Sufficient Conditions for Optimality

ẋ = f(x, u) t ∈ [0, T ], x(0) = x_0 (1)

Family of admissible control functions: U .= { u : [0, T ] → U } For u(·) ∈ U, the trajectory of (1) is t → x(t, u)

Terminal constraint

x(T ) ∈ S (2)

Mayer problem, free terminal point:

max_{u∈U} ψ ( x(T, u) ) (3)

Sufficient Condition: Existence + PMP.

Assume that the optimization problem (1)–(3) admits an optimal solution. Let {u_1, u_2, . . . , u_N } be the set of all control functions that staisfy the Pontryagin Maximum Principle. If ψ ( x(T, u_k) ) = min 1≤j≤N ψ ( x(T, u_j) ) Then the control u_k is optimal.

Example 1.

(ẋ_1, ẋ_2) = (u, x^2_1) u ∈ [−1, 1], (x_1, x_2)(0) = (0, 0)

max_{u∈U} x_2(T ) with constraint x_1(T ) = 0

If t → x^∗(t) = x(t, u^∗) is an optimal trajectory, the PMP yields (ṗ_1, ṗ_2) = (−2x_1p_2, 0), p_2(T ) ≥ 0

p_1u^∗ + p_2x^2_1 = max_{ω∈[−1,1]} p_1ω + p_2x^2_1 =⇒ u^∗ = sign p_1

p_2(t) ≡ p̄_2 ≥ 0

p_2 ≡ 0 =⇒ p_1 ≡ p̄_1 u^∗(t) ≡ 0, x^∗(t) ≡ (0, 0) p_2 ≡ 1 =⇒ ṗ_1 = −2x_1

p̈_1 = −2 sign p_1, ṗ_1(0) = 0

ẋ_1 = sign p_1 ẋ_2 = x^2_1

Countably many controls u_j satisfy the PMP.

Optimal controls:

u^∗(t) = { 1 if 0 < t < T/2 −1 if T/2 < t < T

u^∗(t) = { −1 if 0 < t < T/2 1 if T/2 < t < T

The Value Function ẋ(t) = f ( x(t), α(t) ) s < t < T, (4) x(s) = y. (5)

Here x ∈ IR^n, while the control function α : [s, T ] → A is required to take values

inside a compact set A ⊂ IR^m.

Optimization Problem: select a control T → α^∗(t) which minimizes the cost J(s, y, α) .= ∫_T s h ( x(t), α(t) ) dt + g ( x(T ) ) . (6)

Assumption: The functions f, g, h are Lipschitz continuous and uniformly bounded.

Dynamic Programming Approach: study the value function

u(s, y) .= inf_{α(·)} J(s, y, α). (7)

Bellman’s Dynamic Programming Principle

Theorem. For every s < τ < T , y ∈ IR^n, one has

u(s, y) = inf_{α(·)} {∫_τ s h ( x(t; s, y, α), α(t) ) dt + u ( τ, x(τ; s, y, α) ) } . (8)

The optimization problem on [s, T ] can be split into two separate problems:

• As a first step, we solve the optimization problem on the sub-interval [τ, T ], with running cost h and terminal cost g. In this way, we determine the value function u(τ, ·), at time τ.

• As a second step, we solve the optimization problem on the sub-interval [s, τ], with running cost h and terminal cost u(τ, ·), determined by the first step.

At the initial time s, by (8) the value function u(s, ·) obtained in step 2 is the same as the value function corresponding to the global optimization problem over the whole interval [s, T ].

Mayer problem: h ≡ 0 (no running cost). In this case one has

• For every admissible trajectory t → x(t), the value function t → u ( t, x(t) ) is non-decreasing.

• A trajectory t → x^∗(t) is optimal if and only if t → u ( t, x^∗(t) ) is constant.

Proof. Call J_τ the right hand side of (8).

