sup |X(z,2) — X(wo,2)| < e
z€Kq(9)

0

The second statement in the lemma implies that X (z,z) is continuous in z. The next lemma
shows that under certain conditions a function is bounded. This result will be used in the
proof of Theorem 3.3 to show that a Hermite transformed continuous (8)_;-process is bounded
on compact sets.

Lemma 3.2 Ifu(x,z),u: R%x Z — C, satisfies for every e > 0 there exists § = 0(xg, €) such
that

1) |z — x| < § = sup,cz|f(x,2) — f(xo,2)| <€ and

2) f(z,z) is bounded for fized x,

then sup , ¢ x |u(z, 2)| < oo for all compact K C RY.

z€ Z

Proof:
Let K C R? be compact. By assumption 1) for every z there exists d, > 0 such that

if y € B(x,6,) then sup|f(z,2) — f(y,2)| < L.

{B(2,0:)}sex is a covering for K. Since K is compact, this cover has a finite sub-cover
{B(z;,0;)}"1, i.e. K C U, B(wi,d;). Now fix zp € K.

SUP:zeK ‘f(:L’,Z) - f(x07z)‘ < SUP,. 5,4 € K‘f(:L’,Z) - f(y,z)l
< ZZj:l SUpP.. .. e B(z;,6;),y € B(zj, ;) |f(l',2) - f(y,Z)| < n2 < @
From this and boundedness for fixed x we have

sup |f(z,2)| < sup [f(z,2) — f(zo,2)[ + sup |f(wo,2)| < oc.
zxeK zxeK zxeK

0

Now we can get to the main result. That is characterizing the properties of continuous
(8)_,-processes.

10



Theorem 3.3 If X(x,w) is a continuous (8)_,-process, x € U C R? open, then there exists
q < 00,0 > 0 such that the following properties hold:

(E1) X(z,2) is bounded on K x K,(3) for all compact K C U.

(E2) For each z € Ky(0) X (x,2) is continuous in x.

(E3) For fired x X(x,z) is analytic in K,(5).

Proof:

(E1) From lemma 3.1 and theorem 2.7 we see that the assumptions in lemma 3.2 are satisfied,
and we thus have the desired result for some ¢, and ¢,.

(E2) Follows from Lemma 3.1 for some 4, and gp.

(E3) Follows from theorem 2.7 for some d. and ¢.

If we choose ¢ = max{qq, @, ¢.} and 6 = min{d,, 9, .} we are done by (2.1). O
Note that (E1) - (E3) are closely related to (P1) - (P3). Let us state the following corollary

without proof.

Corollary 3.4 If X(z,w) is a continuous (8)_,-process, x € U C R? open, then there exists
q < 00,0 >0 such that (P1) - (P3) hold on every compact subset K C U.

3.2 Functions satisfying (E1) - (E3) or (P1) - (P3)
3.2.1 General Results

Let f and g satisfy (E1) - (E3) on some domain. In this section we will study questions like
“Does f + g satisfy (E1) - (E3)?” and “Does [ f satisfy (E1) - (E3)?”. And we will ask
similar questions about functions satisfying (P1) - (P3). The contents of the lemmas will be
described in their headings.

In the next lemma let U be a subset of R?.

Lemma 3.5 (Linear combination)

a) A linear combination f(x,z) = aifi(z,2) + asfa(x, z) of functions fi(x,z), fo(z,2)
defined for (x,2) € U x K4(0) and satisfying (P1) - (P3), also satisfies these properties
on the same domain.

11



b) A linear combination f(x,z) = aifi(z,z) + agfa(x,2) of functions fi(z,z), fa(z,2)
defined for (x,2) € U x K4(0) and satisfying (E1) - (E3), also satisfies these properties
on the same domain.

Proof:

Let us prove b). The proof of a) is similar.

(E1) On every compact subset of U f is bounded since it is the finite sum of bounded
functions.

(E2) Fix z € K,(6). Since fi(z, 2) and fa(x, z) are continuous in « there exists 4 > 0 such that
if |Az| < then |fi(z + Ax, 2) — fi(z, 2)| < 57— and |fo(x + Az, 2) — fo(x, 2)| < 575

2a1| 2laz]"
Now we have

@+ A, 2) = f(,2)] < larllfile + Az, 2) — fi(@, D) + lasl fole + A, ) — fola, 2)|
< |a1|ﬁ + |a2|@ =e.

This means that f(z,z) is continuous in z.

(E3) f is analytic, this is a consequence of the fact that the space of analytic functions
is vector space under addition and scalar multiplication. (By the triangle inequality
S la + bal[29] < T, laallz®] + X, all*] < ). O

In the following two lemmas we let f : U — H[(8)_,] and g : R? — U be functions, and let
U, K C R" be sets such that K is compact.

Lemma 3.6 (Composition with a continuous function)

a) Assume that g(x) is continuous and that there exist ¢, § such that f(z;z) satisfies (P1)
- (P3) for (z,2) € U x K,4(6). Then f(g(y);z) satisfies these properties for (y,z) €
g7 HU) x Kq().

b) Assume that the following conditions hold:

1) g(z) is continuous in R™, and for every bounded B C R”, g(B) C R? is also
bounded.

2) There exist ¢, § such that f(z;z) satisfies (E1) - (E3) for (z,2) € U x K4(0).

Then f(g(y); 2) satisfies (E1) - (E3) for (y,2) € g 1(U) x Ky(6).

Proof:
Proof of a)

(P1) Since f satisfies (P1), supyeg—1(x) .. |/(9(y); 2)| = supger . | f(;2)] < o0

12



(P2) Fix 2z € K (6). Let O C U be open. f~1(0;2) = V is open since f(+;2) is continuous
by (P2). g~1(V) = W is open since g(-) is continuous. We then have [f o g]71(O;2) =
gL fH0;2)) = W, so f(g(y); 2) is continuous in y.

(P3) Fix y € g (U). Then g(y) € U, and since f satisfies (P3) on this domain, f(g(y); 2) is
analytic in z.

Proof of b)

(E1) Let K C g~'(U) be compact (relative the subspace topology of g~ 1(U)), then by as-
sumption 1) g(K) is compact (bounded and closed). Then f(z;z) is bounded on g(K)

by (E1). supyex . [£(9(v); 2)| = subpeg(i) - 1f (25 2)| < sup, oy |f (25 2)] < oo

(E2) Fix 2z € K, (6). Let O C U be open. f~1(0;2) =V is open since f(+;z) is continuous
by (E2). ¢g~1(V) = W is open since g(-) is continuous. We then have [f o g]71(O;2) =
g Y f7H0;2)) =W, so f(g(y); z) is continuous in y.

(E3) Fix y € g~ Y(U). Then g(y) € U, and since f satisfies (P3) on this domain, f(g(y);2) is
analytic in z.
O

Lemma 3.7 (Product with a continuous function)

a) Assume that g(x) is continuous, and that there exist ¢, § such that f(z;z) satisfies
(P1) - (P3) for (z,2) € K x K4(6). Then f(z;2)g(x) satisfies these properties for
(y,2) € K x Kg4(9).

b) Assume that g(z) is continuous, and that there exist ¢, ¢ such that f(z;z) satisfies
(E1) - (E3) for (z,2) € U x Ky4(6). Then f(x;2)g(x) satisfies these properties for
(x,2) € U x K4(0).

Proof:

We will only prove a), since the proof of b) is similar.

(P1) Since f satisfies (P1) and since a continuous function is bounded on a compact domain
sup,. . | f(2; 2)9(x)| < sup, . [f(z; 2)| sup, [9(x)| < occ.

(P2) Fix z € K4 (9), then f(:;2) : R? — R. Multiplication m(z,y) = zy, =,y € R is
continuous. Write f(z,2)g(z) = m(f(z,2), g(x)), this function is continuous since the
composition of continuous functions is continuous.

(P3) Fix z € K. Then g(x) is just a number, so since f(x;z) is analytic in z by (P3),

g(x) f(x; z) is still analytic.
g
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In the next two lemmas let f: K x R — H[(8)_;], u: K — R, and [ : K — R be functions,
and let K C R% be a compact set. Assume that /(z) < u(x) and that these functions are
bounded in K. Then we define a = infg |I(z)| and b = supg |u(x)|, where a,b < oo since [, u
are bounded.

Lemma 3.8 (Hermite transform of an integral) Assume that there exist q, § such that
f(x,s; z) satisfies (P1) - (P3) for (z,s,z) € K x[a,b]xK4(0). Then flq(tg) F(x,s;w)ds € (8)_,

and (@) (@)
J{/ F(:z:,s;w)ds:/ fx,s;2)ds.
I(z) U(z)

Proof:

The fact that f satisfies (P1) and (P3) and Theorem 2.7 b) asserts that there exists a (8)_,
process F(x,s;w) such that H[F(z,s;w)] = f(z,s;2). By (P1) and (P2), f(x,s;z) satis-
fies conditions a) and b) in Lemma 2.11. By this lemma fl?a(f)ﬂ) F(x,s;z)ds € (8)_; and

U{[fl?g) (x, s;w)ds] = flu(z f(z,s;2)ds. O

Lemma 3.9 (Integration) Assume that the following conditions hold:

1) l(x) and u(x) are continuous functions.

2) There exist ¢ and &' such that f(x,s;z) satisfies (P1) - (P3) for (z,s,z) € K X [a,b] x
Ky (0").

3) For fixed z, D, f(x,s;z) is continuous for (z,s) € K X [a,b].
Then there exists q,9 such that fl?g) f(x,s;2)ds satisfies (P1) - (P3) for (t,z) € K x K4(9).

Proof:

Fix ¢',d'. Let My =sup, . |f(,s;2)] and My = sup, | D, f(w,s;2)[. M1 < oo by (P1), and
My < oo for every z by conditions 1) and 3) and the fact that K is compact.

(P1) \flu(z f(z,s;2)ds| < fl?g) |f(z,s;2)|ds < sup, |u(z) — l(z)|M; < |b—a|M; < .
(P2) Fix = € Ky (5).

|fl(;fAAxx (x + Az, s;2)ds — fl f(z,s;2)ds|

< |( fll((;-i-AI +fu“(:;+Az))f(:L“ + Az, s;2)ds| + | flu(x flz+ Az, s;2) — f(x,s;2)]ds]
< ([l(z) = Uz + Az)| + [u(z + Az) — u(z)|) M + |Az|Ma|b — af
Here we used the mean value theorem and Cauchy-Schwartz inequality to get
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Fix € > 0. Since u(z) and I(x) are continuous, there exist a 0}, such that if |Ax| < J/,
then |u(z + Az) — u(z)| < g7 and [l(z + Az) — ()| < g57- Now choose §, =
min(d7,, m), then

u(z+Ax) u(x)
|Az| < 0, = | flx+ Ax,s;2)ds —/ f(z,s;2)ds| < e.
l(z+Ax) U(z)

(P3) By Lemma 3.8 and Theorem 2.7 b) there exist ¢”,0” such that fl?g) f(z,s;2)ds is
analytic for (z,2) € K x Ky (8").

Choose ¢ = max(¢’,¢"”) and § = min(¢’,0”), then by (2.1) flz(f)c) f(z,s;2z)ds satisfies (P1) -
(P3) for (z,2) € K x K4(0). O

3.2.2 Results concerning the 3D Problem

In Chapter 5 we will need the following four lemmas. The first two lemmas are concerned
with area integrals. The first lemma shows that the Hermite transformed (§)_; area integral
equals the area integral of the Hermite transformed integrand. The second lemma shows that
the area integral of functions satisfying (E1) - (E3), satisfy (P1) - (P3) on some domain. Let
f: K — H|[(8)_,] be a function, and let U, K C R3 and K; C R be sets such that K and
K} are compact.

