Solutions for TMA4170 Fourier Analysis
November 29, 2007

Problem 1

Since f, > fat1 > 0, we know that lim,, ., fn(z) = f(z) > 0 exists al-
most everywhere (but it might be equal to co for many x). Furthermore, since
fR fndzr — 0 as n — oo, we first conclude that there exists an N such that
fR fn dx < oo, and hence fy, and thus also f, is finite almost everywhere. Us-
ing Lebesgue’s dominated convergence theorem (using fy to dominate) we find
that

0= lim fndx:/ lim fndx:/fdx,
R R R

n—oo n—oo
from which we conclude that f = 0 almost everywhere.

Problem 2
a) Given
9" +2a9 +g=f,

we perform a Fourier-transform which yields
((2miN)? + 4mida 4+ 1)g(\) = fF(N).

Thus
1

(2miN)2 + dmida + 17

H()) =

b) We find that
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for a =1.
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c) There are three distinct cases:
(A) o > 1. Here we find that the impulse response reads

1 2 3
ht) = ——— e(faJr\/oz —1)t ef(aJr\/a —1)t wlt

—at

— \/% sinh(\/a27—1t)u(t)-

Note that —a £ va? —1 < 0 when « > 1.
(B) a = 1. The two roots are coinciding, and the impulse response reads

h(t) = te  u(t).



(C) 0 < a < 1. Here we get two complex conjugate roots with solution

1 3 /T —1
hit) = e(—a+\/oc —1)t _ e—(oz+ a?—1)t wlt
— 1 (e(—oc+i\/1—a2)t _ e—(a+i\/1—a2)t)u(t)
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= ———sin(v1—a2t)e *u(t).
V1—a?

Observe that Re(—atva?—1)=—a<0if0<a < 1.
d) In all cases we have that
g="hxf,

and thus
Iﬂﬂhi/W@—SVGN%EHVMQ/W@—$Hk=HMhHﬂu

from which it follows
l9lloe < Pl (1]l -

e) The filter is both stable and realizable in all cases, cf. Theorem 24.5.2, as
the real parts of all poles are strictly negative.

Problem 3

a) Since |f(z)| = 1/|b + iz| = 1/\/(Reb)? + (Imb + )2, we see that f ¢
L'(R), but f € L?(R). Thus some care is needed when computing f.

b) Consider gs(z) = e #*u(z) € L*(R) N L?(R) with Re > 0. Then we
can use the ordinary definition of the Fourier transform, and we find, for a € R,
that
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Choose o = —a and 3 = 27b to conclude that

e27ria§

T brie

f(€) = 21 F (g2x0(x + a))(§).

Applying Proposition 22.2.1 we find that

(Ff)(x) = F(2nF(gamp(z + a))) = (27g2ms(x + a))

—27b(a—x)

= 27gonp(—x + a) = 27me u(a — x).



Problem 4
a) By standard derivation we find f'(z) = 2zu(z) € C(R) for all z, but
f"(x) = 2u(x) for = # 0, and f*)(z) =0 for k = 3,4,... and for z # 0. So we
find that
(Ty) =Ty = Togu(z), (using Sec. 28.4.4),
(T§)" = (Togu(z)) = Tou, (using Sec. 28.4.4),
(T7)® = (Tpy)" = 200, (using Sec. 28.4.4),

(Tf)(k) = 26ék_3), k=3,4,..., (using common sense).
b) Using the definition we find

(9T) (¢) = —(gT)(¢') = —T(9¢") = —T((96) — 9'¢)
=T'(99)+9'T(¢) = (¢'T +gT")(¢), ¢€D.