1. To prove that J_τ ≤ u(s, y), fix ε > 0 and choose a control α : [s, T ] → A such

that J(s, y, α) ≤ u(s, y) + ε. Observing that u ( τ, x(τ; s, y, α) ) ≤ ∫_T τ h ( t, x(t; s, y, α) ) dt + g ( x(T ; s, y, α) ) , we conclude J_τ ≤ ∫_τ s h ( t, x(t; s, y, α) ) dt + u ( τ, x(τ; s, y, α) ) ≤ J(s, y, α) ≤ u(s, y) + ε. Since ε > 0 is arbitrary, this first inequality is proved.

2. To prove that u(s, y) ≤ J_τ , fix ε > 0. Then there exists a control α^′ : [s, τ] → A

such that ∫_τ s h ( t, x(t; s, y, α^′) ) dt + u ( τ, x(τ; s, y, α^′) ) ≤ J_τ + ε Moreover, there exists a control α^{′′} : [τ, T ] → A such that J ( τ, x(τ; s, y, α^′), α^{′′}) ≤ u ( τ, x(τ; s, y, α^′) ) + ε. One can now define a new control α : [s, T ] → A as the concatenation of α^′, α^{′′}: α(t) .= { α^′(t) if t ∈ [s, τ], α^{′′}(t) if t ∈ ]τ, T ]. This yields u(s, y) ≤ J(s, y, α) ≤ J_τ + 2ε. with ε > 0 arbitrarily small.

The Hamilton-Jacobi-Bellman Equation

ẋ(t) = f ( x(t), α(t) ) s < t < T, (4) x(s) = y, α : [s, T ] → A (5)

J(s, y, α) .= ∫_T s h ( x(t), α(t) ) dt + g ( x(T ) ) . (6)

u(s, y) .= inf_{α(·)} J(s, y, α). (7)

Lemma (Regularity of the Value Function). Let f, g, h, be uniformly bounded and Lipschitz continuous. Then the value function u is uniformly bounded and Lipschitz continuous on [0, T ] × IR^n.

Theorem (Characterization of the Value Function). The value function u = u(s, y) is the unique viscosity solution of the Hamilton-Jacobi-Bellman equation − [ u_t + H(x, ∇u) ] = 0 (t, x) ∈ ]0, T [ ×IR^n, (9)

with terminal condition u(T, x) = g(x) x ∈ IR^n, (10) and Hamiltonian function H(x, p) .= min_{a∈A} { f(x, a) · p + h(x, a) } . (11)

Proof. To show that u is a viscosity subsolution of − [ u_t + min_{a∈A} { f(x, a) · ∇u + h(x, a) }] = 0 (9)

let φ ∈ C^1 ( ]0, T [ ×IR^n ) . We need to show:

(P1) If u − φ attains a local maximum at a point (t_0, x_0) ∈]0, T [ ×IR^n, then

φ_t(t_0, x_0) + min_{a∈A} { f(x_0, a) · ∇φ(t_0, x_0) + h(x_0, a) } ≥ 0. (12)

We can assume that

u(t_0, x_0) = φ(t_0, x_0), u(t, x) ≤ φ(t, x) for all t, x.

If (12) does not hold, then there exists a ∈ A and θ > 0 such that

φ_t(t_0, x_0) + f(x_0, a) · ∇φ(t_0, x_0) + h(x_0, a) < −θ. (13)

We shall derive a contradiction by showing that this control value a is “too good to be true”. Namely, by choosing a control function α(·) with α(t) ≡ a for t ∈ [t_0, t_0+δ] and such that α is nearly optimal on the remaining interval [t_0 + δ, T ], we obtain a total cost J(t_0, x_0, α) strictly smaller than u(t_0, x_0).

By continuity,

φ_t(t_0, x_0) + f(x_0, a) · ∇φ(t_0, x_0) + h(x_0, a) < −θ (13)

implies φ_t(t, x) + f(x, a) · ∇φ(t, x) < −h(x, a) − θ (14) whenever t ≈ t_0 and x ≈ x_0. Let x(t) .= x(t; t_0, x_0, a) be the solution of ẋ(t) = f ( x(t), a ) x(t_0) = x_0.