Lemma 3.10 Assume that there exist ¢ and § such that f(x;z) satisfies (E1) - (E3) for
(x,2) € UxKy(6), and that D, f(x; z) is continuous in x for fized z. Then faB(I " F(y)dS(y) e
(8)_, and j{faB(:c,r) F(y)dS(y) = faB(:c,r) f(y)dS(y) when OB(x,r) C U.

Proof:

Let us change to spherical coordinates,

f@B(:c,T) f(y)dS(y) = 7"2 faB(OJ) f(l' + ’I"y)dS(y) = T2 027|' foﬂ- f(h(l’, Ta ¢, 9)) Sin 9d0d¢7

where h(z,7,¢,0) = x + r(cos ¢sinf,sin ¢psin @, cosf). h is C*°. This follows from the fact
that a linear combination of products of C°° functions is C'°°, and that a vector consisting of
C*° components also is C'*°. Also note that h takes bounded sets to bounded sets.

Since f(y) satisfies (E1) - (E3) for y € U, f(h(x,r,¢,6)) satisfies the conditions in Lemma
3.6. Then by Lemmas 3.6 b) and 3.7 b) there exist ¢/, ¢’ such that f(h(z,r, ¢,0))sin 0 satisfies
(E1) - (E3) for (z,7,¢,0,2) € h"}({U) x Ky(8). By (E2) f(h(z,7,¢,0))sinf is continuous
and thus integrable in h=1(U).

Fix z,r such that dB(z,r) C U. Then the set B = {x} x {r} x [0,27] x [0, 7] C h~1(U), and
it is compact. Then since f(h(x,r, ¢,0))sin 0 satisfies (E1) - (E3), it satisfies (P1) - (P3) on
B. By (P1)
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Sup(r,qS,G)EB,z |f(h({13,7', ¢79))Sln9| M < oo. f 0 ‘f ($7T7 ¢79))SIH9|d0d(Z) < 27T2T2M <
0.

By Fubinis theorem we can evaluate this integral as an iterated integral. Define i(x,r, ¢) =
Jo f(h(z,r,¢,0))sin0d6. Since f(h(x,r,¢,0))sinf satisfies (P1) - (P3) on B, Lemma 3.8
yields I(z,r,¢) = H ti(z,r,¢) € (8)_; and

Hi(z,r, ¢) = /wa(h(m,r, ®,0))sin 6do. (3.1)

We differentiate with respect to (¢, 0),

Dif(h(z,r,¢,0))sin 0] = (D, f)(h(x,r,¢,0)) - Dh(x,r,¢,0)sin 6 + f(h(z,r,$,0))cosb.

Since D, f is continuous and h is C*°, we see that the composition D f(h) is continuous. Since
f(h(z,r,¢,0))sin 0 also satisfies (P1) - (P3) on B, the conditions in Lemma 3.9 are satisfied.
Then by Lemma 3.9 i(z, r, ¢) satisfies (P1) - (P3), so Lemma 3.8 yields fo% I(z,r,¢)dp € (8)_,
and

fJ-C/27r (x,r,¢)dp = fHI(m r, ¢)dp. (3.2)

From (3.1) and (3.2) we now get

K F(y)dS(y) = r? %TJ-CI(a:,r,(b)dcb:rz / o / i f(h(z,7,¢,0))sin OdOde
0 0

OB(x,t) 0

= / f(y)dS(y).
9B (z,t)
O

Lemma 3.11 Assume that there exist ¢ and &' such that f(x;z) satisfies (E1) - (E3) for
(z,2) € R3 x Ky(8'), and that D, f(z;2) is continuous in z for fized z. Then there exist q,0
such that t% faB(m) f(y)dS(y) satisfies (P1) - (P3) for (t,x,z) € K; x K x Kg4(9).

Proof:

(P1) Define B = {y : y € dB(x,t) for (t,r) € K; x K}. Since f satisfies (E1) and B is
compact, |ti2 faB(m) fy; 2)dS(y)| < t%47rt2 sup,g |f(y; 2)| < oo.

(P2) Note that % faB(x,t) f(y)dS(y) faB(01 f(z+ty)dS(y). Let f(x,t) = f(z +ty). Then
Dy f(t,z,y) = (>, yiOs, f(x + ty), amlf(ac + 1Y), .., O, f(x + ty)). Df is continuous
since Df is continuous. So sup,, , |[Df| = M < oo, since (t,x,y) € K; x K x 9B(0,1)
and this set is compact. Now we use the mean value theorem and the Cauchy-Schwartz
inequality.
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| Jopo) f (@ + Az + (t+ At)y)dS(y) = fop 1) f(x + ty)dS(y)]
< faB(OJ) If(x + Az + (t + At)y) — f(z + ty)|dS(y)
< 4r|(At, Az)|sup, | Dy f| < An|(At, Az)|M

This means that the function is Lipschitz continuous and therefore continuous.

(P3) By Lemma 3.10 t% faB(z H f(y)dS(y) € (8)_, for fixed t,z. Theorem 2.7 b) then yields
that 9‘(%2 faB(x 5 f(y)dS(y) is analytic in z for some ¢” and §”.

Choose ¢ = max(q’,¢") and § = min(¢’,0”), then (P1) - (P3) is satisfied on K; x K x K,(9).
il

The following two lemmas are concerned with two particular volume integrals. The first lemma
shows that the Hermite transformed (8)_; volume integrals equals the volume integrals of
the Hermite transformed integrands. The second lemma shows that two particular volume
integrals of functions satisfying (E1) - (E3) multiplied by some function, satisfy (P1) - (P3)
on some domain. Let f: RT x R® — H[(8) ;] and g : RT x R? x R? — R be functions, and
let U, K C R3 and K; C RT be sets such that K and K, are compact.

Lemma 3.12 Assume that there exist ¢ and 6 such that f(t,x; z) satisfies (E1) - (E3) for
(t,z,2) € RT x R3 x K (8), that Dy, f(t,x;2) is continuous in (t,x) for fived z, and the
function g(x,y) is continuous. Then the following statements hold:

a) fB () F(t—\y—lw\,y;Z)g(r,y)dy c (S)—l and

y—|
H fB(zt Elcly ‘;| Z‘Z)g(x,y) dy = fB(z,t) f(t—\y—‘z\_,yx;‘z)g(r,y) dy when B(IL’, t) C K.
b) fB F(t—\yl—r\,yl;Z)g(:vyy)dy € (S)_, and
IE T‘ y—x —
j{fB(zt F(t— |y‘y:c|;/‘z)g(z,y) dy = j‘ Ble) f(t—\yTyz_\,gl;Qz)g(:c,y) dy when B(z,t) C K.

Proof:

Fix z,t such that B(z,t) C K.

fa—ly—=y;2)9(=.y) 5. _ f—lyl,z4y;2)g(z,x+y)
fB(zt Ay = [ T dy

= fg 027r fow %f(t — 71,z +1h(0,0); 2)g(x, x + rh(p,0))r? sin 0dOdpdr

ft=ly—z|y;2)g(z,y) 7. ft=lyl,x+y;2)g(x,z+y)
fB(zt ly—z? dy = [p B(0,t) Y2 d

Y
= Jo 5T ST B — x4 rh(6,0); 2)g(x, x + (@, 0))r? sin 0dfdpdr

Here h(¢,0) = (sinfcos ¢,sinfsin ¢, cosd). The sets K x B(z,t) and [0,¢] x K are com-
pact. This means that M, = SUD k¢ Bz 1) lg(x,y)| < oo, and since f satisfies (E1), My =

SUP[0,]x K xK,(6) |.f (8:¥3 2)| < oc.
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Sy JoT T ILf(t = vz + rh(,0); 2)g(, @ + Th(¢, 0))|r? sin 0dfdedr

< MpM, [ [27 [T rsin0d0dedr = MyMyrt? < oo

JE 2T T L £ (= + rh($, 0); 2)g(z,  + h(, )| sin §dOddr
< MM, fo OW Jo sin0d0dpdr = MgMy2nt < oo

By Fubinis theorem we can evaluate these integrals as iterated integrals. Note that |y| = r
when y € 0B(0,r).

ft— z|,y;2)9(x, o f—|yl,x+y;2)g(x,x+
fB(m ly |y|€c| )g( y)dy_ fB(o,t) (t—ly| Iym )g( y)dy

= Iy Josry HEEEEPEEERAS (g)dr = [ 357 [y (b=t ry; 2)ga, atry)dS (y)dr

Sy LELLRDOD gy [E L2 [ F(E =+ s 2)g( @ + ry)dS(y)dr

Define f(y) = f(t —r,x —ry)g(x, z +ry). This function satisfies (P1) - (P3) for y € B(x,t) by
Lemma 3.7 a) since f(t, ) satisfies (E1) - (E3) on RT x R3. Now f(y) satisfies the conditions
of Lemma 3.10 b), so

A) faB(o,l) F(t—r,x+ry;w)g(x,z+ry)dS(y) € (8)_;, and

B) g{faB(O,l) F(t—r,z+ry;w)g(x, z+ry)dS(y faB(01 flt=r,z+ry; 2)g(z, x+ry)dS(y).

Define j(r) = faB 01 f(t—r x+ry; z)g(z,x+1ry)dS(y). Now we will show that j(r) satisfies

)

(P1) - (P3) for r € [,t]

P1) |faB(0’1) [t —rx+ry; 2)g(x, x4+ ry)dS(y)| < MM, faB(O,l) dS(y) = MyMy4m. This
expression is independent of z.

(P2) Define f(r) = f(t—r,x+7ry; z). Then 8, f(r) = (Daof)(t—r, x4 1y; 2)-y— (OLf)(t—7, 2+
ry; z). This function is continuous since D f is continuous. Then Mp = supyg 410, f(r)| <
00. Now we use the mean value theorem:

00+ Ar) = 500 < ) LG+ Ayl + (- Ar)y) — Fr)g(e. 2+ 19)|dS(y)
< |A7"MfMg47T.

This is Lipschitz continuity, which implies continuity.

(P3) This property follows from (A) and Theorem 2.7 b) for some ¢’,d’.

Since j(r) satisfies (P1) - (P3) for r € [0,¢] and ¢” = max(q,q’) and 6" = min(d,d"), rj(r)
satisfies (P1) - (P3) for r € [0,t] and ¢”,¢” by Lemma 3.7 a). By Lemma 3.8

fo r)dr € (8)_; and fg rJ(r)dr € (8)_,, and
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foO r)dr = fo r)dr and foO rJ(r)dr = fg rj(r)dr

Since fB(w,t) F(t_‘yjjtz]) 29) dy = f r)dr and fB il |y|ym|£’|z)9(x’y dy = fg J(r)dr

they both lie in (§)_; by (C). Using (D ) d (B) and keepmg in mind the definition of j(r)
we get

F(t—|y—=x|,y;2)g(x,
f}CfB(M) (t=ly ‘y‘_z‘ )9@Y) gy, — f(f rH faB(OJ) F(t—rx+ry;w)g(z,z + ry)dS(y)dr

= fg r faB(o,l) ft—r,xz+ry;2)g(x,x +ry)dS(y)dr = fB f(t_‘y_‘;‘_’zi‘z)g(x’y) dy

F(t—|y—z|,y;2)9(z,y) ft—ly—z|,y;2)g(=,y)
‘rH:fB(:c,t) == dy = fB(zt [y—z]| dy O

Lemma 3.13 Assume that there exist ¢ and &' such that f(t,x;z) satisfies (E1) - (E3) for
(t,z,2) € RT x R3 x Ky(0'), that Dyyf(t,x;2) is continuous in (t,z) for fived z, and the
function g(x,y) is continuous. Then there exist q,0 such that the following statements hold:

a) 4 = fB(m == mMZ)g(x’y)dy satisfies (P1) - (P3) for (t,x,z) € Ky x K x K4(6).

ly—z|

D) 1 [ LW 4y satisfies (P1) - (P3) for (t,2,2) € Ky x K x Kq(6).

ly—z|

Proof:
Note that fB(o,l Mdy = fo 2m " Lr2sin @dfdedr = m, and similarly fB(O,l) ﬁdy = 2.

