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ABSTRACT. The second-order random walk (RW2) model is commonly used for smoothing data
and for modelling response functions. It is computationally efficient due to the Markov properties of
the joint (intrinsic) Gaussian density. For evenly spaced locations the RW2 model is well established,
whereas for irregularly spaced locations there is no well established construction in the literature.
By considering the RW2 model as the solution of a stochastic differential equation (SDE), a dis-
cretely observed integrated Wiener process, it is possible to derive the density preserving the Markov
properties by augmenting the state-space with the velocities. Here, we derive a computationally
more efficient RW2 model for irregular locations using a Galerkin approximation to the solution of
the SDE without the need of augmenting the state-space. Numerical comparison with the exact
solution demonstrates that the error in the Galerkin approximation is small and negligible in
applications.
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1. Introduction

The second-order random walk (RW2) model for regular locations has the density
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where x=[xy,..., x,]T. The density is invariant under addition of a+bi to x; for any con-

stants @ and b, and is therefore improper with rank deficiency two. The term x;,; —2x; + x;_;
can be interpreted as an estimate of the second-order derivative of a continuous time function
x(t) at t=1i using values of x(¢) at t=i—1, i, and i + 1. Hence, the RW2 model is appropriate
for representing ‘smooth curves’ with small squared second derivative. We write ‘curves’ to
indicate that often in practice, a straight line is drawn (and is often implicit) in-between x;
and x;,; as an interpolant.

The RW2 model (1) is much used in statistics, in basic tasks such as smoothing data and
modelling response functions, where semi-parametric regression, smoothing and penalized
likelihood are methods used (Green & Silverman, 1994; Fahrmeir & Knorr-Held, 2000; Fahr-
meir & Lang, 2001; Fahrmeir & Tutz, 2001) (see also the numerous examples and references
in Chapter 1 in Rue & Held 2005).

The popularity of (1) can be explained by two reasons. The RW2 model is quite flexible
due to its invariance to addition of a linear trend, and also computationally convenient due
to its Markov properties
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for 2<i<n—2, and with trivial changes near the boundary. Here, x_; denote all elements in
x except for x;. The Markov property allows not only for fast calculations of the related full
conditionals in Markov chain Monte Carlo algorithms, but also, more efficiently, for using
direct simulation algorithms based on the Kalman filter, see for example Kitagawa & Gersch
(1996). The RW2 model is also a Gaussian Markov random field (GMRF) for which more
general and very efficient simulation algorithms exist based on numerical methods for sparse
matrices, see Rue (2001) and Rue & Held (2005).

Although (1) is appropriate for regular locations, we often encounter situations where {x;}
should represent a smooth ‘curve’ at locations {s;} where the distances between the s;8 are
not constant. One such example is given in section 5, where (1) represents the effect of a
covariate in a generalized linear model and the different values of the covariate are not
regularly spaced. An alternative approach, in such cases, is to use regular locations and to
use the value of the interpolant at s;. This, however, often leads to increased dimension of the
RW?2 model, which implies increased computational effort. A better approach is to extend the
RW?2 model (1) to deal with irregular locations.

Let 51 < s, <---<s, be the set of (fixed) locations and x; be the corresponding response at
s;, for i=1,...,n. There are two approaches to construct an RW2 model for irregular loca-
tions. The first is to use a weighted version of (1) where the weights are selected by some
ad hoc argument (see Fahrmeir & Knorr-Held, 2000). The second is to consider the RW2
model as a discretely observed continuous time process x(¢), where x(¢) is Gaussian and is
the solution of

dw (1)
dr ’

Ax(n)= 3)
where A=d?/ds* and W (¢) is the standard Wiener process. Such an approach can be moti-
vated using the connection between smoothing splines and integrated Wiener processes
(Wahba, 1978), and the construction of the first-order random walk for irregular locations
(see for example Rue & Held, 2005, chapter 3).