Then u ( t_0 + δ, x(t_0 + δ) ) − u(t_0, x_0) ≤ φ ( t_0 + δ, x(t_0 + δ) ) − φ(t_0, x_0) = ∫_{t0+δ} t_0 d dt φ ( t, x(t) ) dt = ∫_{t0+δ} t_0 { φ_t ( t, x(t) ) + f ( x(t), a ) · ∇φ ( t, x(t) )} dt ≤ − ∫_{t0+δ} t_0 h ( x(t), a ) dt − δθ (15)

On the other hand, the Dynamic Programming Principle

u(t_0, x_0) = inf_{α(·)} {∫_{t0+δ} t_0 h ( x(t; t_0, x_0, α), α(t) ) dt + u ( t_0 + δ, x(t_0 + δ; t_0, x_0, α) ) }

yields u ( t_0 + δ, x(t_0 + δ) ) − u(t_0, x_0) ≥ − ∫_{t0+δ} t_0 h ( x(t), a ) dt. (16) Together, (15) and (16) yield a contradiction, hence (P1) must hold.

To show that u is a viscosity supersolution of − [ u_t + min_{a∈A} { f(x, a) · ∇u + h(x, a) }] = 0 (9)

let φ ∈ C^1 ( ]0, T [ ×IR^n ) . We need to show:

(P2) If u − φ attains a local minimum at a point (t_0, x_0) ∈]0, T [ ×IR^n, then

φ_t(t_0, x_0) + min_{a∈A} { f(x_0, a) · ∇φ(t_0, x_0) + h(x_0, a) } ≤ 0. (17)

We can assume that

u(t_0, x_0) = φ(t_0, x_0), u(t, x) ≥ φ(t, x) for all t, x. (18)

If (P2) fails, then there exists θ > 0 such that

φ_t(t_0, x_0) + f(x_0, a) · ∇φ(t_0, x_0) + h(x_0, a) > θ for all a ∈ A. (19)

In this case, we shall reach a contradiction by showing that no control function α(·) is good enough. Namely, whatever control function α(·) we choose on the initial interval [t_0, t_0 + δ], even if during the remaining time [t_0 + δ, T ] our control is optimal, the total cost will still be considerably larger than u(t_0, x_0).

By continuity,

φ_t(t_0, x_0) + f(x_0, a) · ∇φ(t_0, x_0) + h(x_0, a) > θ for all a ∈ A (17)

implies φ_t(t, x) + f(x, a) · ∇φ(t, x) > θ − h(x, a) for all a ∈ A (20) for all t ≈ t_0 and x ≈ x_0. Choose an arbitrary control function α : [t_0, t_0 + δ] → A,

and call t → x(t) = x(t; t_0, x_0, α) the corresponding trajectory. We now have u ( t_0 + δ, x(t_0 + δ) ) − u(t_0, x_0) ≥ φ ( t_0 + δ, x(t_0 + δ) ) − φ(t_0, x_0) = ∫_{t0+δ} t_0 d dt φ ( t, x(t) ) dt = ∫_{t0+δ} t_0 φ_t ( t, x(t) ) + f ( x(t), α(t) ) · ∇φ ( t, x(t) ) dt ≥ ∫_{t0+δ} t_0 θ − h ( x(t), α(t) ) dt (21)

Therefore, for every control function α(·), u ( t_0 + δ, x(t_0 + δ) ) + ∫_{t0+δ} t_0 h ( x(t), α(t) ) dt ≥ u(t_0, x_0) + δθ. (22)

Taking the infimum of the left hand side of (22) over all control functions α, we see

that this infimum is still ≥ u(t_0, x_0) + δθ.

On the other hand, the Dynamic Programming Principle states that

u(t_0, x_0) = inf_{α(·)} {∫_{t0+δ} t_0 h ( x(t; t_0, x_0, α), α(t) ) dt + u ( t_0 + δ, x(t_0 + δ; t_0, x_0, α) ) }

in contradiction with (22). This establishes (P2).

Therefore, u is a viscosity solution.