Define B = {y : y € B(x,t) for (t,7) € K; x K}. Note that the set S = K; x B is compact.
Then since g is continuous My, = sup, .5 |9(x,y)| < oo, and since f satisfies (E1) M; =
SUP K, « Bk (5") |f(s,y;2)| < co. Let T = supg, |t| < co.

(Pl |7J‘B(zt fi—ly |:c|yz)g(z,y dy| < MfMgﬁfB

y—a]| dy = My M, fB(o,l)Tgl,\dy = MyMym

) Ty—a] rc\

t— T|,Y;2 s
1% [n [l udaea) gy| < My Myt [ o=y = MMy [0 1y redy = MpMg2m

ly—=[?

(P2) % fB o) f(t—ly—lzlvzglz)g(w,y)dy = 500 B0 f(t—tly\,w+t|z;‘2)g(r7r+ty) dy

f=ly—zl.y:z)g(@.y) 4 ft—=tlyl,z+ty;2)g(x,x+ty)
fB(xt ly—a? = /5 B(0,1) M dy

Let f(t,m,y) = f(t —tly|,z + ty; z), then Dmf(t,m,y) =
(Ot —=tlyl,z +ty; 2) (1 + [y]) + (D2 f)(E = tly|, z +ty; 2) -y, (D2 f) (¢ — tlyl, x + ty; 2)).

This derivative is continuous since D f is continuous, so

Mp = SUP K, xBxB(0,1)xK (6') |Df(t,z,y; 2)| < oo.
Now we use the mean value theorem and the Cauchy-Schwartz inequality:

|f f(t—i—At,z—l—Az,y)g(:{:—i—A:{:,:c—i—A:c—i—(t+At)y)—f(t,:c,y)g(z,z-l—ty)d |
B(0,1) [y] y
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< MpMy|(AtA)| [0y Ty = MpM,|(At, Az)|x

|f f(t—i—At,z—l—Az,y)g(:{:—i—A:{:,:c—i—A:c—i—(t+At)y)—f(t,:c,y)g(z,z-l—ty)d |
B(0,1) Pk y

< MpMy|(At, Az)| [ 1) #dy = MpM,|(At, Az)|2
This is Lipschitz continuity, which implies continuity.

(P3) By Lemma 3.12 5 fB(r,t) Wdy and %fB(w,t) Wdy are in (8)_, for fixed

t,x. Theorem 2.7 b) then yields that 7 fB(z t)%dy and %fB(x t)%dy

are analytic in z for some ¢” and §”.

Choose ¢ = max(¢’,¢”) and § = min(¢’,0”), then (P1) - (P3) is satisfied for z € K,(9). O
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Chapter 4

1D Wave Equation

In this chapter we will consider the stochastic wave equation in one space dimension. That is
the wave equation with stochastic distributions as initial values and/or forcing term. In the
first section we will study the homogeneous wave equation with stochastic distributions as
initial values. Then we turn to the stochastic inhomogeneous wave equation in the following
section. First we set the initial values to zero and let the forcing term be a stochastic dis-
tribution process. Then we consider the general initial value problem for the inhomogeneous
wave equation. This problem can be viewed as a homogeneous problem plus an inhomoge-
neous problem. These problems are the two problems we just considered, and the sum of the
solutions of these problems is a solution for the general problem.

In solving these problems we will use the general procedure outlined in the Chapter 2. We
will be looking at strong (8)_;-solutions only, and derive a formula for the solution in each
case. The formulas for the solutions are the same as in the deterministic case. And in
the homogeneous problem the smoothness conditions on the initial values are completely
analogous to those in the deterministic case. In the inhomogeneous problem, it seems that
you need a smoother forcing term than is needed in the deterministic case. In all cases
uniqueness in the classical problem yields uniqueness in the stochastic problem.

Notation. If u is a complex variable, let u” = Re(u) and u’ = Im(u). We will also use the

space C’lzoc

in this chapter. This space is defined in Section 1.2.

21



4.1 The Homogeneous Wave Equation

In this section we will study an initial value problem for the homogeneous wave equation
where the initial values are (8)_;-processes. To be precise, we will consider the following
problem:

Utt(tax) - wa(tax -
U0,z) = G(x)

~—
(e

(4.1)

We want to find a formula for a solution in this problem. First let us take the Hermite
transform of (4.1).

0
g(x) (4.2)
ut(0,2) = h(z)

N

=
8
I

By Theorem 3.3 there exist ¢ and § such that g and h are C? and C' respectively in (¢, ) for
z € K4(9). Fix z and let us look at the real part of (4.2),

u;t(tﬂx) - ugx(t,x) =0
u(0,2) = g"(2)
uy (0, x) h"(x)

where g" € C%, h" € C!. This is the classical 1D wave equation. It is solved in [Eva94] and
[Joh82], and the solution is

T+t
u'(t,x) = %(gT(a: +t)+g"(x—1t)) + % /_t h"(s)ds.

The imaginary case is similar, u’(t,z) = $(¢*(z+t) + ¢'(x —t)) + 1 ffjtt h'(s)ds. The solution
of (4.2) is then:

u(t,r) = u'(t,x) +iu'(t,x)
= 1{(97" +igY(@+t)+(g"+ig)(x—t)} + L /M(h?" +ih')(s)ds
2 2 r—t
= %(g(w +t)+g(x—1)+ % /J;:r h(s)ds (4.3)

Now we need to show that this solution wu(t,x) satisfies the conditions in Theorem 2.12 so
that it can be inversely transformed to give a solution of the initial value problem (4.1). We
will also show that this solution is a C? (8)_,-process.

22



Theorem 4.1 The initial value problem (4.1) has a unique solution in C} (RT x R, (8)_;)
which takes the form

x4+t
Ut z) = %(G(az 4G —t) 4+ % / Hs

Proof:
Let K1 C RT and K3 C R be compact sets, and let (¢,x) € K1 X K».
Uniqueness of the solution

The classical boundary value problem has a unique solution, see [Eva94] or [Joh82]. This
implies that the solution of (4.2) is unique. Fix (¢,z), then by Theorem 2.7 b) there is an
unique element U (¢, z) in (8)_; such that HU (¢, ) = u(t, z). This function U(t, z) is therefore
uniquely defined for ¢, z, and w € §'. So if (4.1) has a solution, it is unique.

Existence and Formula for the solution

By Theorem 2.12 we need to show that u(t,x) and its derivatives up to second order satisfies
(P1) - (P3) for z € K (6) where ¢, < co. From Appendix B.1 we know that there exist gq, 64
such that for z € Ky, (dq) these derivatives takes the following form:

wta) = (o)~ g~ 1) + 3 (he + 1)+ bz — 1)

wt,7) = (o (o4 1)+ 9@~ 1) + 3 (e + )~ bz — 1)

ualty®) = wealt,®) = (o0 0)+ g (@~ 1)+ (W@ + 1)~ (w—1)
Uilt,) = wialty®) = (o 1) o0~ 1)+ (W (x + 1) + R — 1)

Since G € C%(R,(8)_,) and H € CY(R,(8)_,), by definition G”,G',G,H',H € C(R,(8)_,).
Then by Corollary 3.4, we know that there exist some ¢p,d1 such that for all compact sets
K CcR¢"(y), ¢(v), g(y), M(y), and h(y) satisfies (P1) - (P3) for z € K, (61) and y € K.

Note that a common ¢’ and ¢’ can always be found by letting ¢ be the biggest of the ¢’s and
0’ the smallest of the ¢’s. This follows from (2.1).

Let f(t,z) = x+t, then f(Kj, Ks) = K1 + Ky. Theset K = K; + Ko is compact. Then g(y)
satisfies (P1) - (P3) for y € K; + Ko C K. By Lemma 3.6 a) g(z +t) satisfies (P1) - (P3) for
(t,z) € K1 x Ko = 1K1 4+ K2), and z € K, (61). Similar for ¢"(xz +1t), ¢"(z — t), ¢'(z + t),
J(x—1), glx —1t), MW(x+1t), W(x—t), h(z + 1), and h(x —t).

Let [(z) = — t and u(z) = x + t. [, u are continuous. Since H € C*(R, (8)_,), by Corollary
3.4 there exist ¢/,0’ such that h and Dh satisfies (P1) - (P3) on every compact subset of R.
The closures of the sets K1 + Ky are compact, and by (P2) Dh is continuous. This means
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that the conditions of Lemma 3.9 hold for (¢,z, z) € K; x K3 x Ky (0"). Thus there exist ¢o, d2
such that 1 sz s)ds satisfies (P1) - (P3) for (¢,z,2) € K1 x Ky x Kg,(02).

Let ¢ = max(qq, q1,¢2) and § = min(dg, d1,d2). Then every term in the expressions for u(t, x)
and its derivatives satisfy (P1) - (P3) for (t,z,2) € K1 xKyxIK,(6). Since a linear combination
of functions satisfying (P1) - (P3) still satisfies these properties on the same domain (Lemma
3.5 a)), it follows that u(t, ) and all its derivatives up to order 2 satisfies (P1) - (P3) for the
above mentioned domain. Thus by Theorem 2.12 there exists a (8)_;-process:

Ult,z) = H lu(t,z)

= S glw 4 1) +gle — 1) + 59O / s)ds

1
= (G +1)+Gla—1) + / His

The fact that H~! ffjtt s)ds = [ IHH )ds follows from Lemma 3.8 since h(s) satisfies
(Pl) - (P3) for (S,Z) € [K2 + Kl] [K2 — Kl] X Kq(é)
Smoothness of the solution

We are now going to show that U(t,z) € C?(K; x Ko, (8)_;). Let us start by showing that
D2U(t,z) is continuous. Fix (¢,7) and € > 0, then by Lemma 3.1 there exist ¢/, and v > 0
such that for z € Ky/(0") and |At| 4+ |Az| < v we have:

sup|¢’(x +t+ Az + At) —¢"(x +1)| <
z
sup|g’(x —t+ Az — At) — ¢"(z —t)| <
z

sup [W (x +t+ Ax+ At) —h(z+t)] <

NI NN DN DN

sup|h/(z —t + Az — At) —h'(z —t)| <

sup, |up(z + Atz 4+ At) — uy(t, z)| = sup, [3[¢"(x + t + Az + At) + ¢"(x — t + Az — At))]
+3 [N (z+t+Az+ AL — b (z—t+Ax—At)| - {5[¢" (x+t)+¢" (x—t)|+ 5 [N (z+1) — I/ (x—t)]}|
< isup, | (z+t+ Az + At) — ¢"(x +t)| + Fsup, |¢"(x — t + Az — At) — g"(z — t))|
+3sup, [N (z +t+ At + Az) — W (z +t)| + $sup, |W(z — t + Az — At) — W/ (z — t)]
<3(E+5+5+5) =«

By Lemma 3.1 this implies that Uy (= U,,) is continuous. A similar argument will show
that U, (= Uyt) is continuous. By Theorem 1.1 U(t, z) and DU (¢, x) are also continuous, so
U(t,z) € C*(Ky x K2,(8)_4). O
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4.2 The Inhomogeneous Wave Equation

4.2.1 A particular Initial Value Problem

In this section we are going to study the following initial value problem for the inhomogeneous
wave equation.