The solution of (3) does not have any Markov properties, meaning that n(x;|x_;) does
not simplify; the precision (the inverse covariance) matrix Q is dense (Rue & Held, 2005,
chapter 2). The solution of (3) does however have a Markov property on an augmented space

=[x, X, xn x0T

where also the derivatives (velocities) at {s;} are included. For this vector with 2n elements,
Jones (1981) and Wecker & Ansley (1983) showed how to derive the joint density that does
possess a Markov property, but the computations takes about 9/2 the time as for the RW2
model for regular locations (see Rue & Held, 2005, chapter 3.5 for details). To avoid the in-
creased complexity, it is natural to require an RW2 model for irregular locations such that (2)
holds, but where the precision matrix is such that when n increases, the processes converge
(in some sense) to the solution of (3). Here, we give such a formulation using a Galerkin
approach (see Thomée, 1984, in essence the common finite element method) to solve the
stochastic differential equation (SDE) and demonstrate that this approximation is more
than appropriate to use in applications and that the error is quite small.

The plan for the rest of this paper is as follows. First, the Galerkin method is used to
construct a Markov random field model approximation to the SDE (3). Second, some theo-
retical and practical convergence properties are discussed, with a derivation of a simple time-
series representation of the model. This representation differs from previous models in how
the variances depend on the irregular discretization. For example, the models from Fahrmeir
& Lang (2001) used by Chib & Jeliazkov (2006) have variances more suited to first-order
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random walks, which leads to inconsistencies for irregular locations. For related reasons, the
model derived for the second-order random walk variance in Rue & Held (2005, section 3.4.1)
is also inconsistent for irregular locations, as illustrated in sections 3 and 4.2. In contrast, the
model proposed here is consistent with a continuous time RW2 process. Finally, we present
an example application.

2. Construction

We seek solutions to the SDE (or diffusion) Ax(f)=dW(¢)/dz. Let (f,g) denote the
inner-product [ f(r)g(¢) dz. A key observation is that by the definition of weak solutions to the
SDE, the identity

(¢, Ax)=(¢p,dW/dt) 4)

must hold, for all appropriate test functions ¢(t). Now, let Q be the space of all possible
solutions to the SDE, and let {i;};=1..., be a set of basis functions for some subspace
QC Q. A Galerkin approximation X to the SDE is constructed as a linear combination of the
basis functions,

n
0= v
i=1
such that the joint distribution of all scalar products (i;, AX) equals the joint distribution
of all (¥, Ax). The problem is thus reduced to finding the distribution of the weights
w=[w,...,w,]".

Let 51 <s, <---<s, be a sequence of discretization points, and let d;=s;,; —s; denote
the distances between these points. We construct a Galerkin approximation for Q as the set
of continuous, piecewise linear functions with derivative discontinuities at s;. A set of basis
functions v, i=1,...,n, is given by

0, t< s;_1, undefined for i <2,
_ %, s;i_1 <t<s;, undefined for i=1,
Vil = 1— t;;l’ 5; <t< 541, undefined for i=n,
0, si+1 <t, undefined for i>n—1.

These basis functions are continuous, and have piecewise constant derivatives. By using
generalized functions, the second-order derivatives of ,...,¥, , are nonetheless well
defined, and can be expressed as

1Y\ . 1. .
+Z,> bsi(l)-i' Ebs"*l(t)’ 123’_“’,,[725

1 . 1
Ay, (1) = d-i_lbs"*‘(t)f (d-_1

where d,(7) is a Dirac’s delta function at s. Similar expressions hold for ¥, ¥, ¥,_, and y,,,
with the exception that there are no terms containing J,_, y,, d5, or &
Using the identity (4) for each basis function ;, we obtain

[<l//i’ Ax)]i=l,...‘ n= [<lﬁ,~, dW/dt>]i=l,...,m

where the right-hand side has a Gaussian distribution, with expectation 0 and tridiagonal
covariance matrix B=[{(y;, %)],3 j=1,...» With interior elements

Sn+1°

di _di_1+d _d;
6’ Bi,i_T, Bi,1+1_6>

for ZSZSI’I* 1, as well as Bl,l =d1/3, Blgz=d1/6, B,,,,,,l =dn,1/6 and Bn.nz ,1,1/3.

