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The monograph continues earlier work of Professors F. Gesztesy and H. Holden on the
algebro-geometric solutions of hierarchies of soliton equations [see Vol. I, same series
79 (2003; Zbl 1061.37056)] associated with nonlinear partial differential equations in
one space and one time dimension. Enhancing the team that successfully worked on
the first volume with two new members, in the second volume the authors concentrate
their attention on completely integrable differential-difference equations dealing with
the Toda, Kac-van Moerbeke and Ablowitz-Ladik hierarchies which read as follows:

a; —a(bT —b)
TI: (bt 5 <a2 _ (a*)2> ) =0,

KM:  py—p ((p+)2 - (p’)2> =0,

‘ —ioy — (1 —af) (at +a7)+2a)
Al (—iﬂt—(l—aﬁ) (ﬁ++5)—2ﬁ> =0

where the notation ¢* stands for the shift of a lattice function ¢ defined by ¢T (n) =
p(ntl), neZ.

The main purpose of the monograph is to develop efficient methods for a simultane-
ous construction of all algebro-geometric solutions for some classes of completely in-
tegrable nonlinear differential-difference equations along with their theta function rep-
resentations of hierarchies. Algebro-geometric solutions represent a natural extension
of soliton solutions and similar to these; they also can be used to approximate more
general solutions as, for instance, almost periodic ones. Starting with a given inte-
grable differential-difference equation, one can build an infinite sequence of higher-order
differential-difference equations, the so-called hierarchy of the original solution equa-
tion, by developing an explicit recursive formalism that reduces the construction of the
entire hierarchy to elementary manipulations with polynomials and defines the associ-
ated Lax pairs of zero-curvature equations. Using this recursive polynomial formalism,
one simultaneously constructs algebro-geometric solutions for the entire hierarchy of
solutions.

The volume is very well structured, the exposition is transparent and accurate. There
are three chapters dealing, respectively, with the Toda, Kac-van Moerbeke and Ablowitz-
Ladik hierarchies. In the first chapter, algebro-geometric solutions to the Toda hierarchy
are studied. The integrability of the Kac-van Moerbeke equation is Chapter 2 is explored
through its intrinsic connections with the Toda lattice by means of a Miura type trans-
formation which allows transfer of solutions between two equations. Finally, Chapter 3
addresses algebro-geometric solutions of a complexified discrete nonlinear Schrodinger
hierarchy, the Ablowitz-Ladik hierarchy.
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Similarly to the first volume, the authors strive towards making the presentation self-
contained at the price of repeating in each chapter similar arguments regarding con-
struction of algebro-geometric solutions to different hierarchies. On the positive side,
one can read each chapter independently from the material presented in the remaining
parts of the book. Significant efforts have been made to achieve a very neat presenta-
tion, sufficiently detailed, maximally explicit and precise. Although two volumes are
independent of each other, notation in the second volume is consistent, whenever possi-
ble, with that introduced in the first one. To simplify the presentation, the authors have
chosen not to employ advanced tools such as loop groups, Lie algebras, Grassmanni-
ans, formal pseudo-differential expressions, etc. Instead, they use fundamental methods
from the theory of differential-difference equations, elements of algebraic geometry (in
particular, the basic theory of compact Riemann surfaces), and some spectral analysis.
Additional comments with bibliographic notes at the end of each chapter complement
well the material and often include suggestions for further reading. Three nice appen-
dices collect many useful facts on algebraic curves and their theta functions, hyperelliptic
curves of the Toda type, asymptotic spectral parameter expansions and nonlinear re-
cursion relations and can be also used as independent reference material. The list of
references on the subject is extensive and reflects numerous contributions to the field
made over the past four decades. The last but not least: the selection of epigraphs to
the sections is delightful.

This skillfully written text describing the state-of-art developments in one of the im-
portant brunches of mathematical and theoretical physics is a very useful reference for
graduate students and researchers interested in the theory and applications of com-
pletely integrable systems.

Yuri V. Rogovchenko (Kalmar)
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