Up(t,x) — Upe(t,z) = F(x,t)
U(0,x) 0
U;(0,z) = 0 (4.4)

F(z,t) € C*(R%,(8)_,)

As before we take the Hermite transform of (4.4), and try to solve the transformed equation.

ug(t, ) —uge(t,z) = f(x,t)
u(0,2) = 0 (4.5)
ug(0,2) = 0

By Theorem 3.3 there exist ¢ and § such that f is C1 in (¢,z) for z € K,(6). Let us look at
the real part of (4.2),
u;t(ta .’E) — Uy (t7 :1:)

"(x,1)

g
3
—~
=
&

I

f
0
0

where f7 is C'. This initial value problem is solved in [Eva94] and [Joh82]. The solution is

x+(t—s)
/ / s)dyds.

Replacing " with ¢ gives a solution for the imaginary part of (4.5). Combining these two
results, we get a solution of (4.5).

u(t,x) = ) Fiul(t, x)
z+(t—s)

- / / 7y, 5) + 1 f*(y, s)|dyds

(t—s)

z+(t—s)
= / / s)dyds (4.6)
(t—s)

Theorem 4.2 The initial value problem (4.4) has a unique solution in C?_(RT x R, (8)_,)

loc
/ / s)dyds.
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Proof:
Let K1 C RT and K5 C R be compact sets, and let (¢,7) € K1 x Ks.
Uniqueness of the solution

The classical boundary value problem has a unique solution, see [Eva94] or [Joh82]. This
implies that the solution of (4.5) is unique. Fix (¢, ), then by Theorem 2.7 b) there is an
unique element U (¢, x) in (8)_; such that HU (¢, x) = u(t,x). This function U(t, x) is therefore
uniquely defined for ¢, z, and w € §'. So if (4.4) has a solution, it is unique.

Ezistence and Formula for the solution

By Theorem 2.12 we need to show that u(t,x) and it is derivatives up to second order satisfies
(P1) - (P3) for some ¢ and 0. By Appendix B.2 there exist g4, 04 such that for z € Kg,(6q)
these derivatives have the following form:

wlt,z) = 1/0[f(x+(t—s),s)+f<x—(t—s),s)]ds

2
wrlte) = 5 [ 1t €= 9.9 = Sl = (=), 9)lds
wiltir) = fta)+ [ lat =)0+ fle — (6= s),))ds
unelt) = 5 [ Ufalo+ =95 = fola = (1= 5). s

gt 7) = up(t z) = %/0 e+ (t — 5),8) + fulz — (t — 5, 8)]ds

Since F(t,x) is a C? (8)_,-process, Theorem 3.3 yields that f(t,z) and its derivatives up to
second order satisfies (E1) - (E3) for (¢,z,2) € R x R x K, (61). This holds for some ¢; and
1.

Since g1(t,z,8) = x + (t — s) and gao(t,x,s) = x — (t — s) are continuous, and the closure of
91(K1, Ko, K1) and go(K7, Ko, K1) are compact, the conditions in Lemma 3.9 are satisfied for
f(t,z). This means that there exist ¢/,¢’ such that f;jét__;)) f(y, s)dy satisfies (P1) - (P3) for
(t,i‘,S,Z) € K1 x Ko x K7 x Kq/(é’).

Let g(t,x,s) = f;j((ttjs‘? f(y,s)dy. By Lemma B.2 in Appendix B.2 Dg(t,z, s) is continuous
for z € Ky, (0,), and as showed above g(t,x,s) satisfies (P1) - (P3) for ¢’ and ¢’. Let go =
max(qq,q’) and d2 = min(d,,0’). By Lemma 3.9 fotg(t,m, s)ds then satisfies (P1) - (P3) with
qo and 6s.

Since g1(t,z,8) = x + (t — s) and go(t,x,s) = x — (t — s) are continuous, and the closure of
91(K1, Ko, K1) and go(K1, Ko, K1) are compact, the conditions in Lemma 3.6 a) are satisfied
for f(t,z) and its derivatives up to second order. This means that f(z + (¢t — s),s) and
f(x —(t —s),s) and their derivatives up to second order satisfies (P1) - (P3) for (t,x,s,z2) €
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Kl X K2 X Kl X qu(él).

f(z + (t — s),s) and its first order derivatives satisfies the conditions of Lemma 3.9 on the
above mentioned domain. By this lemma there exist ¢’,0" such that fot flx+ (t—s),s)ds
and fot O1f(x + (t — s),s)ds satisfy (P1) - (P3) for (¢,z,2) € K1 x Ky x Kg,(63). Similar for
fotf(x + (t — s),s)ds and fg o f(x + (t — s),s)ds for some ¢”,6"”. Let g3 = max(q’,q") and
d3 = min(d’,8”).

Choose ¢ = max(q1,q2,q3,q4) and § = min(dy, d2,d3,04). Then since a linear combination
of terms satisfying (P1) - (P3) also satisfies (P1) - (P3) on the original domain (Lemma
3.5 a)), u(t,x) and all its derivative up to second order satisfies (P1) - (P3) for (¢,x,z2) €
Ky x Ky x Ky(6).

Thus by Theorem 2.12 there exists a U(t,z) = H " lu(t, z) satisfying the initial value problem
(4.4), where u(t,z) is given by equation (4.6). U(t,z) takes the following form:

Ut,z) = H  u(t,z) = —fH // s)dyds

z—l—(t s)
= / / s)dyds
(t s)
z+(t—s)
= / / s)dyds.

The third and fourth equality follow form Lemma 3.8 since f and the previously defined g
satisfy (P1) - (P3) for ¢,¢ and the integral limits are continuous functions.

Smoothness of the solution

We are now going to show that U(t,x) € C?(K; x K2,(8)_,). Let us start by showing

that D2U(t,z) is continuous. Let h™(t,z,s) = x + (t — s), AhE(t,x,5) = Az £ (At — As),
y = (t,z,s), and Ay = (At, Az, As).

F(t,z) € C*(R?,(8)_,). By Corollary 3.4 there exist ¢’ and & such that for (¢,z,2) €
K1 x Ky x Ky(8') f(t,x), Df(t,z), and D*f(t,x) satisfies (P1) - (P3). By (P1) there exist
My, My < oo such that sup, ;. |fi(r,s)] = My and sup, g, |Dfi(r,s)| = Ma. We also know
that M3 = sup,cg, [t| < oo since K is compact. We will now use the mean value theorem,
the Cauchy-Schwartz inequality, and the fact that |AhT(t,z,s)| < [[Ayll1 < k|Ay|, where
0 <k <oo0.

|ft+At (ht(t,z,s) + At (t,z,s),s ds—foft (t,x,s),s)ds|
< |ft+At (Wt (t,x,s)+Aht(t,z,5),s d8|+|fg[ft(h+(t,a:,s)+Ah+(t,x,s),s)—f(t,x,s)]ds|
< |At| Supy s » |ft(r7 S)‘ + |tHAh+| SUPy s » |th(7', 8)| < |At|M1 + |Ay‘kM2M3

Similarly we have | ft+Atf (h=(t,z,s)+Ah™(t,z,s) ds—fo fi(h=(t,x,5),8)ds| < |At| M+
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|Ay|kMaMs. All in all we have
1
Sup |umm(t + Atv T+ Al‘) - umm(t7 1‘)| < 5(2|At|M1 + 2|Ay|kM2M3)'

Fix € > 0 and choose § = min(g37, 373577 ) then

Ayl <§ = sup|ug(t+At,z + Ax) — uge(t, z)| <e.
z

By Lemma 3.1 this implies that U,, is continuous. A similar argument will show that Uy
and Uy, (= Uy,) are continuous. By Lemma 1.1 U(t,z) and DU (t,x) are also continuous, so
U(t,x) € C*Ky x K2,(8)_4). O

Remark: We have assumed one extra degree of differentiability, compared to the classical
case. See the comment on this in Chapter 6.

4.2.2 The general Initial Value Problem

Now we turn to the general initial value problem for the inhomogeneous wave equation. In
this section both the initial values and the forcing term will be stochastic distributions.

Un(t,x) — Uye(t,z) = F(x,t)

U,z) = G(x)
U (0, ) H(x)

(4.7)
F($>t) € 02(R27(8)—1)
G(z) € C*(R,(8)_4)
H(z) € CHR,(8)_,)

Theorem 4.3 The initial value problem (4.7) has a unique solution in C} (RT x R, (8)_;)
which takes the form

1
Ut,z) = 2(G(x+t)+Gx—t / H(s)ds + = // s)dyds.
(t—s)

Proof:
Existence, Formula and Smoothness

Let U"(t, ) be be a solution of (4.1) and UP(t, ) be a solution of (4.4). We see that U (t,z) =
U"(t,x)+ UP(t,x), and that this function therefore is C2. We need to show that this function
satisfies the initial value problem (4.7).

U(t,w) = Upa(t,x) = [Uf(t,2) + UL(t,2)] = [Ug, (8, @) + UL, (¢, )]
= [Ug(tal’) - U;Lx(t,l’)] + [Uﬁ(t,x) - ng(t,x)]
= 0+ F(z,t) = F(x,t)
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Uniqueness

Let U(t,z) and V (¢, z) be two solutions of (4.7). Then the difference U(t,z) — V (¢, z) satisfies
the homogeneous initial value problem (4.1) with G(x) = 0 and H(z) = 0. By Theorem 4.1
this problem has a unique solution taking form U(¢,x) — V(¢t,x) = 0. So U(t,x) = V (¢, z)
and this solution is unique. O
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Chapter 5

3D Wave Equation

In this chapter we will consider the stochastic wave equation in three space dimension. This
chapter will be very much like Chapter 4.

Notation. If u is a complex variable, let u” = Re(u) and v’ = Im(u). We will also use the

space C? in this chapter. This space is defined in Section 1.2.

loc

5.1 The Homogeneous Wave Equation

Let us consider an initial value problem for the homogeneous wave equation where the initial
values are (8)_,-processes. To be precise, we will consider the following problem:

Up(t,r) —V2U(t,z) = 0

(5.1)

G(z) € CY(R?,(8)_y)
H(z) € C3(R%(8)_y)

We want to find a formula for a solution in this problem. First let us take the Hermite

transform of (5.1).