Bi,i—l =
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For the Galerkin approximation, we obtain

(05 AD 0= 30 W M| =Hw,

j i=

where H is a tridiagonal matrix with non-zero elements

Hii 1= di{l , Hii=-— (dil—l + dl,)’ Hii= dl,-’ 2<i<n—1,
for 2<i<n-—1. Note that rows 1 and n are zero. The requirement that the collection
[(¥;, AX)]i=1....» should have the same distribution as [(};, Ax)];=1...., is fulfilled by the ran-
dom vector w with precision matrix Q = H'B™'H, which is a dense matrix. The following
result (see the Appendix for a proof) states that this Galerkin approximation is actually an
exact solution to the SDE, possibly apart from at the boundaries, see section 4.2 for a
numerical validation. We make use of circular topology, i.e. wrapping a finite interval of
length / onto a circle, which for the SDE corresponds to conditioning on x(0)=x(/) and
x'(0)=x'(l). For the discrete versions, the indices are taken modulo 7.

Theorem 1
For circular topology, Q =H'B™'H is the pseudo-inverse of the covariance ¥ for the SDE
conditionally on y}_| x(s;)=0.

Because of the dense precision matrix, the Galerkin model is computationally expensive.
However, by approximating B with a diagonal matrix, 4, we obtain a sparse precision
matrix, and thus a Markov random field. We construct this diagonal matrix by distributing
the off-diagonal values of B to the main diagonal, giving A with A, =d,/2, A,,=d,1/2
and 4;= w elsewhere. The matrix A4 is a lower-order approximation of the trapezoidal
integration scheme given by B. The effect of the approximation can be interpreted as if the
discrete process is driven by uncorrelated noise with variance matrix A instead of correlated
with covariance B. However, the integrated noise sequences are similar in the sense that
sums of consecutive noise terms will have only slightly higher variance in the approximative
model. As seen in the numerical evaluation in the next section, the long-term effect of the
approximation is small.

Multiplying the factors of Q, the non-zero elements of row i are given by

2 -2 1 1
B R Ay M (difz " E)’

i

Q..— 2 + 2 (L_}.l)_f_;
@ (it diny)  diad \dioy dX(di+di1)’

with Q; ;1 =Qiy1; and Q; ;2= Q;4»; due to symmetry. At the discretization boundaries,
we use the convention that terms with non-existing components are ignored, or, equivalently,
d =dy=d,=d, ., =00. This affects only the upper left and lower right corner of Q. For
example, the former becomes

2 =2
{Qu le} _ |:d12(d1+d2) Zdy ]
=2 2 (1 2|
0y On 7 v (d1 + dz) + B )
It is straightforward but tedious to verify that Q has rank n—2, with eigenvectors [1,..., 1]T
and [sy,...,s,]T corresponding to the double eigenvalue 0, which means that the resulting field

is invariant to addition of a linear trend. In the special case where all d;=1, this Q-matrix
coincides with the precision matrix for the usual second-order random walk,
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1 -4 6 -4 1

1 -4 5 =2
L 1 -2 14
which means that the model in (1) can be interpreted as an (approximate) Galerkin approxi-
mation of the SDE in (3).

3. Time-series representation

In addition to the random field representation derived in section 2, where the full conditionals
are specified, it is sometimes convenient to have a time-series representation of the random
walk model, specifying the distribution of x; | x;_», x;_;. This can be obtained by moving the
future time-points, s;,; and s;,,, toward infinity (d; — oo), in the limit removing their
influence on x;. Evaluating the limits of the conditional mean and variance as d; — oo,

yields
d;_ d;_
E(x | xio1, xi2)= (di; + 1) Xio1— 7d,-,; Xi—2, ()
d* (di_>+d;_
V(X,' ‘X[,l,xi,z): M :U(di—Z; di—i) (6)

2

for the new Galerkin model. The conditional expectation is the same as given by Fahrmeir
& Knorr-Held (2000) and Rue & Held (2005, section 3.4.1), but the variance is different. A
intuitively desirable property of a discrete version of a continuous random walk model is that
the variance at a point should not be altered by the addition of an extra point in the dis-
cretization. We will use this observation to make a simple local comparison of this internal
consistency property in the different models. In section 4.2, numerical experiments are used
to validate the conclusions for the full, global models.

