TMA 4180 Optimeringsteori,
Midterm Test, spring 2008
February 26, 2008, 15:15-17:00.
SOLUTION

Problem 1:
Let
fx)=at—222 +3y> — 12y — 5

(a) Compute the gradient and the Hessian and determine the domain (that is, for which x) in R?
the function f is strictly conver.

(b) Solve
min f (x). (1)

Solution:

(a)

Vf(x)= (42® — 4z,6y — 12),

9, [ 1222—-4 0
=]

The function f is strictly convex when both eigenvalues of V2f of A\; and Ay are positive, and since

(2)

A\ = 1222 — 4,
A2 = 6, (3)
D = {(z,y);]z] > 1/V3}.
(b) Consider Vf = 0, that is,
423 — 4z = 0,
6y — 12 = 0. (4)

The solutions are obviously (0,2), (1,2), (—1,2). The last two solutions( (1,2) and (—1,2) ) are in the
domain D, are are strict minima. The function values in both points are equal, f(z*) =1 -2+ 12 —
24 — 5 = —18, and both points are global minima.

Problem 2:

(a) Ezxplain how xyq in the Steepest Descent method is determined from xy and g = Vo (a:k)' for
the quadratic model problem

1
min —2’Ax + bz,
zER" 2

A=A, A>o. (5)

(b) Why do we often see very slow convergence for the Steepest Descent method even for smooth
strictly convex functions close to the solution?



(¢) How many iterations are needed to solve the quadratic model problem in R™ for the Steepest
Descent, Conjugate Gradient, and Newton’s methods?

Solution:

(a) Set ¢ (z) = 32’ Az + V'z such that
g=V¢ = Az +0, (6)

Now, the search direction at xy, is py = —gr, = — (Azy + b), and

Thi1 = Tk — Qpr10k, (7)
where
k41 = arg ggg (¢ (z1, — agr)) - (8)
At the minimum we have that
Vo (2r41) g = [A (zr — agr) + 0] gk = (g1 — @Agr) g = 0, 9)
from which it follows that .
Opy1 = S (10)
gkAgk

(May also be found by expanding 3 (25, — agy)' A (zx — agr)+b (z — agy) and determine the minimum
w.r.t. a).

(b) When f is a smooth function near the solution z*, we may write f (z* 4+ p) — f (2*) =~ %p’Ap
where A = V2f (2*). The error ||z — 2*|| , decreases about as

11—k«
1+ &

[@r1 — 2[4 < ek — 2% 4, (11)

where £ = Amax/Amin is the condition number of A. Large matrices from applications tend to have large
condition numbers, and we expect slow convergence.

(c) Unless the first search direction is an eigenvector, SD needs infinitely many iterations. For the
Conjugate Gradient method the (theoretical) number of iterations is in general n, or k if the number
of different eigenvalues, k, is less than n (As some have remarked, if the first direction is chosen as —go
and this happens to be an eigenvector for A, also CG converges in one iteration). Newton’s Method
amounts basically to solve

V2 (.%'0) (331 — .%'0) =A (:L'l - 1‘0) =-V (.%'0), = — (A;Uo + b) , (12)

which leads directly to
ALEl = —b. (13)

We thus need only 1 iteration regardless the starting point.

Problem 3

Consider a non-linear least square problem

min f(e) = min {5 )13} (1)



where h(x) € R™. It is easy to show that

Vi) = J (2)h(z), (15)
V2 () = J'(2)J(z) + > hi(2)V2hi(z), (16)
=1

where J = {0h;/0x;}. Explain briefly the ideas behind the Gauss-Newton and Levenberg-Marquardt
methods. When do we expect the methods to work well?

Solution:
Both methods use J'(z)J(z) as an approximation for V2f ().

Gauss-Newton is a line search method based on Newton’s formula for the search direction,
—1
Pk+1 = — (J,(:L‘k)J($k)) J’(l‘k)h(ﬂjk) (17)

(This actually solves the linear least square problem min,, ||k (zx) + J (1) p||3)-

The Levenberg-Marquardt method is a trust region method where

() = f (o) + ' (o0) T () -+ 5 (02) T (@) (18)

is used as the quadratic approximation.

The methods work well when the first term on the RHS in Eqn. 16 dominates. This typically occurs
when the problem is almost linear ( V2h; is small), or h; is small near at the solution.

Problem 4:

(In the original problem set, the second constraint was written cg (x) = y —x + 1. The derivation of
the solution now (z* = (1,0)) is quite similar and equally hard).

Let
f(x) = 2% — 4z + > + 2y, (19)
ax)=y—(z—1>*+1, (20)
co(x)=y—z—1, x=(z,y) € R? (21)
and
Q={x; c1(x) >0,c2(x)>0}. (22)

(a) Show that f and Q are convez. Is it possible for the problem

xmeig f(x) (23)

to have more than one solution? Determine a solution graphically by making a sketch.
(b) State the KKT equations for the problem in (a) and show that the equations are satisfied at the
solution. Will an xq satisfying the KK T-equations in this particular case necessarily be a minimum?
Solution:
(a) The function f is strictly convex everywhere because V2 f = 2555 > 0. The constraint cp (x) > 0

defines a half-plane, and ¢; (x) > 0 may be identified as the interior of the parabola

y=(z—1)72—-1. (24)



Figure 1: The feasible domain 2 and some contours of f (x) = const. These are circles centred at
(2,-1).

Both these domains are clearly convex, and so is therefore their intersection.

This problem will (at most) have one solution since f is strictly convex and  is convex. Also, it

clearly has a solution since f (x) | ”—> oo. Figure 1 shows a sketch. The global minimum (outside 2)
Z|[—0o0

for f occurs at (2,-1). The graph indicates that the minimum in €2 is near xg = (0,1). Noting that the
contours are circles and ¢z (x) = 0 has a 45° slope, it is obvious that (0,1) is the solution.

(b) The complete set of KKT equations consists of the gradient of the Lagrangian,

VL(x,A)=Vf(x)— AV (x) = A2Vey (x)
=2z —4,4y] — M [-2(x—2),1] — A2 [-1,1] =0, (25)

(two equations) and the additional conditions

)\ici (X> = Oa
>\i Z Oa
¢ (x) >0, i=1,2. (26)

The conditions provide 2 additional equations,

Al(y—(x—1)2+1) —0,
0.

y—z+1)= (27)
along with the inequalities.
Now, since Veg (x0) = (—1,1) and Vf (x9) = (2-0—4,2-1+42) = (—4,4), we have
V[ (x0) = 4Vez (x0) (28)
which looks promising since we may set A\; = 0 and Aa =4 > 0:
Vf(xo) =0-Ve(x0) +4-Vea (x0), (29)

We also need the check the constraints and observe that ¢y (X¢) is active, whereas ¢ (xg) > 0, that is,
valid, but not active.

Yes, a point satisfying the KKT-equations will in fact be a global minimum because of the ” convexity
theorem”: f as well as —¢; and —ca (even cg) are convex.