0
g(x) (5.2)
ut(0,2) = h(z)

<
=
&
~

Il

By Theorem 3.3 there exist ¢ and § such that g and h are C® and C? respectively in (¢, ) for
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z € K4(9). Fix z and let us look at the real part of (5.2),

up(t, ) = V2 (tx) =
u” (0, x
ui(0,2) = h'(x)

I
Q O
=
—~
8
S—

where g" € C3, h" € C?. This is the classical 3D wave equation. It is solved in [Eva94] and
[Joh82], and the solution is:

u'(t,r) = Hltg /8 s [(th"(y) + 9" (y) + Vg"(y) - (y — x)]dS(y)

Replacing " with ¢ gives a solution for the imaginary part of (5.2). The solution is

u(t,z) = u'(t,x) +iu'(t,z)
- ﬁ / (A" + i) (y) + (¢" +ig")(y) + (V" +iVg)(y) - (y — 2)ldS(y)
L= JoB(x,t)
1
= e /a o [th(y) + 9(y) + Vg(y) - (y — 2)]dS(y). (5.3)

Now we need to show that the solution u(t, z) satisfies the conditions in Theorem 2.12 so that
it can be inversely transformed to give a solution of the initial value problem (5.1). We will
also show that this solution is a C? (8)_,-process.

Theorem 5.1 The initial value problem (5.1) has a unique solution in C*(RT x R3,(8)_,)
which takes the form

V) = g [ )+ G+ 960 - (- 2JdS ()

Proof:
Let K1 C Rt and Ko C R3 be compact sets, and let (¢,7) € K; x Ko.
Uniqueness of the solution

The classical boundary value problem has a unique solution, see [Eva94] or [Joh82]. This
implies that the solution of (5.2) is unique. Fix (¢,z), then by Theorem 2.7 b) there is an
unique element U (¢, z) in (8)_; such that HU (¢, ) = u(t, z). This function U(t, z) is therefore
uniquely defined for ¢, z, and w € §'. So if (5.1) has a solution, it is unique.

Existence and Formula for the solution

By Theorem 2.12 we need to show that u(t,x) and its derivatives up to second order satisfies
(P1) - (P3) for z € K (6) where ¢,6 < co. From Appendix B.3 we know that there exist gq, 64
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such that for z € K, (64) u(t,x) and its derivatives takes the following form:
1
uta) = o [ (th) + al) + V() - (v - 2))dSw)
4mt* JoB(a,1)

wnt2) = g [ )+ ) + V) (0~ 21

1

ug(t,x) = T2

| )+ The) - (- )+ 092g(0)dS ()

OB(x,t)

Ugyo, (t,7) = # /8 " t)[thziz]-(y)+gwiz]-(y)+ngixj(y)'(y—:r)]dS(y)
1

wn2) = g [ W) Ve 0)- (0 9) 5 09, 0] 0

wilta) = g [ )+ V) + () (- 2)dS)

The idea is now to show that all the integrands above satisfies (E1) - (E3) on K; x R for some
q1,01, and that the gradients of the integrands are continuous. Then by Lemma 3.11 there
exist o, d2 such that the integrals above satisfy (P1) - (P3) for (t,z) € K1 x Ky x Ky, (d2).

1) Let us show that the integrands satisfies (E1) - (E3). G and H are C* and C3 (8)_,-
processes on R3 respectively. Then by Theorem 3.3 there exist ¢, d; such that ¢, h and
all their derivatives up to fourth and third order respectively, satisfies (E1) - (E3) on
R3. Note that all the integrands are linear combinations of products of such derivatives
and continuous functions. By Lemmas 3.7 b) and 3.5 b) the integrands satisfies (E1) -
(E3) on K7 x R for ¢1, 6.

2) If these integrands were differentiated once, they would still be linear combinations of
products of derivatives of g and h and continuous functions. Furthermore the order of
the highest derivative would be 3 and 4 for h and g respectively. So by Lemmas 3.7 b)
and 3.5 b) the gradients of the integrands satisfies (E1) - (E3) on K; x Kj for ¢1, ;.

Choose ¢ = max(qq,q1,q2) and 6 = min(dg, 61,02). For this choice of ¢, the conditions in
Theorem 2.12 are satisfied for (t,z,2) € K x Ky x K;(§). This means that there exists a
(8)_;-process:

Ult,z) = H 'u(t,z)

[P

= 2t ' /8 - [th(y) + g(y) + Vg(y) - (y — 2)]dS(y)
1

= i /E)B(z’t) [tH(y) + G(y) + VG(y) - (y — 2)]dS(y),

where the last equality follows from Lemma 3.10.
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Smoothness of the solution

We are now going to show that U(t,z) € C*(K; x Ka,(8)_;). Let us show that Uy(t, ) is
continuous.

Claim 1

Assume that f(z) is such that Df(x) satisfies (E1) - (E3) for (z,2) € R? x K,(0). Let
g(t,z,y) = x + ty and (t,z,y) C K1 x Ko x K3, where Ky, Ko and K3 are compact sets.

Define f(t,z,y) = f(g(t,x,y)), then
M = SUp(y 4 ) e iy x Koo x K, | D f (12, 9)| < 00,
Proof:
Dy f(t,z,y) = (Df)(x +ty) - Deag(t,z,y)

Note that g(t,z,y) is C*° and takes bounded sets to bounded sets. Since Df(x) satisfies
(E1) - (E3) on R3 x K,(d), Lemma 3.6 b) yields that (Df)(x + ty) satisfies (E1) - (E3) on
g1 (R3) x K,(8). Furthermore since D; ,g(t,x,y) is continuous, (Df)(z + ty) - Dy .g(t,z,y)
satisfies (E1) - (E3) on g1 (R?) x K, () by Lemmas 3.7 b) and 3.5 b). Since K; x Kz x K3 C
g 1(R?) is compact, we get by (E1)

M = sup |Diof(t,z,y)|
(t,x,y)EK1 x Ko x K3,z
= sup (Df)(z +ty) - Dypg(t, z,y)| < oo.

(t,x,y)EK1 x Kox K3,z

QED

Let us now change coordinates from y to x + ty.

wita) = g [ VR + )+ V) (5~ ls)
= % [tV2h(z + ty) + V3g(z + ty) + V(V3g)(z + ty) - ty]dS(y)
T JoB(0,1)

Since H, G are C3 and C* (8)_,-processes on R3 respectively, by Theorem 3.3 D3h(z),
D3g(z) and Dg(z) satisfies (E1) - (E3) on R® x K,(0), for some ¢,6. Let B = {y : y €
B(z,t) for (t,z) € K1 x Ky}, this set is bounded since K; and Ky are compact. The sets K1,
K5, and B are compact, so by Claim 1 we have

My = sup |D3h(t,z,y)| < oo,
t7z7y7z

M, = sup |15}’/g(t,x,y)| < oo, and
t7w7y72

My = sup |[Dig(t,z,y)| < .
t7z7y7z
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The ~“notation is used as in Claim 1, that is f(z) = f(x +ty). Let us also define T = supg, |t
and Y = supg |y|. By the mean value theorem and the Cauchy-Schwartz inequality we get:

IV2h(t + At,x + Az, y) — VZh(t,z,y)| = |(At, Az) - (D12 V2h) (&, &, y)| < |(AL, Az)| M,
where t < & <t 4+ At and x < &, < z 4+ Az. Similarly
IV2g(t + At,z + Ax,y) — V2g(t,z,y)| < |(At, Az)|My, and

P

IV(V29)(t + Aty z + Az, y) -y = V(V2g) (2, y) -yl < |(AL, Ax)| MY .

luge (t + Aty x + Ax) — ug(t, x)|

< £ [opom |(t+ AOVR(t + At + Az,y) + V2g(t + At,z + A, y)

P P

F(+ AV (V2g) (b4 AL, 2+ Az, y) -y —tV2h(t, 2, y) —V2g(t, 2, y)—tV (V2g) (t, 2, y)-y|dS (y)

< Lawsup, |ALV2A(t + At,x + Az, y) + V(V29)(t + Atz + Az,y) - y]

F[V2h(t + AL,z + Az, y) — V2h(t,2,y)] + [V2g(t + At,z + Az, y) — V2g(t, ,y)]

+t[V(V2g)(t + At,x + Az, y) -y — V(V2g)(t,z,y) - ]|

< |At|[M;y 4+ MY + |(At, Az)|[T My + My + TMsY|
Note that this holds for for every z € K,(d). For any € > 0 choose

d = min(

€ €
2M1+2M3Y ? 2T M1 +2Mo+2T M3Y ) :

This choice of § leads to:
|(At,Az)| <d = sup, |uy(t + Atz + Ax) —uy(t,z)] <€

By Lemma 3.1 Uy(t, x) is continuous. In a similar fashion we could show that Umj and Uy,
are continuous. Thus D?U(t,z) is continuous. By Lemma 1.1 U(t,z) and DU (t,z) is also
continuous, so U (t,z) is C2. O

Remark: We have assumed one extra degree of differentiability, compared to the classical
case. See the comment on this in Chapter 6.
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5.2 The Inhomogeneous Wave Equation

5.2.1 A particular Initial Value Problem

In this section we are going to study the following initial value problem for the inhomogeneous
wave equation.

Uy(t,z) — V2U(t,z) = F(z,t)
0
Ui(0,z) = 0 (5.4)

S
—~~
=
E

I

F(z,t) € C3(R xR?,(8)_,)

As before we take the Hermite transform of (5.4), and try to solve the transformed equation.

ug(t,x) — V3u(t,z) = fla,t)
u(0,2) = 0 (5.5)

By Theorem 3.3 there exist ¢ and & such that f is C? in (¢,z) for z € K (). Let us look at
the real part of (5.5),

upy(t,2) = V3l (ta) = f7(x,1)
u"(0,z) = 0
uy (0, x) 0

where f7 is C3. This initial value problem is solved in [Eva94] and [Joh82]. The solution is

(7)) = — d
Wb = 4 /B(x,t) ly — | Y

Replacing " with ¢ gives a solution for the imaginary part of (5.5). Combining these two
results, we get a solution of (5.5).

u(t,r) = u"(t,x) +iu'(t,z)
1 T+ )yt —ly—zl)
- Yy
AT ) B(a ) ly — x|
AT ) B(a ) ly — x|

Theorem 5.2 The initial value problem (5.4) has a unique solution in C} (RT x R3,(8)_;)

which takes the form
1 F(y,t — |y — )
U(t,x) = —/ dy.
62 = 4 Ba,t) ly — |
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Proof:
Let K1 C Rt and Ko C R3 be compact sets, and let (¢,7) € K; x K».
Uniqueness of the solution

The classical boundary value problem has a unique solution, see [Eva94] or [Joh82]. This
implies that the solution of (5.5) is unique. Fix (¢, ), then by Theorem 2.7 b) there is an
unique element U (¢, x) in (8)_; such that HU (¢, x) = u(t,x). This function U(t, x) is therefore
uniquely defined for ¢, z, and w € §'. So if (5.4) has a solution, it is unique.

Ezistence and Formula for the solution

By Theorem 2.12 we need to show that u(t,x) and its derivatives up to second order satisfies
(P1) - (P3) for z € K (6) where ¢,6 < co. From Appendix B.4 we know that there exist gq, 64
such that for z € Ky, (dq) u(t,z) and its derivatives takes the following form:

u(t,r) = — dy
b= B(a,t) ly — x|
1 / Jo,(t =y — 2|, )
Ug,; (E, ) = — d dy
(t.2) AT ) B(a,t) ly — x|
1 t_ _:L‘y +Vm t_ —337 . — X
ut(t7x):_/ F(t =y —z|.y) + Vaf( : y—zhy) =2,
AT JB(ap) ly — =
_ 1 foia;(t =y — 2|, y)
'LLij(t,«T) = E/;(@t) \y—x\ dy
1 zt— — I, +V:C zzt_ — x|, . —
umz(t,m)z—/ fult=ly —2l.y) i (2 y—zly) -2,
AT JB(a.t) ly — =
1 / V2f(t— |y —zl,y)
(2 t,l’ = — dy+f t,[l?
tt( ) 47'(' B(z’t) ‘y B .’1}" ( )

Since F(t,x) € C3(R x R3,(8)_,), f(t,z), Df(t,z), D*f(t,x), and D3f(t,x) satisfy (E1)
- (E3) for some q1,6; on R x R3. Note that the highest order derivative appearing in the

integrands of u(t,x) and its derivatives up to second order is of order 2. This means that all
h(t=ly—z|,y)g(zy) hlt=ly=z|.y)9(=y)
ly—z| ’ ly—=[?

these integrands are functions , or a sum of such functions,

satisfying the following conditions:

1) h(t,) satisfies (E1) - (E3) on RT x R3 x K, (61).
2) Dh(t,z) is continuous in RT x R? (since Dh satisfies (E2)).

