Solutions for TMA4170 Fourier Analysis
December 9, 2009

Problem 1
a) Two possible approaches:
(i) Since F(e~?#l) = 2a/(a? + (27€)?) (p. 159), we infer that

Ja(&) = ekl
(i1) An alternative is to write

1 1

o+ 2mix + o — 2mix

fa(z) =

and then use that (p. 166)

Fl—t ) = eu(—¢),

o+ 2mix

1
o — 2mix

)= e Cu(e).

Adding the two terms yields the same result.
b) The convolution theorem (Prop. 23.1.2) yields

T To = fufs = emelelemolel — o—(atdlel — f o

which shows that
fa* fﬁ = fa+ﬁy

Problem 2
a) It is clearly linear. As for the continuity, we have for ¢,,, € S, ¢, — 0 in
S that
0c(fm)| = |dm(c)| < ldmlloc — 0

Hence 6, — 0 in &’. As for the Fourier transform we find

5.(8) = 6u(8) = d(c) = / e~ (),

thus

5 _ 6727ricac
c = .

b) Linearity is clear. If ¢,,, € S, ¢, — 0 in S we have

a(bm)] < Z|¢m (an)| < Z 1+ ( |(1+ (na) )om (an)|

1

< (1 +2”)bm (@) Z T3 (o

as m — oo since ||(1+ x2)¢m(x)Hoo — 0 by assumption, and ), 1+ na)2 con-
verges.



c) Pointwise we have that
g (@)=1/a, ze€R\{na|neZ}.

At points na, n € Z the function g makes a jump of minus one. Thus we find
(cf. Section 28.4.4) that

(Tg)/ = Tg/ - Z(Sna~

or

1
glsz 5na

in the sense of distributions.
d) Using the standard formula

g(a:) _ ch€2ﬂ'inm/a

where

a
Cp = 7/ g<x)€72‘m’nz/adx
a Jo

we find )
1 1
00—57 cn—%, n # 0.
Convergence is pointwise to g(z) for all x except at points na, n € Z by using
Dirichlet’s theorem (Theorem 5.2.4). At points na, n € Z Dirichlet’s theorem
gives convergence to 1/2. The Fourier series converges in Lf,(O7 a) from Theorem
16.3.9.
e) From Proposition 29.3.2 we infer that the partial sums of the Fourier series
converge to ¢ in the sense of distributions. From Theorem 29.1.3 we conclude
that the partial sums of the pointwise derivates converge to the distributional

derivative of g. From this we infer using d) that

in the sense of distributions.
f) If we combine a) and b) we find

Ba — Ze—Qﬂ'inaz — Z e27rinac/(1/a).
On the other hand, if we combine c¢) and e) we find

1 1 Tinc/a
9175:76262 / :*Zéna-

neZ



By replacing a by 1/a in the last result we can write this as
1 2minz/(1/a) _
Ta > e = ufa-
nez n

This yields

~ X 1 1

D = 2minz/(1/a) i 5 - -D )
Observe that this implies that 131 = D;.

Problem 3
a) Given
9" +29' +Bg = f,

we perform a Fourier transform which yields
((2miN)% + 4mid + B)g(A) = f(N).

Thus
1

(27iN)2 4 4mid +

H(\) =

b) We find that

1 1 1
HO\) = {2\/1—[7’(27@)—(—1—0—\/1—@ - 27riA—(—1—\/1—,(3)> for 5 # 1,
1
(2miAt1)2 for 6 =1.
c¢) There are four distinct cases:
(A) 0 < 8 < 1. Here we find that the impulse response reads

ht) = 11_ _ (eI (VIR 1)
- i__t  sinh(y/T= G t)u(t)

Note that —1++/1 — <0 when 0 < 3 < 1.
(B) 8 =1. The two roots are coinciding, and the impulse response reads

h(t) = te tu(t).

(C) B > 1. Here we get two complex conjugate roots with solution

1
ht) = ——— ((F1HVI=B)t _ —(+VI=B)t\, (¢
O =i ‘ Jut®
- 1 (e HHVEDE o=V 1)
2i/3 — 1
1 ) )
— 5 /8 — (6“/ -1t _ e_"/ _1t)e_tu(t)
1
= sin(v/B — 1t)e tu(t).



Observe that Re(—1+ 1 —-p5)=—-1<0if 5> 1.
(D) 8 < 0. Here we have real roots with opposite sign.

1 5
h(t) = oV 3 (e(_lJ”’ 1_5)tu(—t) — e U+ 1_5)tu(t))
__ sign(t) ot VIRt
vi=p
d) In all cases except 8 = 0 we have that

g=hxf,
and thus
IMQKE/MU*SV@NﬁfﬂUMw/W@*SNﬁzﬂmmHﬂ&
from which it follows

19llce < NP0y 11/l -

e) The filter is realizable when 8 > 0, cf. Theorem 24.5.2, as the real parts
of all poles are strictly negative in that case. The filter is stable for all 5 # 0
because no poles are on the imaginary axis, cf. Theorem 24.4.2.