Let (so,51,52,53)=(0, A, (14+ax)A,2A) be a sequence of time-points, for arbitrary values of
A>0 and O<a<1. We will compare the variance of x; conditionally on xy, and x; when
going directly to s3 from sy and s;, and when going via s, that we name the one-step and
the two-step variances, respectively. Given a one-step variance function v(dj, d;), the two-step
variance is given by

d 2
or(doy i d) = (d—j + 1) odosdy)+o(dr, ).

For each model, we calculate the variance ratio
_ v(A, A) _ u(A, A)
02(A, 0, (1=0)A) L o(A, 0A) +v(aA, (1 —0)A)

An internally consistent model should be expected to have a variance ratio close to 1,
independent of both A and «. For the models used by Fahrmeir & Knorr-Held (2000) and
Rue & Held (2005), the one-step variances are
d\(do +dy) 2dody +1)

6d, ’
respectively. Figure 1 shows the ratio for the new Galerkin model, RO¥ekin =2/(2 — a(1 — &),
together with RF&®H =4/(1 + u(1 — «)) and RR*H as a function of o, for A=0.5,1,2,4,8.

UF&KH(do,d1)=d1, and DR&H(d(),dl):
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Fig. 1. The ratio between the one-step and two-step variances for the Galerkin model (solid), R&H
(dashed), and F&KH (dash dotted) for 0 <o <1. Only the ratio for R&H depends on A, and is shown
for A=0.5,1,2,4,8 increasing towards the ratio for the Galerkin model as A— oo.

As expected, the F&KH model, which uses a second-order expectation but a first-order
random walk variance, has a low consistency, with high two-step variances for almost all o.
The variance ratio for Galerkin model does not depend on A, but still shows a small devia-
tion from the intuitively desired value 1 for o away from 0 or 1. The R&H model approaches
the Galerkin model for large A, but the variance ratio depends on the absolute scale of the
time-distances, with high inconsistency for small o even when A is large. This appears to be
an undesired side-effect of the principle used to derive the R&H model, leading to too large
variances for irregularly spaced time-points. In section 4.2, these local consistency properties
are seen to hold also for the global models.

4. Convergence
4.1. Theoretical discussion

The covariance properties of the approximating GMRF converges to the continuous process
as the density of the discretization time-points increases. This can be shown in the same
manner as for the corresponding random field on the sphere, see Lindgren & Rue (2004),
via the following observation. The matrix H can be factorised as H=AW, where A is the
diagonal matrix defined in section 2, and where each row of W contains the coefficients for
calculating local approximations of the Laplacian, with exact results for quadratic polynomi-
als. Then, the precision matrix can be written Q= W' AA4~"AW= W' AW, which is the same
form used in Lindgren & Rue (2004), and the elements of A can be interpreted as integra-
tion weights. This form is closely related to the method of defining a solution to the SDE
through Stratonovich integration, i.e. as the limit of a trapezoidal integration scheme (see
Arnold, 1974).

4.2. Convergence in practice

In order to evaluate the intrinsic stationarity and variance of the constructed intrinsic
GMREF, we restrict the field to a circle, looking only at periodic realizations. For a process
x(#) on the circle, 0 <t </, x(0)=x(/), the variogram uv(s,t) is defined as the variance
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V(x(s) — x(¢)), 0 <s,t</. For stationary processes, the variogram depends only on the
distance (on the circle) between s and ¢, t= |s—1t| €[0, /], where / is the circumference.