3) g(x,y) is continuous (since either g(x,y) =1 or g(x,y) = y; — x;, i = 1,2, 3).

Let i1(t,2) = 2 fB(r,t) Wdy and is(t,7) = 2 fB(r,t) Wdy. These
functions satisfy (P1) - (P3) on Kj x K5 for some ¢, d2. This follows from Lemma 3.13 since

conditions 1) - 3) hold.
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Now we integrate the expressions for u(t,z) and its derivatives term wise. All expressions
can be written as linear combinations of t%i1 (¢, x), tis(t,x), and f(¢,z). Then by Lemmas 3.7
a) and 3.5 a) u(t,z) and its derivatives up to second order satisfy (P1) - (P3) for (¢,z,2) €
Kl X K2 X KqQ(ég).

Choose ¢ = max(qq,q1,q2) and 6 = min(dg,d1,d2). For this choice of ¢, the conditions in
Theorem 2.12 are satisfied for (¢,z,2) € K; x Ky x Ky(6). This means that there exists a
(8)_4-process:

Ut,z) = H'u(t,z)
1 — f(y,t—|y—l'|)
= —H! d
/;(:c Y

4T t) ly — x|
A7 ) B(a ) ly — x| ’

where the last inequality follows from Lemma 3.12 a).
Smoothness of the solution

We are now going to show that U(t,z) € C*(Ky x K»,(8)_;). Let us look at Ug,q;(t,z). If
we take the Hermite transform we get:

Jaia; (—ly—=], y) faio; (t—tlyl,z+ty)
Uiy (L, ) fot 4|y Y= HfB(o,l) T dy
Since D3F is continuous, D3f is continuous in the following norm, |- |, = SUp.ek,(s) | * |, by

Lemma 3.1. By the same lemma we need to show that ug,.,(t, ) is continuous in | - [, then
Usg,a, (t, ) is continuous. Define f(t,z,y) = V2f(t — tly|,z + ty).

Dy f(t,z,y) = (01 V2f)(t—tly|, z+ty)|y|+(Da V2 ) (t—tly|, x+ty)-y, (D2 V2 f) (t—t]y|, z+1ty))

Since D3f is continuous in | - |, then Dy, f is also continuous in | -|,. Let B = {y : y €
B(z,t) for (t,z) € K1 x K3}. Since K1 x B is compact, M = SUPy B |Dy f(t,2)], < o0.
Let T' = supg, |t|, T' < oo since K is compact. Let i1 (¢, ) be defined as before. Then since
i1(t, x) satisfies (E1) My = supg, «x, |i1(t, ). < co. Now we use the mean value theorem
and the Cauchy-Schwartz inequality:

) . f(t+Atz+Az,y)—f(txy))s
|Z1(t+At7$+A$) _21(t7$)|z S ﬁfB(O,l) TG s |9;‘y) ftzy)l dy

< 3= M| (At, Az) )N B Ldy = LM7|(At, Az)|

) Tyl
Uy, (E+ Atz + AZ) — Uga, ()] < |(E+ A1 (E+ Atz + Az) — 201 (¢, )|,
< J3Jir (¢ + Atz + Az) — i1 (8, 2)] + [AL||AL + 2t]]i1 (t + Atz + Az)|.

< 1T2M;|(At, Az)| + 3T Mo|At|

This means that gy, (¢, ) is Lipschitz continuous in | - |,, which implies continuity in | - |..
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By Lemma 3.1 Umj (t,x) is continuous. In a similar fashion we could show that Uy and Uy,
are continuous. Thus D?U(t,z) is continuous. By Lemma 1.1 U(t,z) and DU (t,z) is also
continuous, so U (t,z) is C2. O

Remark: We have assumed one extra degree of differentiability, compared to the classical
case. See the comment on this in Chapter 6.

5.2.2 The general Initial Value Problem

Now we turn to the general initial value problem for the inhomogeneous wave equation. In
this section both the initial values and the forcing term will be stochastic distributions.

Uu(t,r) — V2U(t,x) = F(z,t)
U(,z) = G(x)
Ut(oa ) = H({L‘)
(5.7)
F(z,t) € C3RxR3(8)_))
G(z) € CYR®(8),)
H(z) € C3(R(8) ;)

Theorem 5.3 The initial value problem (5.7) has a solution in C} (RT x R3,(8)_,) which
takes the form

U(t,(lf) = %ﬂ‘t /aB(x’t) [tH(y) + G(y) + VG(y) . (y _ «T)]dS(y) + ﬁ \/B(r’t) F(yvry__|z;|_ 1’|)dy

Proof:
Existence, Formula and Smoothness

Let U"(t, ) be be a solution of (5.1) and UP(t, ) be a solution of (5.4). We see that U (t,z) =
U"(t,x)+ UP(t,x), and that this function therefore is C2. We need to show that this function
satisfies the initial value problem (5.7).

Up(t,x) — V2U(t,x) = [Ult,z)+UL(t,z)] — [V2U"(t,2) + V2UP(t, z)]
= [Uk(t,x) — V2U¢t,2)] + [UE(t,z) — V2UP(t, z)]
= 04 F(z,t) = F(z,t)

U(,2) = U™M0,z)+UP0,z) = G(z)+0 = G(z)
Ui(0,z) = UZL(O,;U)—I—Uf(O,a:) = H(zx)+0 = H(x)
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Uniqueness

Let U(t,z) and V (¢, z) be two solutions of (5.7). Then the difference U(t,z) — V (¢, z) satisfies
the homogeneous initial value problem (5.1) with G(x) = 0 and H(z) = 0. By Theorem 5.1
this problem has a unique solution taking form U(¢,x) — V(¢t,x) = 0. So U(t,x) = V(t,z)
and this solution is unique. O
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Chapter 6

Discussion

So far we have studied the stochastic wave equation in 1D and 3D. It was shown that prop-
erties like existence, uniqueness, formula, and smoothness in the classical case extends to the
stochastic case using the setting described in [HOUZ96]. With the exception that we added
extra smoothness to the initial values and forcing terms in the stochastic case. This will be
discussed in section 6.3. Other than this we have complete analogy between the classical and
the stochastic case.

But what about the 2D case? Well, as we will see in section 6.2, we can not use the same
approach as in the 1D and 3D cases. Therefore I was only able to get partial results for
the 2D problem. By the method of descent, we will get a solution for the homogeneous 2D
problem. This is described in section 6.1.

An important thing that should be noted is the following. Even though the solutions that
have been described so far are stochastic distributions, they are still strong C? solutions in
the setting we used.

6.1 Application: 2D Homogeneous Wave Equation

Let us show an application of our 3D results. It is called the method of descent. This
method is used to get a solution of the classical 2D homogeneous problem from the solution
of the classical 3D homogeneous problem. Note that this method only works for homogeneous
problems.

If x = (21,29, 73) € R3, then define & = (21, 72). Now let us assume that U(t,x) is a solution
of the following initial value problem.
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Utt(t,ﬂj‘) - V?I;U(t,ﬂj‘) 0
U,2) = G(7)
Ui (0, ) H(x)

By Theorem 5.1 U(t,z) is unique and has the following form

V) = o [ 0)+60) + 900) - (7~ 2)4Sw)

You can see from this formula that U(t,x) does not depend on x3, which means that
Uszszs(t,z) =0. So V(t,z) = U(t, z) solves:

Vu(t,7) - VIV(t,7) = 0

V0.5) = G)
V0.7 = H@ o)
G(z) € CHR?,(8)_,)
H(z) € C3(R?,(8)_,
Now it can be shown that
Via) = g [ @)+ 6@+ V6w - DS
1 tG(y) + *H(y) +tDG(y) - (y — @)
2 /B(a‘c,t) ly — 7| i (62)

This is done in [Eva94] and [Col88]. So now we have existence and uniqueness of, and a
formula for the solution of the stochastic 2D homogeneous wave equation. Furthermore this
formula is the same as in the classical case.

6.2 Problems with the 2D Wave Equation

I did try to solve the general 2D problem, using the same method as in the 1D and 3D cases.
But I ran into a problem. The integrand in (6.2) is not continuous in the entire domain of
integration. There is a singularity on the boundary of this domain, and this singularity does
not disappear in spherical coordinates. This case is different from the 3D case, where you
also have a singularity, but this singularity disappears in spherical coordinates.

So, what is the problem with this singularity? It is integrable, the integral causing trouble
s

is fol : TQQ)% dr, but according to Maple this integral equals 7. Well, let us try to solve this
1—r
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problem the way did the 1D and 3D case. We take the Hermite transform of (6.1), solve and
get a formula like (6.2). Now in order to use our existence theorem, Theorem 2.12, we need
to show that v(t,x) = HV(¢,x) and its derivatives up to second order satisfies (P1) - (P3)
for some ¢, d. Let us look at v(t,z). Since the singularity is integrable, (P1) and (P2) follows
in a way similar to what we did in 1D and 3D. But in order to show (P3) it is necessary to
have an integrand that is continuous in on the closure of the domain of integration. This is
a consequence of using Lemma 2.11 (Lemma 2.8.5 in [HOUZ96]), see Lemma 3.8. I did not
find an alternative to using Lemma 2.11.

This discussion so far only concerned the homogeneous problem, and this we already know
the solution to. But the same kind of singularity appears in the non homogeneous problem,
see [Col88] so the problem remains the same.

6.3 The strong Smoothness Assumptions

If you compare the stochastic results with the classical ones, you will find that the initial
functions and forcing terms are assumed to be smoother in all cases except from the 1D
homogeneous case. To be precise, there is one degree of differentiability more than in the
classical case. It is my belief that this is not necessary, that it would be enough the assume
as much smoothness as in the classical case.

The stronger smoothness assumption was needed to show continuity. We used this assump-
tion to show that the solutions to the Hermite transformed problems were C? and to show
continuity of D2U(t,x) uniformly in 2. Here U(t,x) is the solution of whatever problem at
hand. To get these results we used the mean value theorem and therefore had to assume more
smoothness than necessary. Since there is so much similarity between the classical and the
stochastic cases, the method used in the classical smoothness argument should also apply to
the stochastic case. There might be some more difficulties in the case where we showed that
D2U(t, ) is continuous in (¢, z) uniformly in z.

I was not able to find any smoothness proofs for the classical case in the literature. In the
literature the authors just “look” at the formula and declare it to be C?. I have not managed
to show that yet.

6.4 Further Work

There are still work to be done concerning the stochastic wave equation. Both with respect to
improving and extending this work. Let me mention at least a few subject for further study:

e The smoothness assumptions should be improved if possible.
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e The 2D problem is not completely solved. It remains to show that there is a formula
for the inhomogeneous problem.

e It is well known that there are existence and uniqueness theorems and formulas for
the classical wave equation in more than 3 dimensions. It might be possible to apply
similar methods to the ones used in this thesis to the stochastic analogs of such higher
dimensional problems. On the other hand, the calculations could get very long and
complicated since the higher dimensional formulas get more and more complicated.

e We have only considered strong solutions, so weak and distribution solutions could also
be studied.