Sufficient Conditions for Optimality

1. For each initial condition (s, y), construct a “candidate” optimal control α^{s,y} : [s, T ] → A, satisfying the PMP.

2. Consider the corresponding cost u(s, y) .= J(s, y, α^{s,y}) (23)

3. Check whether v satisfies the Hamilton-Jacobi-Bellman equation − [ u_t + min_{a∈A} { f(x, a) · ∇u + h(x, a) }] = 0 (t, x) ∈ ]0, T [ ×IR^n, (9)

in the viscosity sense, with terminal condition u(T, x) = g(x) x ∈ IR^n (10)

In the positive case, by uniqueness, u coincides with the minimum value function. Hence all controls α^{s,y} are optimal.

The optimal control is found in feedback form:

α^∗(t, x) = argmin_{a∈A} { f(x, a) · ∇u + h(x, a) }

at every point (t, x) where u is differentiable.

Regular Synthesis

For the optimization problem (4)–(6), let u = u(t, x) be the minimum value function, defined at (7).

Theorem. Let v : [0, T ] × IR^n → IR be a continuous function such that

v ≥ u (23)

v(T, x) = g(x) x ∈ IR^n . (24) Assume that there exist C^1 manifolds M_1, . . . , M_N ⊂ [0, T ]×IR^n of dimension ≤ n, such that v is continuously differentiable and satisfies v_t + min_{a∈A} { f(x, a) · ∇v + h(x, a) } = 0 (9) on the open set ]0, T [×IR^n \ ⋃ M_j.

Then v = u on [0, T ] × IR^n.

Remark. Here we only require (9) to be satisfied on an open set where v is C^1. Nothing has to be checked at points (t, x) ∈ M_j.

On the other hand, we assume that v is sufficiently regular, i.e. v ∈ C^1 outside finitely many manifolds.

In this case, we say that the optimization problem admits a regular synthesis.

Proof. We only need to show that u ≥ v. 1. Assume u(t_0, x_0) < v(t_0, x_0). By continuity, u(t, x) + 3ε ≤ v(t, x) (24) for some ε > 0 and all (t, x) in a neighborhood of (t_0, x_0).

2. Since u is the infimum of the cost, there exists a control α^∗ : [t_0, T ] → A such

that the trajectory t → x^∗(t) satisfies

x^∗(t_0) = x_0, ẋ^∗(t) = f ( x^∗(t), α^∗(t) ) for a.e. t ∈ [t_0, T ]

∫_T t_0 h ( x^∗(t), α^∗(t) ) dt + g ( x^∗(T ) ) ≤ u(t_0, x_0) + ε (25)

3. The set of piecewise constant controls is L^1 dense on the set of all measurable

controls α : [t_0, T ] → A. Hence we can find a piecewise constant control α^♯ such

that, calling t → x^♯(t) the solution to

ẋ^♯(t) = f ( x^♯(t), α^♯(t) ) , x^♯(T ) = x^∗(T ),

also α^♯ is nearly optimal. Its cost is

J(α^♯) = ∫_T t_0 h ( x^♯(t), α^♯(t) ) dt + g ( x^♯(T ) ) ≤ u ( t_0, x^♯(t_0) ) + 2ε (26)

We shall obtain a contradiction by showing that the total cost for α^♯ is J(α^♯) ≥ v ( t_0, x^♯(t_0) ) ≥ u ( t_0, x^♯(t_0) ) + 3ε

4. Let t_0 < t_1 < · · · < t_m = T be the times where u^♯ has a jump.

If we show that, for every j = 1, . . . , m ∫_{tj} t_{j−1} h ( x^♯(t), u^♯(t) ) dt ≥ v ( t_{j−1}, x^♯(t_{j−1}) ) − v ( t_j, x^♯(t_j ) ) (27)

we reach a contradiction. Indeed, summing over j we obtain ∫_T t_0 h ( x^♯(t), u^♯(t) ) dt ≥ v(t_0, x^♯(t_0) ) − v ( T, x^♯(T ) ) . Then the total cost using the control α^♯ is ∫_T t_0 h ( x^♯(t), u^♯(t) ) dt + g ( x^∗(T ) ) ≥ v ( t_0, x^♯(t_0) ) . (28)