The theoretical variogram for the SDE restricted to the unit circle can also be calculated.
The eigenvalues of the Laplacian with respect to the orthonormal basis functions cos(kt)/+/=,
sin(kt)/\/z, for k=0,...,00 are (Aeos.k» 4sin k) = (—k?, —k?), which gives the spectrum 4, =k 4,
k=1,...,00, for the solutions to the SDE. Through the spectral representation of the
solutions, the variogram for /=2n can be calculated as

v(r)= 2}2

where the infinite series can be found in Gradshteyn & Ryzhik (1994). For general /, the
variogram is

cos(kr) 1

—?Q2n—1)’, 0<1t<2nm,
247

mn_g—ﬁa—QZ

<t<l/.
121 O<rsl

The variogram for the sparse Galerkin intrinsic GMRF can be obtained for all pairs (s;, s;)
by computing V;=C;+ C; — 2C;, where C is the pseudo-inverse of Q. A comparison
between the true variogram and the model variogram is shown in Fig. 2 (left), for n=10,
20 and 40, and for both regular and uniform irregular spacing. The corresponding results
for the inconsistent Rue & Held (2005) model (marked with x) are included for reference.

With regular spacing, the variograms are practically indistinguishable already for n=20,
whereas the variogram deviation in the case of uniformly distributed discretization points is
larger, requiring about three times as many time-points as for regular spacing for the same
maximal error. The bulk of the error appears to be a global scaling factor, and should only
have a negligible impact in practical applications. The maximal error behaviour between
n=10 and n=100 is shown in Fig. 2 (right), in log-log scale, for both regular (solid line)

ke =1(k—1)/n sy, ~ Unif(0,1) Maximum variogram deviation
o6 6 @ 5
— g 4 XX 0
I %X XX o X — 10°f—
=2 2 g -
0 08— T r -
500 1000 500 1000 < - - ~
0t < T~_ T~
o 6 6 | >l ~ ~
N o ~ ~ ~
i 20000 4 X% = ST~ T~
=2 2 - ~ o~ <
0 0 2 ~. 1~ i
500 1000 500 100 .10 R
= ~
= 6 g
~ g .
! 4 107
S 2
0

500 1000

T T

10 102

Fig. 2. Left: The variogram V7 ; (rescaled by a factor 1079) for the model in Rue & Held (2005, section
3.4.1) (crosses) and for the sparse Galerkin model (circles) compared to the exact SDE variogram (solid
line). The length / is set to 1000, since for small //n, the Rue & Held (2005) model has a too different
global variance to allow meaningful comparison. Note that even for regular locations, the R&H model
has a scaling error of a factor 2/3. Right: The maximum variogram deviation relative to the theoretical
value of v(//2) for the sparse Galerkin method across the entire domain with regular spacing (solid line)
for 10 <n<100. The maximum deviation for uniformly random spacing (dashed line) was estimated
using 1000 replicates for each n. The dashed line is the median, and the dash-dotted lines show the 5%
and 95% quantiles.
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and irregular (dashed lines) spacing. For irregular spacing, the median and the 5% and 95%
quantiles are shown, estimated from 1000 simulated spacings for each n. The relative maxi-
mal error in both situations is O(n~2). The Rue & Held (2005) model does not converge
to the continuous process, as indicated by the local analysis in section 3. Even for regular
locations, the overall scale is different, with near equality only for d;=1.

The variogram for the complete Galerkin approximation turns out to be numerically
equivalent to the true solution, as anticipated in theorem 1; the maximal relative variogram
deviation for =100 is less than 1073 for regular locations and <1072 for irregular locations.
The exact discretization using an augmented state space, mentioned in section 1, can
typically have a maximal relative deviation of 10~* for irregular locations (z=100), but
numerical issues increase the error in practice for large n.

5. An example

In this example, we will analyse data on the rent of various apartments in Munich in 2003 (see
Fahrmeir & Tutz, 2001, example 8.7; or Rue & Held, 2005, section 4.2.2 for more
background on this example). The newly constructed RW2 model will enter in representing
semi-parametrically the effect of covariates size (of the flat) and year of construction. The abil-
ity to allow for irregular locations in the RW2 model is convenient, as the observed values
of the covariates are not regularly spaced. The model is as follows. For each of the 2034
different apartments, i, the rent per square meter y;, is assumed to be Gaussian distributed
with mean

= u +xSize (SiSize) + xYear (SiYear) + xSpatial (Sl_Spalial) + z;rﬁ (7)

and constant variance. The terms in (7) are as follows; y is the overall mean, x57¢(s$%¢) is the
effect of the size (s5%°) of the apartment, xY¥"(s¥%r) is the effect of the year of construction,
xSpatial (8Pl s spatial effect and B is fixed effects of 14 binary covariates z; like central
heating, balcony, special bathroom interior, etc.