A final problem would be to look at the interpretation of these solutions and to find applica-
tions for them.
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Appendix A

Two basic Results

In this appendix we will prove two basic results that we are going to need repeatedly in this
text. These results are stated without proofs as Lemma 1.1 and 1.2 in the Introduction. The
last result is well known, but I have not been able to find a precise statement and proof of
that result.

Lemma A.1 Let u : R — R be a function and o € N¢ a multi index. Assume D%u(x)
exists and is continuous for all a such that |a| = k. Then DPu(x) is continuous for all multi
indexes (3 such that |5] < k.

Proof:

Claim: Assume D7u(x) exists and is continuous for all 4 such that |y| = j. Then DAu(x) is
continuous for all 3 such that || =j — 1.

Proof:

Fix z¢ and r > 0 such that for all v, |y| = j DVu(z) is continuous for z € B(zg,r). Since
B(xg,7) is compact SUD,.c 5o ) |DVu(z)| = M, < co. By the mean value theorem D’u(z +

h) — DPu(z) = Z?Zl DBFeiy(€)hy, where & € (x4, 2; + hy).
d
|DPu(a + h) — DPu(@)| <Y IDPFeu(g)||hi] < dmax{ Mg, }I|hll
i=1

Fix € > 0 and let 6 = then ||hll; < § = |DPu(x + h) — DPu(x)| < e. Since x

dmaxi{e]\/[5+ei} ’
was arbitrary, D%u(z) is continuous. QED

Since the claim holds when |y| = k, the lemma follows by induction. O

Lemma A.2 Let f: VxR —-R,u:V =R, andl:V — R be functions, and let V C R be
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an open set. If u(x), l(z), and f(z,s) are C1, then

5 pu u(a)
g | Heds = @) u(@) - L@l @) + [ e
i Ji(z) U(z)
Proof:
Let us show that a%ifoa(m) f(z,s)ds = ag,(x)f( + fo fxz z,s) ds When a( ) is C1L.
Then the lemma holds since z5- flu(x f(z,s)ds = am fo f(z,s)ds — aw fo T,s

Let b(z) = z, and write f(?(x) flx,s)ds = Oa(x) f(b(x),s)ds.

“® a(e)
aiZA f(b(l') Clxl 8 / dS‘Fbxl( )81, A f(b(i'),S)dS

By the fundamental theorem of calculus 9, f(;l(r) f(b(x),s)ds = f(b(z),a(x)) = f(x,a(z)).

Since fz,(b(x), z) is continuous, it is bounded on a compact subset K of V' containing an open
ball around z. This allows us to use the bounded convergence theorem in K:

a(x) a(x)
8@-/0 f(b(z),s)ds = lim L /0 f(b(z) + Ab(x), s) — f(b(x), s)ds

Ab;—0 Ab;

a(z) q
= Alblgo o A—bZAbebl(b(x)’S) |bi=§ ds

a(z)
:A lim fy, (b(x), 5) |p,—¢ ds

Ab;—0

a(z) a(x)
= / fbi (b(.’]}'),S)dS = / fx‘i(x78)d8
0 0
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Appendix B

Calculations of the Derivatives in
Chapter 4 and 5

In this appendix we will derive the formulas for the derivatives that we used in the proofs in
Chapters 4 and 5.

Note. In this appendix we will never mention the z-variable or the spaces K,(d). Every time
we use Theorem 3.3, we have to consider a specific Ky (8"). But if we let § = min(¢’) and
g = max(q'), then all results in this appendix holds when z € K, (9).

B.1 The Derivatives in Section 4.1

We are now going to find the second derivatives of equation (4.3), that is the following
equation:

T+t
u(t,z) = %(g(m +t)+g(z—1)+ % / h(s)ds (B.1)

Let F(y) be a function such that F’(y) = h(y), such a function exists since h(y) is integrable.
By the fundamental Theorem of calculus (see [Rud76]) f;:f h(s)ds = F(z +t) — F(z — t).

o T+t o o

%/z_t h(s)ds = a—mF(aj+t)—a—mF(aj—t)
= h(z+t)—h(x—1)

3}

T+t o o
9 heyds = LR@4t) - ZFR@—t
ot /:C_t (s)ds = GpFlett) =5 F@—1)

= h(z+t)+h(x—1t)
With this in mind, it is now straight forward to calculate the second derivatives of equation
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(B.1).

w(t, ) 3¢ (@ +1t) =g (x =) + 5(h(z + 1) + h(z — 1))

g (t, x g @+t)+ g (x—1)+ 5(hx +t) — h(z — 1))
ug(t,2) = Uge(t, ) 2"+t + g (x—t)+ 3R (x+t)— W (z—t
uzt(t,x) = w(t,x 2"+ t)—g" (x—t) + 3K (x+t)+ W (z—t

B.2 The Derivatives in Section 4.2

In this section we are going to find the derivatives of equation (4.6), that is the following

z+(t—s)
/ / s)dyds (B.2)
(t—s)

Let us define g(t,z, s) = ijét__;)) Iy, s)dy.

xT

equation:

Lemma B.1

1) gi(t,x,8) = f(x+ (t—s),8) + f(z = (t = 5),5)

2) gx(t,:L‘,S):f(:L‘—I—(t—S),S)—f(l‘—(t—S),S)

Proof:
We introduce the following functions, I(¢t,z,s) =z — (t — s) and u(t,z,s) = x + (t — s).
T+ (t—s u(t,z,s)
g(t’ €, S) = ij_(gt—s)) fl(t y,s dy

Note that [ and u are C*°-functions. Since F is a C? (8)_, process, by Theorem 3.3 f = HF
is C2. Now the conditions of Lemma 1.2 are satisfied. By this lemma:

z+(t—s)
atg(taxa S) = f(uv S)Ut(t,ZL‘, S) - f(l7 S)lt(t,:L‘, S) + / (t—s) atf(ya S)dy
r—(t—s
= f(fE—F(t—S),S)—i—f(IE—(t—S),S)
z+(t—s)
o,5) = S uo5) — JE Ntz + [ s )y

= fle+{t=s)s) = flz—(t=s)s)
0

Lemma B.2 g(t,z,s) and g.(t,x,s) are bounded and continuous for (t,x,r) € Ki x Ky X
K3 C R® where K1, Ko, and K3 are compact sets.

47



Proof:

Since F(xz,t) € C*(R?,(8)_,), we have from Theorem 3.3 that f(-,-) is bounded and contin-
uous. Let us show that f(z + (t — s), s) is bounded and continuous.

o Let h(x,t,s) =x+t—sand f(x +t—s,s) = f(h(z,t,s),s). Fix e > 0, then since
f(y1,y2) is continuous exist a 05 such that if ||(Ayr, Aya|l1 < 05 then |01 f(y1 +Ayr, y2+
Ayz) — 01 f(y1,y2)] < e. h(z,t,s) is also continuous, so there exist J; such that if
|(Az, At, As)||1 < 6y, then |h(z + Az, t + At,s + As) — h(z,t,s)| = |Ah(z,t,s)| < %f.
Now let § = min(%f,éh), and note that ||(Ax,At,As)|1 < ¢ implies that |As| < 4.
With Ay; = Ah(z,t,s) and Ays = As we get

0 0
[(Az, At As)lly <6 = [|(Ah(z,t,5), As)y < 5+ 5 =5

= |f(h(z,t,s) + Ah(x,t,s),s + As) — f(h(z,t,s),s)| <e.

e Let s € K3 C R, where K3 is compact. Now K; + Ky x K3 is compact. From Theorem
3.3 we get that

Supz;(t,x,s)eleKngg |f(l‘ +1i— S, S)| < Supz;(y17y2)eKl+K2XK3 |f(ylay2)| < 0.

The proof in the case of f(x — (t — s), s) is similar. Since both ¢:(¢,z,s) and g¢,(¢,x,s) are
linear combinations of f(x+ (t —s),s) and f(x — (t —s),s) by Lemma B.1, they are bounded
and continuous by Lemma 3.5. g

Proposition B.3

1) u(t,x) = %fg[f(a:+ (t—s),s)+ flx—(t —s),s)]ds

2) ug(t,x) = [Hf e+ (t —s),8) — flz— (t - s),5)]ds

Proof:
Claim 1: ¢(t,z,s) is continuous.
Proof:

Let y = (t,x,s) and Ay = (At, Az, As). In the following we will use the mean value theorem.
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r—t+s

9y + Ay) — g(y)] = s+ As)dy — / £y, s)dy|
+Ax+t+At—s—As r+t—s

r+Azr—t—At+s+As r—t+s
- I/ = [ s+ s

+Ax+t+At—s—As +t—s

T+Ar—t—At+s+As
/:c

r+t—s
+/ [f(y,s + As) — f(y,s)|dy|

—t+s

r+Az—t—At+s+As r—t+s
(f +f )/ (g, + As)dy
T+t—s r+Az+t+At—s—As

z4+t—s
+ Asfs(y,&)dy|, where t < & <t+ At
r—t+s

2/|Ayllysup [f(y, s + As)| + [lyll1|As|sup || fs(y, s)|
Y Y

2| Ayllusup [f(y, )| + llyll | As|sup || fs(y, s)|
Y,s Y,8

IN

IN

IN

Since F(t,x) € C1(R?,(8)_,), it follows from Theorem 3.3 that there exists M; and M, such
that sup, ;| f(y,s)| < My and sup, ¢ | fs(y, s)| < Moa.

Note that if ||Ay|l; < § then |As| < 6. For every € > 0 choose § = min(rﬂz,m). If
I|Ay||1 < § then |g(y + Ay) — g(y)| < €. In other words g(t, z, s) is continuous. E

Claim 2: 0, fé)(t) g(a(t),x,s)ds = fé)(t) Oag(a(t), x, s)ds
Proof:

In the following we will use the mean value theorem. By Lemma B.2 g.(¢,z,s) is bounded
and continuous, and this boundedness will allow us to use the bounded convergence theorem.

u u 1
8t/0 g(t,z,s)ds = Alzitrgo i E[g(t+At,a:,s)—g(t,x,s)]ds

= hm/ Org(&, z,8)ds, where t < & < t+ At

= / lim gt(é.vw S)dS = / gt(t7x> S)dS
0 At— 0
QED
Let a(t) =t and b(t) = ¢, then u(t,z) = 5 fo (t,x,s)ds = 5 é)(t) gla(t),x,s)ds.

Let K(t,x,s) = [ g(t,x,7)dr, then 8;K (t,,s) = g(t,x, s). This integral is well defined since
g(t,z,s) is continuous by Claim 1.
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du(t,z) = %&K(a(t),x,b(t)) _ %[Ka(a(t),x,b(t))at(t)+Kb(a(t),x,b(t))bt(t)]
b(t) b(t)
_ %[aa /O g(a(t),z, s)ds + g(t, z,1)] = % /0 gala(t), z, s)ds
1 t

_ 5/0[f(;,;+(75—3),3)+f(oc—(t—s),s)]ds

The last two equalities follows from Claim 2 and Lemma B.1 respectively. 0 u(t,x) is calcu-
lated in a similar way.