5. It remains to prove (27). More generally we show that, for every constant control

α(t) ≡ ã and every trajectory ẋ(t) = f ( x(t), ã ) t ∈ [τ, τ^′] we have ∫_{τ ′} τ h ( x(t), ã ) dt ≥ v(τ, x(τ) ) − v(τ^′, x(τ^′) ) (29)

By a transversality argument, we can find a sequence of trajectories

ẋ_m = f ( x_m(t), ã ) uniformly converging to x, such that each x_m crosses each manifold M_j only at

finitely many times. Since x_m(t) /∈ ∪M_j outside these crossing times, the Hamilton-

Jacobi-Bellman equation

v_t + min_{a∈A} { f(x, a) · ∇v + h(x, a) } = 0 (9)

yields d dt v ( t, x_m(t) ) + h(x_m, ã) = v_t + ∇v · f(x_m, ã) + h(x_m, ã) ≥ 0 Therefore, integrating over [τ, τ^′] ∫_τ ′ τ h ( x_m(t), ã ) dt + v(τ^′, x_m(τ^′) ) − v(τ, x_m(τ) ) ≥ 0

Letting m → ∞ we conclude ∫_τ ′ τ h ( x(t), ã ) dt ≥ v(τ, x(τ) ) − v(τ^′, x(τ^′) ) . (29)

Nonlinear First Order P.D.E.

The Method of Characteristics

v_t + H(x, ∇v) = 0 (30)

v(τ, x) = v̄(x), (31) Assume H, v smooth. Call p .= ∇v, so that p = (p_1, . . . , p_n) = (v_{x1} , . . . , v_{xn} )

∂^2v ∂x_i∂x_j = ∂p_i ∂x_j = ∂p_j ∂x_i .

Differentiating (30) w.r.t. x_i one obtains ∂p_i ∂t = ∂^2v ∂x_i∂t = − ∂H ∂x_i − ∑ j ∂H ∂p_j ∂p_i ∂x_j

The total derivative of p_i along a curve t → x(t) is d dt p_i ( t, x(t) ) = ∂p_i ∂t + ∑ j ẋ_j ∂p_i ∂x_j = − ∂H ∂x_i + ∑ j ( ẋ_j − ∂H ∂p_j ) ∂p_i ∂x_j (32)

By choosing ẋ = ∂H/∂p, the last term in (32) disappears.

Method of characteristics:

For each x̄, solve the Hamiltonian system of O.D.E’s

ẋ_i = ∂H ∂p_i (x, p) , ṗ_i = − ∂H ∂x_i (x, p) , x_i(τ) = x̄_i ,

p_i(τ) = ∂v̄ ∂x_i (x̄) . (33)

Write the solution as t → x(t, x̄), t → p(t, x̄).

Observing that ∇v ( t, x(t, x̄) ) = p(t, x̄) and d dt v ( t, x(t, x̄) ) = v_t + ∇v · ẋ = −H(x, p) + p · ∂H ∂p we obtain

v ( t, x(t, x̄) ) = v(τ, x̄) + ∫_t τ ( −H(x, p) + p · ∂H ∂p ) ds

Pontryagin’s Maximum Principle and

the P.D.E. of Dynamic Programming

ẋ = f(x, α) α(t) ∈ A (34) Minimize a cost functional involving a running cost h and a terminal cost g:

J^{s,y}(α) .= ∫_T s h ( x(t), α(t) ) dt + g ( x(T ) ) . (35)

Here t → x(t) is the trajectory of (34) corresponding to the control α : [s, T ] → A and with initial data x(s) = y.

Value function: v(t, x) .= inf_{α(·)} J^{t,x}(α) (36)

is a viscosity solution of the Hamilton-Jacobi-Bellman equation − [ v_t + H(x, ∇v) ] = 0 (37)

with H(x, p) .= min_{a∈A} { p · f(x, a) + h(x, a) } . (38)

On a region where v is smooth, the H-J equation (37) can be solved by the method of characteristics. Assume H(x, p) = p · f ( x, a^∗(x, p) ) + h ( x, a^∗(x, p) ) = min_{a∈A} { p · f(x, a) + h(x, a) } . (38)

At the point α^∗ where the minimum is attained, one has p · ∂f ∂a (x, α^∗) + ∂h ∂a (x, α^∗) = 0 .