The effect of covariate size, is assumed to follow an RW2 model with irregular locations:
the observed values of size. Not all values of size are observed, hence the need for a
model with irregular locations. A similar approach is taken for the effect covariate year of
construction. The rationale for a such a semi-parametric approach, is to avoid strict
assumptions on the parametric form of the covariates, and rather let the ‘data speak for
themselves’.

We estimated the parameters using integrated nested Laplace approximations (Rue et al.,
2007), and the results are displayed in Fig. 3. The posterior mean is the central line with
approximate 95% pointwise credibility interval and observed values of the covariates are indi-
cated by a dot centred at the posterior mean. The effects of the size and year of construction
covariate appears to be non-linear with a quite natural interpretation; very small apartments
are relatively more expensive than large ones, and newer apartments are more expensive than
older ones. A slight exception is apartments in the oldest buildings, which are often nicely
located and renovated.

6. Conclusions

We have presented a new GMRF model that approximates a continuous time integrated ran-
dom walk. The model is consistent even for irregular locations, in contrast to some previously
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Fig 3. Left: The estimated effect on the size of the apartment in square metres. Right: The estimated
effect of the year of construction. In both plots, the central solid line is a (spline interpolated) posterior
mean and approximate 95% point-wise credibility intervals are indicated with dashed line. The observed
covariates irregular spacing is indicated by dots on the posterior mean curve.

proposed models. The sparse nature of the precision matrix is appealing for computations in
practical applications.

The finite element method provides a straightforward approach to construction of GMRF
models approximating simple stochastic partial differential equations (SPDE:s) in time or
space. Irregular locations in space can be handled in a similar manner to this work. For
one class of SPDE:s, Lindgren & Rue (2007) provide explicit calculations for triangulated
2-manifolds.
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Appendix: Proof of Theorem 1

Let ¥ be the covariance of the SDE sampled at s;,...,s, with circular topology of
length /, conditionally on fol x(t)dt=0. From the spectral representation of the SDE, X; =
PI720 — (1 — 7;)*/(241), where 7;=(s; —s;) mod /. Using the intrinsic property of the SDE,
the covariance conditionally on >~7_, x(s;) =0 is given by Y =JLJ, where J=1—11T/n. Recall
that 0 =H'B™'H.
First, we need to show that Q£Q = Q. For any circular topology, H and B are symmetric
circulant matrices, and direct calculation shows that
di1(l=di ) +di(l - dy)°, i=j,
“24[EH; = dr(Qey— 1~y 251~ 7))
+di((2ty — 1+ d)* —2t5(1 — 1)), i #],
and HEH=B— dd"/l, where d=BI, so that

QY.0=QJ/LJQ=0xQ
=HB '(B—dd"/l)B"'"H=HB'H— H11"H/|
=HB 'H=0,
where we use that 1 is an eigenvector of both H and Q, with eigenvalue 0.

The second part is more difficult. We need to show that £QE = £. Expanding and simplify-
ing the left- and right-hand sides yields JEHB ' HXJ = JLJ. Define F= [t =)/ 2D)ij=1,...n
and F=F+ 1a, for some row vector a. We will verify that F=XHB™' by comparing LH, cal-
culated above, to FB. The reader may not want to verify by direct calculation that FB+1b=
LH, where b= (dj,l(lz —d ) (- df)) /(—241). Thus, EH=FB is fulfilled for a=5B"".

Finally, direct calculation of FH yields FH=1I-1d"/l, so that

JFH=J(F+1a)H=JFH=(JF+0)H=J(I—1d"/})=J.
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