1

1 1 t t
Opu(t,z) = 3 L(tx,t) = iam/o g(t,z,8)ds = 5/0 9z (t,x, s)ds

= %/0[f(m—i—(t—s),s)—f(m—(t—3)73)]d3

Proposition B.4
1) un(t,x) = f(t,2) + 5 [olfe(x + (t = 9),5) + fo(w — (t = 5),5)]ds
2) g (t,x) = § folfo(@ + (t =), 8) + falw = (t = ), 5)]ds = up(t, )

3) Ug(t,z) = %fot[fm(x + (t—s),s) — folz — (t —s),s)]ds

Proof:

We will start by showing that 9 [y’ f(z+ (t—s),s)ds = [, 0.f(x+ (t—s), s)ds. By the mean
value theorem we get

St A= s,5) = f(o b= 5,9 < [file+ &= 5,)| < suplfu(+ £~ 5,9)]
z,t,s

Here t < & < t + At. The domain of (¢,z,s) is the compact set K; x Ky x K3. By
Theorem 3.3 9 f(-,-) is bounded on compact sets since F(t,z) € C*(R? (8)_,). The set
K={(z+t—s,9)|(t,z,s) € Ky x K, x K} is compact, so

sup [fr(x +t—s,8) < sup |fe(y1,y2)] < 0.
(t,2,8)EK x Ko x K (y1,y2)€K

Note that f(z + ¢ — s, s) is continuous. By the bounded convergence theorem we get
u u
1
8t/ f((z—t+s,s)ds = lim / —I[flr+t+ At —s,s) — f(x +t—s,9)]ds
0 At—0 0 At
u
1
= /0 AI%IBOKt[f(x +t+At—s,8)— f(r+t—s,s)lds

— /uft(x+t—s,s)ds
0
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A similar proof will show that 9, [ f(z+ (t —s),s)ds = [ O f(x+ (t —s), s)ds. Interchange
flz+ (t —s),s) with f(z — (t — s),s) and the results still holds. With these results and
proposition B.3 in mind let us calculate the second derivatives.

Uxx(t,ﬂf) = 8U:c(tl' = Op= / l‘+ t_S) ) f(:L‘—(t—S),S)]dS
_ /8 (x4 (t —8),8) — f(x — (t —5),8)]ds
_ 2/[fm(a3—|—(t—s) $) = falz — (t— 5),5)lds

0

uz(t,x) = Opue((t, x) :85,;%/0 [f(x+(t—s),8)+ flx—(t—s),5)]ds

1 t
_ 5/0 Oulf(@+ (t—5),8) + f(z — (t— s), 8)]ds

1
- 5/0 [folz 4 (t = 5),8) + fo(z — (t = 5),5)]ds

Let u(t) = t, and let Kb(t,z,s) = fos Opg(t,x,s)ds. Then O,K°(t,xz,s) = Oyg(t,z,s) where
b € {x,t}. These functions are well defined since g(t,z,s) and g, (¢, z,s) are continuous by

Lemma B.2 and therefore integrable.
wt ) = Opunlt,z) = %@Kt(t, 2u) = %[Kﬁ(t, 2w + KLt 7))
t
= slatan +og [ [+ =99+ f@ - (1= 2).9)ds
= S+ (= w, )+ f = (¢ ), w)
1 t
+§/ Hf(x+(t—39),8)+ f(x— (t—s),9)]ds
0
t

= f(a;,t)—k%/ [fe(x 4+ (t—s),8) — fr(x — (t — s),s)]ds

0

1 1
ugt(t,x) = Owug(t,z) = Eﬁth(t,a:,u) = i[qu(t,x,u)ut—l—Kf(t,x,u)]

N %[gm,x,u)wt%/o [fl@+(t—s),s) = flz = (t = 5),5)]ds
= Sl (= w), ) — f— (6~ u),w)

/at Fla+(t—s),s) = flz—(t—s),5)]ds
= 2/[ft<x+<t—s> $)+ file — (t - 5),5)lds

0
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B.3 The Derivatives in Section 5.1

In this section we are going to find the derivatives of equation (5.3), that is the following
equation:

u(t, ) = # /a e (th(y) + 9(y) + Vg(y) - (y — x)]dS(y). (B.3)

This time we are luckier than in the 1D case. We were able to find part of the solution in
the literature. We are now going to use results from the books by Zachmanoglou and Thoe
[ZT76] and Colton [Col88].

Define u/(t,z) = 2= faB(z 9 f(y)dS(y). According to [ZT76] and [Col88] this function is a
solution of the homogeneous wave equation. Furthermore the solution to the initial value
problem (5.2) is given by u(t,z) = u"(t,z) + Ou9(t,x). The derivatives of uf(t,z) are as

follows:

1

uf (o) = — [ fa)as) (B.4)
Tl JoB(x,t)
1

wt(to) = pul o)+ | V) - a)dS() (B.5)

1
uj;_z_(t,ac) = — faiz; (y)dS(y) (B.6)
7 4t JoB(x,0)

1

uf(t.z) = — V?f(y)dS(y) (B.7)
47t JoB(at)

f)'

We will also need u{wl (= ug

Lemma B.5 Assume that there exists a C* (8)_,-process F(z) such that HF (x) = f(x) for
x € R, then

L=l (t2) + — / Vi) - (y —)dS B.S
ut:ci tumi( 7x) + 47Tt2 OB (x.t) le(y) (y IL’) (y)7 ( . )
for (t,z) € K; x K, where K and K; are compact.

Outline of proof:
Owug(t,0) = fut,(t,2) + g Jopgey Ve (y) - (y = 2)dS(y)

This follows from (B.5). We need to show that we could interchange integration and differ-
entiation. Let us change to spherical coordinates. Let h(¢,0) = (cos ¢ sin 0, sin ¢ sin 6, cos ),
then

Jonwn VIW) - (y = 2)dS(y) = 12 [T [V f(z + th(6,0)) - th($, 0) sin 0dOde.
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By Theorem 3.3 V f satisfies (E1) - (E3) for some ¢,6 on R. Since g(t,z,¢,0) = x + th(e,0)
is continuous and takes bounded sets to bounded sets, V f(g(t,z, ¢, 0)) satisfies (E1) - (E3)
on g~ }(R) for ¢,8 by Lemma 3.6 b). By Lemma 3.7:

(A) Vf(z+th(¢,0)) - h(o,0)sin satisfies (E1) - (E3) on g~ 1(R) for ¢, 6.

The set B = K x K; x [0,27] x [0,7] C g"!(R), and it is compact. Note that

(B) DIV f(x +th(¢,0)) - h(¢,0)sin 6] is continuous.

This fact follows from a similar argument as in the proof of Lemma 3.8. By (A) and (B),
Lemma 3.9 yields that [ V f(z +th(¢,0))-h(¢,0)sin 0d6 satisfies (P1) - (P3) on B. By (P1)
and the bounded convergence theorem and an argument similar to the one in the proof of

Lemma 1.2, we get
O, [I7 [N f(z+th(¢,0))-h(¢,0) sin 0d0dp = [7™ Dy, [TV f(x+th(,0))-h(¢,0) sin §dfde.
By (A) and the bounded convergence theorem we get
O, Jo V(x4 th(,0)) - h(¢,0)sin0d0 = [ 02,V f(x + th(¢,0)) - h(¢,0)sinfdf. O

If you set f(y) = h(y), then you get the derivatives of u"(t,z). Let f(y) = [g(y) + Vg(y) -
(y — x)] = g(y) and note that u(t,z) = u’*(t,z) + wI(t,z), that is u9(t,z) = u(t,z). This
means that

ud (t,z) = uf, (t,x),and (B.9)
ul(t,z) = ud(tx). (B.10)

_ 1 1
i (02) = i, (8) = Gl (62) 4 o [ Ve, (0) - (9= 2)dS (o) (B1)
T JoB(a,t)

b

1

ngi(taf’?) = ufmi(t,x) = e

/ V24, (1)dS(y) (B.12)
OB(z,t)

i) =y (t0) = V) + g [ V() (- asty) (B

(B.11) follows from (B.9) after interchanging integration and differentiation. The argument
for this is similar to the one in the proof of Lemma B.5. The situation is similar for (B.12)
which follows from (B.10). (B.13) follows from (B.11) since u? satisfies the wave equation.
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All this leads to the following formulas for the derivatives of u(t, z):

wnt2) = g [ )+ ) + V) (0 2JAS)

1
Amt? Jop(a)

1
s 02) = o [ W, ) e, ) + i, () (0~ 2]dS(0)

w(t,z) = [h(y) + Vh(y) - (y — ) + tV3g()]dS(y)

nn2) = g [ W) The ) (0 9) 5 090, 0))4S 0

up(t, ) = # /a o [tV?h(y) + Vg(y) + V(V?9)(y) - (y — 2)]dS(y)

B.4 The Derivatives in Section 5.2

In this section we are going to find the derivatives of equation (5.6), that is the following
equation:

o 1 f(y,t—|y—l'|)
u(t,z) = E/B(z ) P dy (B.14)

In this section we will use results stated in [Col88]. Let v(¢,x) be the solution of

v (t,z;8) — Vu(t,z;8) = 0
v(s,z;8) =

vi(s,zy8) = f(s,z)

Then by [Col88] u fo v(t, x; s)ds solves the the initial value problem (5.5). Furthermore
the derivatives of u(t, :1:) are:

t
Uz, (t, ) Z/ Vg, (L, 5 8)ds
0
t
Ut(t7$)=/ v (t, z; s)ds
0
t
szx](t,x):/ Uzizj(t7:1:;3)d3
0
t
i (t2) = [ via (b3 5)ds
0

t
ug (t, x) :/0 v (t, z;8)ds + f(t, x)

The function wuy,, (t,z) is not given in [Col88], so we must show that you can interchange
differentiation and integration in 0,,us(t,z). Since v(t,x;s) is C2, v (t,x;s) is C' and by
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Lemma 1.2 the interchanging can be done. From section B.3 we have expressions for v(t, z; s)
and its derivatives. Note the time shift s.

v(t,238) = =y Joness) F(5:9)dS(y)

Ve (8,238) = ey Jon(as—s Jos (5, 9)dS(Y)

et 238) = ey Joero[F(5:9) + Vaf(s,y) - (y — 2)]dS(y)
Vaia; (6,238) = ey JoB(ass) foi; (5,9)dS(Y)

Ve, (8,23 8) = griay Jopes—s Fei(8:9) + Vafoi(5,) - (y — 2)]dS(y)

v (t, x;ys) = m faB(z,t—s) V2f(s,y)dS(y)

Let us change coordinates and rewrite the expressions for u(t, z). We start by normalizing the
domain of integration. Then we introduce a new variable r =t — s and write the expression
as a volume integral.

fO t Z; 8 fO 47r faB(zt s) f(S,y)dS(y)dS
= s 52 Jon) f(s:2+ (= 5)y)dS(y)ds = = for? Jon.1) LE—redrw) g5 (y) dr

ft T t—ly—z|,
fO faB(z r) \gLy x| - dS( )dT = ﬁ fB(Ivt) I |Z‘/y_55| - dy

We rewrite all the derivatives of u(¢,z) in this fashion. The result is:

47 ly — z|

A B(x7t) |y_l'|

= 1 frixj(t_|y_$|7y)
e 00) = E/Bu ) ly — | dy
wnta) = o [ Al 2 Tl m b m ) ),

i 47 B(x,t) ‘y_xP
_ 1 V2t~ ly — zl.y)

up(t, r) = I /B(w,t) Y — 7] dy + f(t,z)
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