Hence the Hamiltonian system (33) takes the form ẋ = f ( x, α^∗(x, p) ) ṗ = −p · ∂f ∂x ( x, α^∗(x, p) ) − ∂h ∂x ( x, α^∗(x, p) ) (39)

The existence of an adjoint vector t → p(t) satisfying the linear evolution equation in (39) and the minimality condition (38) is a well known necessary condition for optimality, stated in the Pontryagin Maximum Principle.

References

• General theory of differential inclusions [AC] J. P. Aubin and A. Cellina, Differential Inclusions, Springer, 1984. [D] K. Deimling, Multivalued Differential Equations, De Gruyter, 1992.

• Control systems: basic theory and the Pontryagin Maximum Principle [Ce] L. Cesari, Optimization - Theory and Applications, Springer, 1983. [FR] W. H. Fleming and R. W. Rishel, Deterministic and Stochastic Optimal Control, Springer, 1975.

[LM] E. B. Lee and L. Markus, Foundations of Optimal Control Theory, Wiley, 1967. [PBGM] L. S. Pontryagin, V. Boltyanskii, R. V. Gamkrelidze and E. F. Mishenko, The Mathematical Theory of Optimal Processes, Wiley, 1962.

• Geometric properties of reachable sets, local controllability [JS] V. Jurdjevic and H. J. Sussmann, Controllability of nonlinear systems, J. Diff.

Equat. 12 (1972), 95-116.

[S] H. J. Sussmann, A general theorem on local controllability, SIAM J. Control Optim. 25 (1987), 158-194.

[J] V. Jurdjevic, Geometric Control Theory, Cambridge University Press, 1997.

• Existence of optimal controls [F] A. F. Filippov, On certain questions in the theory of optimal control, SIAM J.

Control Optim. 1 (1962), 76-84.

• Nonlinear Bang-Bang Theorems [N] L. W. Neustadt, The existence of optimal controls in absence of convexity conditions, J. Math. Anal. Appl. 7 (1963), 110-117.

[BP] A. Bressan and B. Piccoli, A Baire category approach to the bang-bang property, J. Diff. Equat. 116 (1995), 318-337.

• Extensions of the Pontryagin Maximum Principle

[C1] F. H. Clarke, The maximum principle with minimal hypotheses, SIAM J. Control Optim. 14 (1976), 1078-1091.

[C2] F. H. Clarke, Optimization and Nonsmooth Analysis, Wiley-Interscience, 1983.

[K] A. J. Krener, The high order maximal principle and its applications to singular extremals, SIAM J. Control Optim. 15 (1977), 256-293.

• Viscosity solutions to Hamilton-Jacobi equations

[Ba] G. Barles, Solutions de viscosité des équations de Hamilton-Jacobi, Springer, 1994.

[BC] M. Bardi and I. Capuzzo Dolcetta, Optimal Control and Viscosity Solutions of Hamilton-Jacobi-Bellman Equations, Birkhäuser, 1997.

[CIL] M. G. Crandall, H. Ishii and P. L. Lions, User’s guide to viscosity solutions of second order partial differential equation, Bull. Amer. Math. Soc. 27 (1992), 1-67.

[TTN] D. V. Tran, M. Tsuji and D. T. S. Nguyen, The Characteristic Method and its Generalizations for First Order Nonlinear Partial Differential Equations, Chapman&Hall/CRC, 1999.

• Regular feedback synthesis, sufficient conditions for optimality

[FR] W. H. Fleming and R. W. Rishel, Deterministic and Stochastic Optimal Control, Springer, 1975.

[PS] B. Piccoli and H. J. Sussmann, Regular synthesis and sufficiency conditions for optimality, SIAM J. Control Optim. 39 (2000), 359-410.